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A LT E R N A t’l RII'E N T S 

THEIR THEORY, GENERATION, AND 
TRANSFORMATION 


CHAPTER I 

■* 

$ 1. Altematin? onrrents. Frequency and waye-ahitpe. Form fiaotor and amplitude 
faotor-—& 8. Simple sine waves. Vector diagrams — § 8. Belations oouneoting 
amplitude, r.m.8., and arithmetio mean values of simple sine wave— § 4. Impressed 
and induced e m.f.B. Belf-induotanoe— f 6 Fundamental equation for a oiionit 
in which the current is variable— § 6. Sine waves in circuits containing resistance, 
self-induotanca, and capacity — § 7. Power in alternating-current circuit, 

§ I. Alternating Currents. Frequency and Wave- 
shape. Form Factor and Amplitude Factor 

An alternating electric current is a current ■which periodically passes 
through a de^te cycle of 
changes, the cycle consist- 
ing of two haK-oycles, 
during one of which the 
current is positive, and 
during the other negative ; 
the negative half-cycle 
being, however, an exact 
reproduction of the posi- 
tive half-cycle, and the 
only difference being one 
of algebraic sign. 

The graph of an alter- 
nating current would 
therefore consist of a curve 
such as that shown in 
Fig. 1. We may speak of 
the complete cycle of 
changes as a complete 
tvave of current; and of 
the two half-cycles as the 
positive and negative half- 
waves. 

The time token by the current to run through a complete cycle 
of changes is spoken of as the period of the alternating current ; and 
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the nnmber of cycles per second is the frequency (sometimes also 
termed periodicity) of the current. 

In the practical applications of alternating currents, we have to deal 
with currents whose graphs differ widely from one another. The shape 
of the graph is spoken of as the wave-sihape or wave-form of the current, 
and is in many problems a matter of considerable importance. In a 
later chapter, we shall explam how a record of the wave-form or graplr 
of an alternating current may be obtained experimentally. 

Since an alternating current varies from instant to instant, it is 
obvious that in deciding on a system of measurement, we must define 
exactly what we mean by the immerical vcUue of an alternating current. 

Now in connection with the most important applications of 
/alternating currents — electric lighting, electric power transmission 
and distribution, electric furnaces — the useful effect produced by the 
current at any instant depends on the value of the square of the 
current at that instant. Hence, in order that an alternating current 
may be equivalent (as regai’ds its effect) to a given continuous cun’ent, 
the mean value of the square of the alternating current over a period * 
must be equal to the square of the continuous current. Otherwise, 
the two currents are equivalent if the square root of the mean square 
value of the alternating current is equal to the continuous current. 
This root-mean-square value is generally termed the r.m.s, value of 
the cdiTent, and when we speaJr of the numerical value of an alter- 
nating current, we mean its r.m.s. value. 

In some few oases, we have to consider the ariihmetiQ mean value 
'"of a*cuiTent ; in others, we have to take into account its mcLximum 
value. 

The relations connecting the r.m.a,, the arithmetic mean, and the 
maximum values of an alternating cun'ent depend on its wave-form. 
It IS usual to consider the ratios of the r.m.s. value to the other two, 
and in this connection two terms introduced by Dr. Fleming, and 
known as form factor and amplitude factor ^ aie convenieut. 


form factor of a given wave := 

mean value 


The amplitude factor f 


r.m.s. value 
maximum value 

ffitherto. We have spoken of alternating cnirrcntsi but all that 
been said annliftfl Ammliir in ^ ^ 


has been said applies equally to alternating p.d.a or e.m.f.s 

negative LaK-^avo aro 


nuinorioal values during a 
ideati^ with those during a positive half-wave. 

whieilL*D^ convenient to conBidLr tl-e reoipn-oal i.f tliy ninplitudo factor, 

^ ^ 

r.m.s value 


* (sine wave^ 





§ 3. Simple Sine Waves. Vector Diagrams 


In some cases (as, c.^., in incandescent lighting, ot electric furnace 
work) the results obtain^ by using an alternating current of given 
r.ima. value are entirely independent of its wave-form; so long asi 
the r.m.s. value is unaltered, we may use a current of any wave-form 
we please without in any way affecting the results. In otdier cases/ 
however, the effects produced wiU, for a given rjn.8. value, depend, 
to a greater or less extent, on the waveform (as, e.g,, in connection 
with motors, transformers, arc lights, and especially in caa^ where 
capacity is present, as in concentric cables). 

Kow in order to simplify the theoretic^ treatment of the subject 
as much as possible, it is an obvious advantage to select a wave-fown 
which shall lend itself readily to mathematical treatment; and of 
aU possible wave-forms, the simplest and easiest to deal with is that 
known as a simple Tmvmomc or simz wave. The equation to such a 
wavels*— 

y = T sin cut * 


and its graph ia shown in Fig. 2. 

In flie classical theory of alternating currents, it is usual to 
assume that the waves dealt with are simple sine waves. Since# 
there are, as mentioned above, cases in .which the^results^ghta^^ 
Jare independent of the wave-form, "the assumption of lie simplest 
wave-form in such oases ia perfectly justifiable, and leads to correct 
results while considerably simphfyiag the treatment. Unfortunately, 
there are other cases in which tie assumption of sine waves is no 
longer admissible, and leads to results more or less erropLeous, and 
at times entirely misleading. 

For this reason, the use of sine waves has been severely criticized 
by some writers. But there is nothing else that can be usefully 
substituted for them, and since in a large number of problems they 
yield results sufficiently accurate for practical purposes, their use is 
certainly justifiable. It must be remembered, however, that results 
deduced on the sine-wave hypothesis must he used with due caution 
when applied to certain problems. 

There is, however, a still further justification for the assumption 
of siue waves in alternating-current theory, and this is due to the 
recognition of the fact that for most practical purposes also the sine 
wave is a desideratum. Especially is this the case in connection 
with long-distance power transmission. Successful attempts have 
been made to construct alternators capable of giving pure sine waves 
of e.m.f.; and although some of the older machines gave irregular 


The angle tat. where t is the time, is expressed in radiate. 
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wave-forms, the e.m.f.s of modern machines depart but slightly from 
the pure sine form. 

A sine wave may be represented either analytically, by means 
of an equation of the form — 

y = T sin wt, 

or graphically as in Kg. 2, t being plotted horizontally and y verti- 



colly. 'There is still another mode of representation, however, very 

generally ub^, and known as the vecto?' 
or olock-face diagram method. In this, 
we suppose a straight line of constant 
length OP (Fig. 8) = T to revolve with 
constant angular velocity cu (radians per 
sec.) about one of its extremities 0 as 
centre. Such a rotating line of con- 
stant length may be termed a rotating 
vector. Suppose that at the time ^ = 0 
the line is in the horizontal position 
(shown dotted in Fig. 3). After t secs., 
it will have swept out an angle ayt, so 
that its projection on the vertical will 

be OP cos — cui) = Y sin oyt = y. 

As, therefore, the line OP rotates, its 
projection on the vertical at any instant 

FIO. 3 -Sector or Clock- givea US the magnitude and sign of the 
face Diagram altcrnatmg current at that mstant. 

The extremity of -this projection moves 
with a simple harmonic motion, and the projection itself is spoken 
of as an alte^'natmg vector. 




SINE WAVES 


A T J its ampliiude. 

A^® ch^ges clearly corresponds to a c^plete 

3i ^^ 9 °^ ^O*^® ^ to sweep out an 

angle of 27r radi^. Since the angular velocity is w, we h^ve 

wT= 27r, or w = We have already (§ 1) termed T the period. 

Now if the /regtieney or number of complete cycles per second be 

denoted by », we have T = i so that <o== 27 m; Le. the 


^ diagram is equal to 2w timet 

If the eq^uation of the sine wave is given in the form— 

yi = Ti sin (wt + 6) • 

then yi mayas before be represented by the projection on the vertical 
of a rotetmg vector of length the only diffe^ce now beinfthS 
at the time # e= 0 to rotating vector is not horizontal, but makes 
an angle + 6 with the horizontal. ® 

Since the rotating vectors from which y and yi are derived have 



Pro. 4.-GraphB of Two Sine WavoB, with e Phase Difference *. 


the same angular velocity the angle between them must remain 
constant ^d equal to 6), which is the angle they make with each 

between the two sme waves y and yi. The wave v is said to 1!^ 
behind yi, and yi is said to lead mth respect to y, the angle 6 beii^ 


6 alternating currents 

referred to as the angle of lag and lead respectively in the two 
cases. 

The ordinary graphs of the two waves y and yi are shown in 
Fig. 4 , the full-line curve representing y and the dotted one yy 

It \s, of course, obvious daat two sine waves whose equations are 
ya = Ts sin (wt + 6 s) and yi « Y4 sin (u)t + ^4) have a phase 
difference 6 s- this being the fixed angle between the two cor- 
responding rotating vectors (of lengths Ya and Y4) in the clock 
diagram. 

Instead of assuming an axis fixed in space, and considering the 
projection on it of .a rotating vector, the direction of rotation of wliich 
is counter-clockwise, we may suppose the vector to remain fixed, and 
Obnsider its projection on a rotating acois, the angular velocity being 
olochime and numerically equal to w. It is evident that both these 
methods yield identical results. 

What we are concerned with in practice when dealing with a 
number of sine waves of the same ^quency is to know (1) the 
r.m.s. value of each simple sine wave ; and (2) their phase dif- 
ferences. Hence in constructing a vector diagram it is generfiUy 
convenient to moke the length of each vector correspond to the 
value of the sine wave, instead of, os in the original mode of 
representation, to its maximum value. 


§ 3! Relations connecting Amplitude, r.m.s., and 
* Arithmetic Mean Values of Simple Sine 
Wave 


In order to enable xis to pass from the maximum value or ampli- 
tude of a sine wave to its r.m.8. value, we have to find the relation 
connecting these two (Quantities. The r,m.s. value is the B(Quaxe root 
of the mean value of f ® sin® tat over a period. Now the mean 
value of y* = Y® sin® cut may be found by determining the area of the 
graph of this function over a period, and dividing this area by the 
length of the base-line, i.e. by T, The area is, however, represented 

by the definite integral J* Y® sin® at . dt, the value of which may be 

obtained as follows : — 

n n: 

j y sm® at dt = LY®j^(l — cos 2 at)dt 

.^Y®[ cos 2 at . dt^ 

= JY®T 
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since sin 2ta>T a sin 47 r = 0. Dividing the area by T, we find that 
the mmn value of the square of a sim fv/nctio7i over a period equals 
JY*, ie. equals half the square of the amplitude. Hence the r.m.s, 
Y 

value is — = = 0*707 times the amplitude. The amplitude factor (§ 1 ) 

for a simple sine wave is thus —j=. = 0*707. 

\/2 

By a similar method, we can find the arithmetic mean value and 
the fonn factor of a sine wave. To find the arithmetic mean value, 
we may determine the area of a half-wave, i,e. the value of the 

integral sin tot . dt, and divide this by KTow — 

Ty sin 0 )^ . = y[— - cos cu^l —-Y 

J Q L CO Jq CO 

-TT 4 

Hence the mean value is or, since coT = 2it, the mean value is 

7 

Y, and the form factor (§ 1) of a sine wave is thus — 


TT 


Y_ 

\/2 TT ' 


§4. Impressed and Induced e.m.f.s. Self> 
inductance 

In order to maintaio an alternating current in a circuit, it be- 
comes necessary to introduce into the circuit a source of alternating 
e,m.f. The em.f. provided by such a source is spoken of as the 
impressed e,mf., in order to distinguish it from other e.m.fs which 
are generally called into play as soon as the alternating current begins 
to fl.ow. 

A current flowing in a circuit gives rise to a definite number of 
lines of magnetic induction, which become linked with the circuit. 
By the great principle discovered by Faraday in 1831, any change in 
the magnetic flux linked with a circuit is accompanied by the induc- 
tion of an e.m.f. around the circuit ; the direction of the induced e,mf, 
icing always such as to oppose the change which gives rise to it (Lenz's 
law). 

Now, since an alternating current is changing from instant to 


8 ^ ALTEEfNATING CURRENTS 

instant, the magnetic flux which it produces will similarly change, 
and will thus give rise to an mduced which becomes superposed 
on the impressed ejm,f. The resultant e.m.f., which is instrumental in 
maintaining the current through the resistance of the circuit, is at 
every instant equal to the algebraical sum of the impressed and 
induced e.m.f.s. 

It is therefore obvious that, for given values of the resistance and 
the impressed e.m.f., the magnitude of the current will be determined 
by the magrietic flua to which the current gives rise. In other words, 
resistcmce is, in the case of an alternating current circuit, not the only 
factor determining the value of the current, which also depends on 
the total flux limked with the drauM when conveying a v/nit cv/rrent. 

This latter quantity — the flux linked with the circuit when con- 
veying unit current — is defined to be the sdfdnductance,* or in- 
ductance simply, of the circuit. 


§ 5. Pundamental Equation for a Circuit in 
which the Current is Variable 

Let us suppose, in the first instance, that all the quantities are 
expressed in O.G.S. units. If L = self-inductance of circuit, and 
i = value of current at time then the total flux linked with the 
circuit at time ^ is li. The induced e.m.f. is numerically equal to 
the Kite of change of the magnetic flux, but since it always opposes 
the changes which give rise to it, it must be taken with a negative 
fign. Thus the induced e.m.f. at time t is given by — 

Now, although L = ^ constant for coreless coils, it 

is no longer so in the case of coils provided with iron cores. It may, 
however, be assumed to be approximately constant even in this latter 
case, so long as the magnetization is well below the knee of the 
B-H curve. Assuming, then, L to be constant, we have for the induced 
e.m.£ the value — 

^ di 
"" ^dt 

If c = impressed e.m.f, at time t, then the resultant e.m.f. at the 
same instant is given by — 

T-di 

•-hi 

♦ The older term Is nelf-indvctiont or eofpcient of Bel/^induoiion, 
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V ^ ^ ^ jf? V 
and it is this resultant e.in.f. which Tnain^ ns the current agtdnsf 

the resisttoce r of the oircuft. ‘H^ce — 


I = 


-T< WV 




This equation may he written in the form — 


6 = n + L 


di 

'dt 


a) 


the physical interpretation of which is, that the impressed e,m,f. at 
any given instant may be regarded as employed in two ways : (1) in 
balancing the drop of potential ri due to the resistance of the circuit; 
and (2) in balancing the opposing e.m.f. of self-inductance. 

Equation (1) is of great unportance, and we shall frequently have 
to make use of it. 

Let us now suppose that the practical units — the volt, the ohm, 
and the ampere — are substituted for the O.G.S. units, and let us 
choose the practical unit of self-inductance so that equation (1) will 
also hold for the practical units, without being complicated by the 
introduction of any constants. Let the practical unit of self-induc- 
tance contain 10® O.G.S. units. In order to avoid unnecessary con- 
stants, we must choose x so that — 

L X 10*X 

at at « 

or a = 9, so that the corresponding practical unit of self-inductan^!®^ 
termed the hmry, is equal to 10® O.G.S. units. 

The corresponding practical unit of magnetic flux is equal to 10® 
O.G.S. units. ^ ^ ^ ^ 

In some cases, the self-inductance of a circuit is so small as to 
practically negligible in comparison with its resistance. As 
example of such a circuit, we may consider an insulated wire which 
has been doubled on itself and then wound into a coil — as in the 
usual method of winding standard resistance coils. Such a circuit is 
termed a ncm-indmlim one. An incandescent lamp — whose resistance 
is very high and self-inductance very low — ^is another example of a 
non-inductive circuit. 


§ 6 . Sine Waves in Circuits containing Resistance, 
Self- inductance, and Capacity 

Consider a non-inductive circuit of resistance r in wMch there is 
an alternating current represented by — 

t = I sin (2) 
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Since L is negligible, the impressed e.ni.f. is, by eciuation (1) 
equal to — 

« = n = rl sin 

The impressed e.m.f. is thus vn* phase with the current, and the vector 
corresponding to the impressed e.m.f. and the current in a veoto 
diag^m lie ^ong the same straight line, as shown in Eig. 6. Furthei 
considering r.m.s. values of e.m f. and current, wo see that — 

, e.m.f. 
current = . , 

resistance 

Iiet us next consider another extreme case — that, namely, ii 
which the self-inductance of a circuit is so high that its resistanc 
inay be neglected in comparison. An example of such a circuit i 
furnished by a coil consisting of a very large number of turns of fairl 
thick wire. Let L stand for the inductance of the circuit, the curren 
being as before given by (2). Then since r is by supposition negligiblt 
(1) gives — 

t = ojLI cob <at 

Let OP = I in Fig. 6 represent the current vector. Draw OR a 
right angles to OP, making OR == ccLL At any instant i, the pro 



Fie. 5. — Teotor Biagrem for Pnre. 
BesUtanoe. 



Fio 6 — ^Vector Diagram for Pure 
Indnotanoo. 


j action of OP on the vertical, gives the value of the current, while a 
the same instant the projection of OR, which is given by OR co 
oyt = coLI cos (at = represents the value of the impressed e.m.l 
Thus OR is the e.m.f. vector, and wo see that there is a phase differ 

ence of | or 90° between the impressed e.m.f. and the current, tb 

current beJivnd the vfinpressedf "When two sine wavej 

differ in phase by they are said to be in qiLodratwe with eacl 


CAPACITY REACTANCE 


XI 


other, and we see thctt in the case considered the impressed e.m.f and 
the current are in quadrature with each other. Further, again con- 
sidering r.m.s. values, we see that — 

e.m.f. 


current 




The quantity loL is termed the reactmce of the circuit. 

Consider a condenser of capacity C, across whose terminals there 
is an impressed p.d. given by — 

^ V =sY sin (*)t 

Let q = instantaneous quantity or charge in the condenser. Then — 
gf = Oy = OV sin ( 0 ^ . 

If i se instantaneous current, then clearly i = 
i s= wOV cos wi 

’ [u a vector diagram, therefore, the current would be represented 

by a vector which is g ^r 90® ahead of the 

p.d. vector, as in Fig. 7. The p.d and 
current are in quadroMuire with each other, 
and the p.d. lags behind the (mrent. 

The r.m.a. values of the jp.d and cur- 
i‘eut are connected by the relation- 


current = p.d X Orii « 


Cw 



and i ifi spoken of as the reaetanee of the pio. 7 .— Vector Diagram for 

Pure Oapaoily. 

condenser. 

Let the resistance of a circuit be r, and its self-inductance L. In 
order to maintain a current — 

-i = I ain tot 

in the circuit, we must, by equation (1), provide an impressed e.m.f. 
of amount— 

• I 

e = n + L^ 

s= rl sin wt + coLT cos tot 

Tbe first component of the impressed e.m f., viz. rl sin <oi, may 
be represented, in a vector diagram, by the projection of a rotating 
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vector O A, Fig. 8, of length rl, on the vertical axis ; while the second 
component, coll cos cot, may be represented by the projection on the 
same axis of a rotating vector OB = Lml. The impressed e.m.f, at 
any instant is the algebraical sum of these two projections ; but this 
is clearly the same as the projection of the diagonal OE of the 
rectangle constructed on OA and OB as sides. Hence OE will bo 

the rotating vector corresponding to the impressed e.m.f. But since 

OE = \/OA^ + OB2 =: + aj2L212 = I^/r^ + co^U^ 

we see that — 


current = 


e m.f 


and that the ouirent lags behind the bv an angle AOE such 
that— 


tan AOE = — 
r 

The quantity + ofil? is termed the impedance of the circuit, 
and the angle AOE = tan"^ — is the amgle of lag of the current 
behind the impressed e.m.f. 



Fio. 8. — ^Vector Diagram for Inductive 
BoBlatanoe. 


RESISTANCE INDUCn^NCE 


V\AAAr*~'HTr2^ 


CAPACITY 


Fjg, 9 — Arrangomont of Besistanoc, 
Induotanoe, and Oapaoitj in Series. 


We may now consider a circuit containing resistance, inductanw*, 
and capacity. Such a circuit is diagrammatically represented in 
Fig. 9.* The impressed e.m.f. may be regarded as made up of tin* 

* This equation holds good whether mazima or r.m.s. valnes be considered, 
t We shall, in the diagrammatic representation of a oirouit, use a coiled line to 
indicate an induotive resistance, and a zig-zag Ime to indicate non-induotivo resistaucc 
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following three components, represented by the vectors OA, OB, and 
00 in Fig. 10 : — 

( 1 ) The component OA = rl, in phase with the current. 

( 2 ) The component OB = Lcul, 90® in advance of the current. 

(3) The component OC = ^I, 90® behind the dtirrent. 

The lengths of the vectors representing the amplitudes of the 
components, their projections afran^ instant correspond to the instan- 
taneous values of the components, and the algebraical sum of the 
projections gives the instantaneous value of the impressed e.in.£ 

Now the vectors OB and 00 lying in the same straight line and 
being oppositely directed, the algebraical sum of their projections is 
equed to the projection of a single vector OD of length equal tO 

OB - 00 = l(l.a» — Knally, the sum of the projections of 

OA and OD is equal to the projection of the single vector OE, which 
is the diagonal of the rectangle constructed on OA and OD as sides, 
and which represents the impressed e.m.f. Now — 

OE = \/OA2+OD2=\/ r213+(La)-^Jp=L>y r«+(Lo)-^)* 

Hence we see that — 


current == 


impressed e.m.f. 




and the ourrent lags behind the impressed e.m.f. by an angle AOE = 6 
snob that — 


Lto — 


tan 0 = 


1 

Cat 


* 


The quantity Lm is the reactance of the circuit, while 

\/ Let) — is termed the impedance of the circuit. 

It is easy to see that the impedance, resistance, and reactance of a 
circuit are capable of being represented by the three sides of a right- 

Lo) — 

angled triangle, one of whose angles corresponds to 6 = tan”^ ^ 

(the triangle OAE, in Fig. 10, may, to a suitable scale, be taken to 
represent these three quantities). 
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The diagram of Kg. 10 has been, drawn on the supposition that 

the reactance Lw due to inductance exceeds the reactance i due to 

capacity. In tins case, 0 is positive, i,e, the current lags bdiind the 
impressed e,m.£ ; 6 is frequently spoken of as the miffle of lag. It 

may, however, happen that ^ > Lw, 6 then becoming negative, i,e, 

the current leadiii^ instead of lagging. 


n 



Fig 10,— Vector Diagram for Inductive HoBistanco in Senes with Capacity. 


We may, further, consider the special case in which Lw = gjjj; 0 now 

vanishes, i.e. the cun’ent comes into phase with the impressed e.m.f., 
and the impedance becomes simply equal to the resistance. The 
current is, theieforo, the same as that which would be obtained with 
the same impressed e.m.f. in a non-inductive circuit of resistance r. 
Under these very special circumstances, the circuit is said to exhibit 
electrical rc^onarxe or syntony ; the effect due to self-inductance being 
completely neutralised by that due to capacity. 

When electrical resonance occurs in a lughly inductive circuit, 
t c. one whose self-inductance is very large in comparison with its 
resistance, we have the very remarkable result that the p d.8 across 
the inductive resistance and the condenser may very lai’gely exceed 
the impressed e.m.f. This is at once evident from the vector diagram 
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of Eig. 10, since in this case each of the vectors OB and 00 becomes 
very large in comparison with OA. The impressed e.nLf. and the 
p.d.s across the two portions of the circuit axe given by — 

impressed e.nLf. s= current X resistance 
p.d. across inductive resistance = current x 

p d. across condenser terminals = 

Utu 


§ 7. Power In Alternating: Current Circuit 

Let the current in a circuit be given by— ^ 

t = I sin oit 

and the impressed e.m.f. by — 

« = E sin B) 

The .power w at any instant is — 

= ei = El . sin (cat + B) . sin cat 
= iEI . 2 sin (cat + &) . sin cat 
= |EI {cos — cos (2(jit + ^)} 

= |-EI cos B — JEI . cos (2iot + 0) 

We therefore see that the expression for the instantaneous power 
consists of two terms, one of which, JEI cos 0, is a constant, wMle 
the other is a cosine (or sine) wave of frequency equal to dovibh thS 
frequency of the e.m,f. and current waves. 

Now when we speak, without in any way qualifying the expression, 
of power in an alternating current circuit, we understand by this 
term the mean value of the power over a complete period. The mean 
value of the second term in the expression for the imtantaneous 
power w is, however, zero over any whole number of periods. Thus 
the mean value of the power l)ecomes equal to the first or constant 

E I 

term ^EI cos 0- This may be written in the form . cos 0? 

E , T 

and since = r.m.8. value of e.m.f., and = r.m.s. value of 

current, we see that 

mean -power = em.f. x current x cos 0, 

r.m.s. values of e.m.f. and current being understood. The power, there- 
fore, is not simply equal to the product of the e m.f. and current, but 
is equal to this product multiplied by cos 0. The multiplier which 
converts volt-amperes or apparent power into watts or true power is 


r 
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termed the power factor of the circuit. In the case considered, the 
power-factor Ls cos 0, but the term " power factor ” is used generally, 
even in connection with circuits in which the waves are no longer of 

the simple sine form, to express the ratio ^ 

^ ^ volt-amperes 

The expression for the mean power may be written in the form 
E I 

cos 0. Now I cos is the projection of the current vector 

on the impressed e.m,f. vector, and since the power depends on the 

magnitude of this projection, we speak of cos & (i.e. r.m.s. current 

rX cos 0) as power component, load component or wattfuZ component 

of the current, while sin 0 is termed the idle or wattless com- 

^2 

ponent of the current. It is frequently convenient to regard the 
current in a circuit as split up into these two components, as shown 
in Kg. 11, where the vectors are taken to represent r.m,s. values of 
the current. 



Fio, ll.—Decompoaition of Current into Power ^nd Wattless Oomponeuw, 
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§ 8. Sories arrongemeDt of impedanoes-;:^ 9. Parallel arrangement of impedanoea — 
§ 10. Numerioal examplo^ — § 11. Matnal indnotanoe — § 12. General problem of 
two oirouits having mutual induotanoe— § 18, Skin effect— § 14. Method of dealing 
with hyeteresifl and eddy current losaes. 


§ 8. Series Arrangement of Impedances * 

Let two impedances, AB and BO, be connected in series as 
shown in Fig. 12 (a), and let it be required to find their combined 
impedance. 

An impedance is not completely specified by its numerioal value. 
For with the same numerical value of the impedance we may have 

widely differing values of the ratio ^ which determines the 

phase difference between e.m.f. and current. The impedance is, 

however, uniquely determined if in addition to the ratio ^ 

^ current 

we know the angle of phase difference 6 between p.d. and current. ^ 
Since the two impedances in Fig. 12 (a) are arranged in series 
with each other, it follows that the current must have the same value 



ifiG. 12.— Two Impedances in Series. 

in each of them at every instant. For this reason, we choose the 
current vector as our vector of reference in the vector diagram, and 
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we may conveniently lay oflf this cnirent vector along the horizontal 
axis, as in Fig. 12 (J), 

Let 6 h O 3 be the phase differences corresponding to the two given 
impedances, and let Zi, Z 2 be their numerical values. 

In the vector diagram, assume the current to have a value of 
uniiy. Then the p <L across AB is given by a vector 0 Vi, Fig. 12 (i), 
of length Zi, making an angle fli with the current vector. Sino^arly, 
the p.d. across BO is given by a vector OVg of length Z 2 , making an 
angle 02 "^ith the current vector. From this it follows that the p.d. 
across AC is given by the diagonal OV of the parallelogram con- 
stnioted on OVi and OVa as sides, and the angle made by this 
diagonal with the current vector is the angle by which the current 
4ag8 behind the p.d. across AO. 

Since, however, we have assumed the current to be unity, it 
follows that the length of OV will correspond to the numerical value 
of the total impedance, and the angle which OV makes with the 
current vector will correspond to the angle of phase difference foT* 
the total impedance. Thus the required impedance is completely 
determined. 

It is now evident that the rule for the composition of two 
impedances in series with each other is identical with the rule for 
the composition of two forces actmg at a point — we have simply to 
apply the parcUlelogram law. 

The same rule may be extended to any number of impedances 
connected m series, and by applying the polygon law we can easily 
"find, by a*purely graphical method, both the magnitude of, and the 
angle of phase diffeience corresponding to, the total impedance. 

Although a purely graphical method enables us to deal with this 
problem, yet where accuracy is required it may be preferable to have 
recourse to calculation. The most convenient method is then as 
follows. 

Let Zi, Z 2 , Zs . . . be the given impedances, and 0i, O 2 , Oa • . . 
the angles of phase difference, or the pkase anglt&^ as we may briefly 
term them, between the current and the p.d. across each impedance. 
Resolve each impedance into two components, one of which lies 
along the horizontal, and the other along the vertical axis. Find 
the sum of all the horizontal and the sum of aU the vertical com- 
ponents, square the two sums, add them, and extract the square root ; 
this gives the total impedance. Thus — 

total impedance = 

■\/(ZiCos0i+Z2CO90a+ZaCos0B+...)®+(Zi8in0i+Z2sin02+Z3Rin0a+...)9 

* TUg phase angle is to be reckoned positive if the current Ings behind the p.d. 
and ^legaiive il it leads 
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and the phase angle of the total impedance is ‘given hj — 

Zi sin fli + Z 2 sin fla + Zg sin 0g + • • • 

Zi cos 0i -J" Zg cos 02 4“ Zg COS fig + , . • 

If, instead of being given the impedances Zi, Zg, etc., and their 
phase angles ©i, flg . . , , we are given the values of the resistances 
ri, 7*2, rg . . , , and of the reactances Yi, Yg, Vg . • . , then 
clearly — 

total impedance = + ra + ra + . . .)® + (Vi + V 3 + Vs + . . .)* 

“With a series arrangement of impedances, it is, therefore, per- 
missible to add the resistances arithmetically in order to obtain the 
total resistance ; and to add the reactsmces algebraically in order to ^ 
obtain the total reactance. But it is not permissible to add the 
impedances arithmetically i this latter addition must be carried out 
vectorially, i.e, in accordance with the polygon law. 

As a result, we find that in the case of a series circuit such as the 
one shown in Fig. 13, if Yi, Yg, Yg denote the r.m.s. values of the p.d.s 
across AB, BO, and CD respectively, 

and Y the r.m.s, value of the p.d. , , , i 

across the entire circuit AD, then in 
general Vi + Yg + Yg > Y, since the ^ 

sum of the sides of any open polygon j ® j 

is in general greater than the closing U V 

side of the polygon. In the special , 

case in which §1 =02 — 03 , we have Fio. is.— Series Arrangement of 
Vj + Yg + Yg = Y, the polygon in impedances. 

this case degenerating into a straight line. 

It may be well to point out that although the sum of the r.m.s* 
values of the p.d .3 in the case considered is in general different from 
the r.m.s, value of the total p.d., yet at every instant the sum of the 
instantaneous values of the p.d.s must necessarily equal the instan-^ 
taneous value of the total p.d. (the sum of the projections of the sides 
of an open polygon being always equal to the projection of the 
closing side of the polygon). 


§ 9. Parallel Arrangement of Impedances. 

Let a number of impedances, Zi, Zg, Zg . . . , having phase 
angles 0i, 02 , 08 • • ■ » connected in parallel between two points, 
and let it be required to find their joint or parallel impedance. ^ 

The quantity which is common to all the branch circuits is the 
p.d. It 18 , therefore, suggested to take the p.d. vector as the vector 
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of reference in our vector diagram ; let this p.d. vector be laid off 
horizontally as in Fig. 14. 

The value of the joint impedance being the same for all values of 
the p.d., we may, for the saJce of convenience, assume the p.d. to 
have a value of Since — 


current 


impedance ^ 


impedance 


we see that, on the assumption of unit p.d., the currents in the 
various branches are given by the reciprocals of the impedames. The 

reciprocal of the impedance of a 
pYj circuit is termed its admdttance. 
Let Ai, A 2 , As ... be the admit- 
tances corresponding to the various 

branches, so that Ai = As 

= ^ As =-^ . . . ; then, with unit 

p.d. across the terminals, the cur- 
rents in the various branches are 
equal to Ai, As, As. . . . 

An admittance, like an impe- 
dance, IS a directed or vector quan- 
tity, so that it is not completely 
Fig. 14. — ^Vector Biagi'om of Ourrents determined unless in addition to 
m Branolied Ouomt. magnitude we are also given 

its phase angle. 

The phase angles of the admittances Ai, Aa, As ... are equal 
in magnitude to 61 , 0 g, fls . . . 

Let us now, in our vector diagram, lay off vectors OIi, Olg, OIs . . . 
(Kg. 14) of lengths Ai, Aa, As . . . making angles 6u fla, fla • . • 
with the p.d. vector. These vectors will be the current vectors for 
the various branches, and since the total current between the two 
points is at cmy imtant equal to the sum of the instantaneous currents 
in the various branches, it is clear that the vector of total cuixent is 
obtained by compounding the vectors according to the polygon law, 
as in Fig. 16, the closing side 01 of the polygon giving the vector of 
total current. Since, however, the p.d. was assumed to have a value 
of imity, it follows that 01 represents the jomt admittance of the 
various branches, and its phase angle is the angle which it makes 
with the p.d. vector. 

The joint impedance is at once obtained by taking the reciprocal 
of the joint admittance. 

With a parcdld currangement of impedances^ therefore, the admit- 
tances of the various Iramhes are coTnpovmded accordmg to the same 
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rule as that which governs the composition of impedances in a series 
drcmt. 

It will be noticed that the sum of the r.m.a. values of the branch 
currents is in general greater than the r.ni.s. value of the total current ; 



Fro. 15.— Veotorial Addition of AdraittanooB. 


but may become equal to it in the special case in which all the 
phase angles fli, 62^ Oq . . • exe equal 

In order to secure accuracy, we may as before calculate the joint 
impedance. The joint admittance is given by — 

\/(AiCOs0i+ A2coa02+ A8COS08+ • . 0^ +(Aisin0i+ A2sm02+ A88iD08+ . . .)* 

and the reciprocal of this is the joint impedance. The phase angle 
0 corresponding to the joint impedance is such that — 

tan 0 “ “h • • • 

“ Ai cos 01 + A2 cos 02 + As cos Os + . . . 


^ § 10. Numerical Example. 

In order to illustrate the application of the above principles, we 
shall work out in detail a fairly complicated numerical example. 

In Fig. 16 is shown an arrangement of a number of resistances, 
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inductive and non-inductive, and condensers. The magnitudes of 
these are tnaxked in the diagram. An alternating p.d. of 500 volts, 
having a frequency of 50, is applied across the extreme tenninals 
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Fig. 16.— Oirouit containing Beautanoes, Indnotanoes, and Oapooitios. 


L and N. The problem is to find the currents in the various 
branches. 

We begin by finding the joint impedanoe of the branches a and j3 
between L and M, and the joint impedance of the branches y, S, and 
c between M and If. 

The frequency being 60, we have w s= 27r x 60 = 314, say. 


Hence the capacity reactance in the branch ais-i = «-. - 

^ (oU 314.40.10"® 


= 80*4 ohms ; and since the resistance is 20, the impedance of the 
r branch a is ^/20^ + 80'4^ == 82*8 ohms, and its phase angle is 

tan“^ = — 76® 2'. The odmittaTice of this branch is 

Ji\j o2'o 


= 0*0121, say. 

Considering next the branch /3, we have for its inductive reactance 

(dL = 314 X 0*12 = 37*7. The impedance is \/10^ + 37*7^ = 39, 

1 37*7 

the admittance gg =: 0*0266, and the phase angle tan"^ 

= + 76° 8\ 

Applying the rule for the composition of parallel admittances, 
we have for the joint admittance of a and j3 — 


\/(0 0121 cos 76° 2' + 0 0266 cos 76° 8')“ + (- 0*0121 sin 76° 2' 

+ 0*0266 sm 76° 8^ = \/0*00953*‘ + 0*013^ = 0*01612 

Hence the joint impedance between L and M is 62 ohms, and 

the joint phase angle is tan“^ 0^00963 

Taking next the branches y, S, and c between M and N, and 
proceeding as before, we find — 


NUMERICAL EXAMPLE 


Impedanoe. 

319 

18-6 

24-36 


AdmittoBoe. 

0-00314 

0-0637 

0-0411 


Phase Anglsb 

- 90“ 

+ 67“ 30' 
+ 70“ 49' 


Applying, as before, the rule for the composition of parallel 
admittances, we have — 

0-00314 cos 90“ + 0-0637 cos 67“ 30' + 0 0411 cos 70“ 49' = 0-0424 
and — f 

- 0-00314 sin 90“ + 0-0537 sin 67“ 30' + 0-0411 sin 70“ 49' = 0-081 

Thus the joint admittance is \/0-0424® + 0-081® = 0 0914, the 

O'Osr 

joint impedance 10*94, and the joint phase angle ^®^"^q-q424 
= + 62 ; 22 '. 

Having obtained the joint impedance between L and M, and also 
that between M and and the corresponding joint phase angles, 
we next proceed to compound these two impedances, according to 
the law for the composition of series impedances. We thus find — 

Joint resistance between L and M = 62 cos 63® 45' = 36*66 

„ „ „ M „ N =: 10*94 cos 62® 22' == 6*08 


Similarly — 


Total resistance between L and N = 41*72 


Joint reactance between L and M = 62 sin 63° 45' = 60*00 

„ „ M „ N = 10*94 sin 62® 22' = 9*69 

Total reactance between L and IT = 69*69 

We now find for the total impedance between L and IT the 
value \/41*7^ + 59*7^ =* 72*82 ohms, and for the total phase angle 

tan-i = + 56“ 3'. 

The remaining part of the problem presents but little difficulty. 

The total current is = 6*87 amperea The p.d. across LM is 

obtained by multiplying the total current by the impedance between 
L and M, and similarly the p.d. across MIT is found by multiplying 
the total current by the impedance between M and IT. 

P.d. across LM = 6*87 x 62 = 426 volts 

P.d. across MN = 6*87 X 10*94 = 76 volts 
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We may note, in passing, that the sum of the r.m.fl. voltages 
across LM and MN, namely, 426 + 76 = 601, is very nearly equal 
to the voltage of 600 across LK This close coincidence is purely 
accidental, and is due to the fact that the joint phase angle between 
L and M (63® 46*) is not very dififerent from that between M and N 
(62" 22'). 

Having determined the voltages across LM and MN, we at once 
obtain the branch currents by multiplying the admittance of each 
branch by ihe voltage across it. We thus find — 

Current in a = 426 X 0'0121 s= 616 

„ „ 13 = 426 X 0*0266 = 10*9 

„ ,, y = 76 X 0*00314 = 0*236 

„ „ 8 = 76 X 0*0637 = 4*03 

„ „ € = 76 X 0*0411 = 3*08 

It will be noticed that the current in the branch jS is considerably 
greater than the total current. 

§ II. Mutual Inductance 

In the practical applications of alternating currents, we are con- 
stantly coming across instances of two circuits so placed relatively to 
each other that a current sent through one of them gives rise to a 
magnetic flux which becomes partly linked with the other. Two 
circuits so arranged are said to possess mutual m&uctanoe. 

^ Let the relative positions of the circuits be such that when a unit 
(continuous) current is sent through the first circuit, it produces a 
total flux* Eg through the second ; and that when a unit current is 
sent through the second circuit, it gives rise to a total flux Fi 
through the first. Assuming unit current to be flowing in each 
circuit, let us suppose the first circuit to be fixed in position, while 
the second is displaced in such a manner as to produce a change SEg 
in the flux Eg. The work spent (or gained) during this displacement 
= current in second circuit x change of flux f = 1 X oEg = SFg. 
Suppose next that, instead of moving the second circuit, we keep this 
circuit fixed, and displace the first circuit in an opposite direction, so 
that th§ find relative positions of the two circuits are the same as 
before. If 8Fi stand for the change in the flux Fi during this dis- 
placement, the work done = current in first circuit ^ change of flux 
= 1 X SFi = SFi. But since the force and couple exerted by the 
first circuit on the second are, by the principle of equality of action 

By the “ total flax ” is meant the sum of tbe flaxes through the yarions elementary 
loops or tarns of which the oirouit may be supposed to oousist. 

t Hay, OonlinuouB Owrent Mrtgineeringj p. 4, 
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and reaction, always equal to those exerted by the second circuit on 
the first, it follows that the work done during the displacement of the 
first cirouit is equal to that done during the displacement of the 
second circuit. Hence SFi = SPj, Le. if the cvrouits are displaced 
relatively to each other, the change of fiva through the second circuit is 
equal to the chauge offCm through the first (unit current being supposed 
to fiow in each circuit ; a similar result obviously holds if circuits 
convey equal currents of any magnitude). 

Let now the circuits be separated from each other to an infinite 
distance. Then since both Pi and Ps vanish as a result of the separa- 
tion, it follows that Pi and Pa represent the corresponding changes of 
fiux through the two circuits, and hence by the principle just estab- 
lished we must have Pi = Pa, he., the flux through the first circuit due 
to unit cwrrent in the second is equal to the flux through the second oircuU 
due to v/nit current in the first. This flux is defined to be the mutual 
inductance of the two circuits. Being a quantity of the same nature 
as self-inductance, it is measured in henries. "When two cirouits 
having mutual inductance are traversed by alternating currents, they 
mutually react on each other, and owing to this reaction each 
circuit behaves in a manner different from that which would occur if 
the other cirouit conveyed no current. In considering such circuits, 
two distinct modes of treatment are available. These may be briefly 
termed the hypothdieal flAix and the resultant fiux inethod. The 
essential difference between the two methods consists in the way in 
which the induced e.m.f. in either cirouit is supposed to be made up 


of two components. » le j 

In the hypothetical flux method, we make use of the sell ana 
mutual inductances of the two cirouits. By the self-iuductanem <u 
either circuit is in this case to be understood the magnetic flux which 
becomes linked with the cirouit when conveying unit o^nt, the 
other circuit being supposed to carry no current or else to be removed 
to an infinite distance. Were there no mutual inductance between 
the ohouits, the e.m.f. induced in each would be simply that due to 
its self-inductance. But in addition to this, we have to take mto 
account the e.m.f. induced by the flux of mutual ^ductance Thus 
the total induced e.m.f. in either circuit is regarded asmade up of 
the emf of self-inductance, which is m quadrature with the 
Salary ^ hypo^etical flux that would result if the oth^ circm 

ei conveyed no current or were removed to WhiSv^! 

emf of mutual inductance, which is in quadrature vnth thehy^^ 

tiietical fiux that would traverse the cirouit 

own current were annulled, and the current in ^e other mrcuit 
Stained at its original value. Since (neglecting tyf ejects) 
the hvuothetical fluxes mentioned are in ph^e mth the currents 
producmg them, we see that in this method the total induced e.m.f. 
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is regarded as split up into two components wMcdi are in quadiatui'O 
respectively with the currents in the two circuits, and whose phase 
difference is therefore the same as the phase difference of the currents. 

In the remltcmt fiux method, a somewhat different analysis of the 
actually existing magnetic field into a number of components is 
adopted. Considering the hypothetical field due to the primary ^ 
current — i,e. the field which would be produced by this cun^ent 
if acting alone, we may regard it as made up of (1) a portion ft con- 
sisting of lines linked with the primary only, and (2) another 
portion consistmg of lines linked with both circuits. Similarly, 
the secondary hypothetical field may be regarded as made up of two 
corresponding amounts/, and/*,. Since/* and/,^ represent fields 
linked with both circuits, their superposition yields a resultant field 
f which is also Hnked with both circuits, and which we may term 
the mainfidd. Since the main field is acted on by the ampere-turns 
of both circuits, it is (neglecting hysteresis) in phase with the resultant 
of the ampere-tums of the two circuits, and hence the amj. induced 
by it in either circuit is in quadrature with tbia resultant. The fields 
/, and /, axe tenned the primary and secondary hakagt Jidds 
respectiYely, and since each of them is acted on by the ampere-turns 
of its own circuit only, they are (neglecting hysteresis) in phase with 
the primary and secondary turns respectively. The self-inductances 
arising from the leakage fields are termed the leakage sdf-inductaTices 
of the two circuits. ^ It will now be evident that the total induced 
e,m.f, in either circuit may be regarded as made up of the following 
^0 components : — (1) the e.m.f. induced by the main field, which is in 
quadrature with the resultant of the primary and secondary ampere* 
turns; and (2) the e.m.f. induced by the leakage field, which is in 
quadrature with the current in the circuit under consideration. 

Let the two circuits be represented by two coils of wire, the 
primary coil consisting of Si turns, and the secondary of Sa turns, 
^t la, La stand for the self-inductances, and M for the mutual 
inductance of the coUs. When unit current circulates in the primary, 
it produces a flux M through the secondary, and since the secondary 

consists of Sfl turns, the mean flux per tv/rn is Thus of the total 

02 

aux linkage Li with the primary an amount ™ is due to lines 
which^re also linked with the secondary, so that the remainder, viz. 
^ represents the primary leakage Bux due to unit oun-eiit, 

01 primary leakage self-mduotanee k. Similarly, the seaynda/ry leakage 

sdf-indvcta/nae l^ is given by Ig = Lj — M. 

Si 

* It is convenient to speak of the two olrouits an +>>a 
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§ 12. General Problem of Two Circuits having 
Mutual Inductance. 

Consider the two circuits diagramatically represented in Tig. 17 . 
The first circuit, which we shall term the prima/ryy is of resistance 7*1, 
self-induotance Li, and has an alternating e.m.f. Ei impressed on it 
from an external source. The second circuit or secondary is of resist- 
ance ra, self-inductance La, 
and has an e.m.f. Ea im- 
pressed upon it from an 
external source. The mu- 
tual inductance of the two 
circuits is M. 

Let us suppose that 
there is a current Ii in the 
primary and a current la 
in the secondary, and that 
the phase difference between 
them is known. Then the 
problem of finding the im- 
pressed e.m.f.s El and Ea may be solved graphically by constructing 
a vector diagram, and in doing so we may employ either the hypo- 
thetical flux or the resultant flux method. 

The hypothetical flux diagram is shown in Fig. 18 (a), and is 
constructed as follows. We draw two lines making an angle wiUh 
each other which is equal to the known angle of phase difference 
between Ii and la. Along one of these we lay off a length rili to 
represent the resistance drop in the primary, and along the other 
a length to represent the resistance drop in the secondary. 
Considering first the secondary circuit, we lay off, at right angles to 
7’2l2, a len^h CUL2T2 to represent the self-inductance component of E2, 
and from fibe end of 0JJJ2I2 ^ l^^^gth o)MIi normal to rjTi to represent 
the mutual inductance component of E2. The resultant of r2l2, 
and oiMIj determines E2. A similar mode of construction when 
applied to the primary enables us to find Ei, as shown in the 
diagi‘am. 

The resultant flux diagmm is shown in Fig. 18 (J). The first step 
in oonstructing the diagram consists in drawing two vectors to 
represent the piimary and secondary ampere-turns, and finding their 
resultant. This part of the construction is indicated by the dotted 
lines of Fig. 18 (&). From the resultant ampere-turns and the known 
data of the magnetic circuit we then calculate the flux common to the 
primary and secondary. Let li and denote the leakage self- 
inductances of the primary and secondary respectively. We lay off 




Fiq, 17 —Diagram of Oiroults having Mutual 
Induotanoe. 
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a vector ral 2 to represent the resistance drop in the i&^cotxdary, at 
right angles to this a vector (DIJL 2 to represent the leakage eelf- 
indnotance drop, and a third vector E'a, normal to the flux (assumed 
to be in phase with the resultant ampere-turns) common to the 
two circuits, to represent the component of Ej required to balance 
the e.m.f. induced in the secondary by this common flux. The 
resultant of rgla, and E'g gives us Eg. A similar construction 
applied to the primary yields Ei. 

A case of special importance arises when there is no external 
e.m.f. impressed on the secondary, i.e. when Ea = 0. The hypothetical 
flux and resultant flux diagrams for this case are shown in Kgs. 19 
(a) and (6) respectively. An examination of Fig. 19 (a) shows that the 
presence of a closed secondary in the neighbourhood of the primary — 
which introduces the vector wMIg into the primary diagram — always 
results in bringing the impressed e.m.f. more nearly into phase with 
the primary current. This effect is equivalent to a decrease in the 
8elf--vnduct<mce and cm increase in the resistcmce of the priTnary, If 
M is large, the vector wMIg may become nearly equal in length to 
ojLiIi, and so the self-inductance of the primary may le nearly wiped 
out by the effect of mutual inductance. 


§ 13. Skin Effect 

In the case of a conductor of large cross-section conveying a 
current, there is an appreciable difference between the magnetic 
flux linked with the surface layers of the conductor and the fluk 
linked with its central portion. For if we imagine the conductor 
split up into a large number of small parallel laments, then the 
current along any fflament at a considerable depth below the surface 
will be linked not only with the lines external to the conductor, but 
also with an appreciable number of lines in the substance of the 
conductor; whereas a surface filament is only linked with the ex- 
ternal lines. As a consequence, the e.m.f. induced along a surface 
filament when an alternating current is sent through the conductor 
is less than that induced ^ong a central filament, and since the 
various filaments may be regarded as different branches of a parallel 
circuit, it is obvious that, for a given cross-section of filament, the 
current will be less in the case of a filament near the axis than in 
one near the surface of the conductor. Thus the current density 
will be greater in the surface layers, the current being vmmmly 
distributed over the cross-section of the conductor. This uneven dis- 
tribution of current is equivalent to a reduction of cross-section, or 
to an increase of resistance, of the conductor, and is frequently spoken 
of as the shim, effect. 

’ fl 
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The skin effect with cylindrical copper conductors is, at ordinary 
fr 0 q[uenciea, inappreciable until a diameter of about J inch is cached ; 
it tiien increases very rapidly with the diameter. But with con- 
ductors constructed of magnetic materials, such as iron or steel, a 
very marked effect occurs even with conductors of small cross-section. 

This effect is of considerable practical interest in cases where an 
alternating-current system is used for working electric railways or 
tramways, and where the ordinary track rails are used as one of the 
conductors of the system. In the case of a steel conductor of large 
cross-section, the effective area of cross-section over which the current 
is distributed is confined to a comparatively thin surface layer — not 
exceeding } inch at aU ordinary frequencies. Hence the loss occurring 
with a given current in such a conductor is very much greater for an 
alternating than for a continuous current. 


§ 14. Method of Dealing with Hysteresis 
and Eddy Current Losses 

The method explained in § 7 of splitting up the total current 
in any circuit into a wattful and a wattless component is useful in 
dealing with circuits containing iron cores, as it simplifies the treat- 
ment of the hysteresis and eddy-current losses occurring in such 
circuits. Consider a coil provided with a laminated core. The losses 
occurring in such a coil are ; — (1) the loss due to the resistance of 

the coil; (2) that caused by 
hysteresis of the core ; and 
(3) that due to eddy currents. 
The behaviour of the iron-cored 
coil may be imitated by the 
arrangement of non-inductive 
resistances E, r and pure (i,e, re- 
siatanceless) inductance L shown 
m Fig. 20. The resistance E 
is equal to that of the copper 
winding, and conveys the total 

Fia, 20.--Ari’au'(i'mcnt of Circuits equivalent inductance L is 

to JSieotromagnet. tliat the maximum niag- 

.. r netio flux through it equals that 

through the wmdmg. ihuaJly, the resistance r is supposed to have 
a value such that the loss occurring in it is equal to the sum of 
the hysteresis and eddy-current losses. The current in the branch 
r gives the wattful component of the total current, while that in L 
corresponds to the wattless component. 

In order to exhibit as clearly as possible the part played by the 
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magnetic properties of the core, we shall consider the case of a 
nniaber of similar electromagnets, bnt having cores of different 
materials, connected (1) in series with each other and (2) in parallel. 

In the series arrangement of magnets, each exciting coil necessarily 
conveys the same current, and the value of the magnetic flux in any 
' core will be unaffected by the resistance of the exciting coil. On 
the other hand, the value of the maximum flux and counter-e.m.f., 
and of the angle of lag between the current and the p.d. across any 
coil, will be determined by the permeability, hysteresis and eddy- 
current losses of the core, as well as by the resistance of the coil. 
If the resistance drop be negligible in comparison with the counter- 
e.m.f., then the magnetic flux and angle of lag for any magnet will 
depend solely on the physical properties of its core. 

Consider next a parallel arrangement of electromagnets. If the 
resistances of the exciting coils are different, the value of the 
counter-e.m.f. will to some extent depend on the resistance. In 
many cases, the resistance drop may be neglected. This is equivalent 
to wiping out the resistance ft in Fig. 20, so that we now have the 
inductance L connected in parallel with r and directly across the 
mains. It is obvious that any changes in r cannot affect' the maximum 
flux through L so long as the p.d. is maintained constant ; now since 
the value of r depends on the hysteresis and eddy-current losses in 
die core, the above statement is equivalent to saying that the magnetic 
flux is entirely independent of the properties of the core. This is 
also otherwise obvious from the following considerations. Since the 
p.d. must (owing to the fact that the resistance drop is negligible^ 
be at eveiy instant equal and opposite to the counter-e.m,f., and 
since the latter is determined by the rate of change of magnetic flux, 
it follows that the rate of change of magnetic flux, and hence also 
the magnetic flux itself, have perfectly definite values at every 
instant (determined by the wave-form of the p.d ), and that these 
values are quite independent of the properties of the core. We thus 
arrive at the result that the magnetic flux in a shmit electromagnet 
is entirely independent of the properties of the core, if the resistance 
drop be negligible. Further, the flux is in this case in quadrature 
with the p.d,* 

The above results are of great importance in connection with 
ii on-cored measuring instruments for alternating current circuits 
(§40). 


* Two periodic ftinotions of the same frequenoy are said to be in quadrature with 
oaoh other if their mean product over a period vanishes. Let, in the case oonsidered, 
-w = instantaneous p.d. ; ♦ = instantoueoiM total flux ; T = period Then since 
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CHAPTER III 


§ 15. Foljphaie omrents — § 16 Botatiag field produced by polypes e currents — 
§ 17. Oonneotioiif of polyphase ByBt6ms--§ 18. Equyalenoe of Y and A loads in 
balanced three-phase systems — § 19. Oomparlson of single-, two-, and three-ptiuso 
gystems — § 20. Simple alternating waye of magnetic flux— ^ 21. Analysis of 
alternating mto two rotating wares, and vice vend-^^ 22. Production of rotating* 
wares of magnetio flux by means of polyphase ourrenls. 

§ 15. Polyphase Currents 

In connectioii with many important practical appKcations, the 
alternating cnrrenta employed consist not of simple or sin/jfle-phas^ 
currents, but of a system of several ourrents of the same frequency 
but differing in phase. Such a system is termed a polyphase system. 

The only two polyphase systems of practical importance are those 
known as the two~phase and the three-phase system.* 



Fig. 21. — GFrapha of Two-phase Currents. 

A two-phase system consists of two currents of the same Iren uoncv 
differing in phase by 90®. 

A three-phase system consists of three ourrents of the same 
frequency differing 120® in phase. 

Fig, 21 shows the graphs of the currents (sine waves being 

the armature windings of rotary 
th?^h2i ^™“8“ussion of power to the oonyerter takes place by means of 
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assumed) forming a two-phase, and Fig. 22 the graphs of the currents 
forming a three-phase system. 

The vector diagram for a two-phase system consists, as shown in 



Fig, 23 (a), of two vectors at right angles to each other ; while that 
for a three-phase system, Fig. 23 (6), consists of three vectors making 
angles of 120® with each other. 





Algebraically, the expressions for the currents forming a two- 
phase system may be written — • 
ii = Ii sin (ijt 

ifl = I 2 sin ^ 0 )^ + 0 = I 2 cos wt 
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and those for the currents forming a three-phase system — 

<1 =5 Ii sin (i)t 
» I2 shi 

4 ^ Xs 

It may be pointed out that the amplitudes of the currents forming 
a polyphase system need not necessarily be eq[ual ; if they are, the 
system is said to be balanced. 


§ 16. Rotating Field produced by Polyphase 

Currents 


Polyphase systems present several advantages * over the single- 
phase system, one of me most important being the possibility of 
producing a rotating magnetic field without the aid of any mechanical 
rotation. 

In order to explain the production of such a field by means of 
two-phase currents, we may consider two similar coils placed at right 
angles to each other, as in Fig. 24 ; at any given point of space each 
coil win produce, when conveying a current, a field proportional to 
r the current. Hence, if we suppose that the coils are traversed by the 
two currents of equal amplitude — 


and — 


ti Bs I sin (at 
ta 5s I cos (at 


respectively, the magnetic fields at the common centre 0 of the two 
coils due to the currents may be written (Fig. 24)— 


and — 


oj = M sin (ot, along the horizontal axis, 
2 / er M cos (at, along the vertical axis, 


and since the fields are at right angles to each other, the resultant 
field OR is given by the square root of the sum of their squares, i.e. 
the magnitude of the resultant field is — 


OE s= \/aj^ + 2/^ = M 

The magnitude of the resultant field is thus constant. In order to 

* These are considered in $ 19 , 
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its dvreci^^ at the time we notice that if be the angle which 
it makes wil^ the vertical axis — 


so that-* 


tan 9 


X 

y 


tan fjjt 


6 =:U}t 


The angle therefore changes at a constant rate, f.tf. the field 
rotates with the constant angular velocity w. 





txxxxi 

Fia. 24,— Production of Botating Field bj 
Two-phase Onrrents. 


I 



I 

Fio. 25 — Botating Field produced by * 
Three-phaBe OorrentB. 


Consider next three coils, I, II, and III, arranged at 120® to each 
other, as shown in Fig. 25, and conveying the three ouirents of equal 
amplitude — 

ii = I sin 


^2 — I sin + y) = 
<3 = I sin (^ 0 )^ + y ) = 


— JI sin o)t + -y-I cos cot 

— ^1 sin cot — ^I cos cot 


The directions of the magnetic fields produced by the three coils 
at their common centre are indicated by a:, u, and v in Fig. 25. The 
values of these magnetic fields are given by — 

ic = M sin 
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In order to find the magnitude of the resultant field, we may 
determine the sum of all the horizontal components, then the sum of 
all the vertical components, and finally take the square root of the 
sum of the squares of the total horizontal and vertical components. 

Now, the total horizontal component at time t is given by 
(Fig. 25)- 

X = a? — (w + v) cos 60° « M sin + 4^ sin coi = |M sin cot 
and the total vertical component by — 

T — tO sin 60° = f M cos oit 
so that the magnitude of the resultant field is — 

VX? + T® = f M 

i.e. the resultant field is of constant magnitude. If rp be the angle 
which it makes with the vertical axis at time t, then — 

tan (^ = Y = tan wt 

so that the resultant field rotates with constant angular velocity w. 

In this possibility of producing a rotating magnetic field without 
any mechanical rotation 'lies, as aheady mentioned, one of the main 
advantages of polyphase currents. 

For the production of two-phase currents, two independent sources 
of e.m.f. are required, having the same frequency but a phase dis- 
placement of 90°. These two sources of e.m.f. are represented by two 
independent windings in the armature of a two-phase generator. 

Similarly, the three sources of e.m.f. required for the production 
of three-phase currents are represented by three independent armature 
windings in the generator. 


§ 17. Connections of Polyphase Systems 

-r 

In the case of two-phase systems, the two phases or circuits of 
the generator, motor, or other receiving apparatus forming the system 
are, as a rule, kept entirely separate, as there is no advantage in 
electrically linking them. Sometimes, however, such linkage is 
resorted to, the arrangement adopted being that shown in Kg. 26. 

If we suppose the system balanced, then the current in the 
common wire will be represented, in the vector diagram of Fig. 23 (a), 
by the diagonal of the square constructed on the two current vectors 
there shown as sides. Hence the current in the common wire is 
\/2 or 1*414 times the phase current (i.e. the current in either phase), 
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iibti if Uio cuiTuit tioiuiiif in all tfaa wiroa be tb« same, the croae- 
itrciinn ttf the oomtuim wire will have to be x/d tiroes the oruu-scotioa 
of one uf the outpr wmw. 

Thtoe-{itisse citvutti luro lanirutify linked tof^ther, as this eiFeote 
a ssvinK in the auiutiut uf rvituind in the e'aina There are 

two nii'tiioita of sticli ciruuits. One of 

tiuw*, shuwn in Ki|t. 27, ii* kiiown as the Jtter or 
Y ouu]ilin)(. In Unit, it will lio uotiooil, Uie fins 
t-iiiTvnt is the saiiiu an thu pka$$ cumint, and 
tliure is a |K)int -kti»v%n an Uio ntutnU point, 
nurV»l N in Fi^'. 27 (a)~ruimiiua t4i tlie thruo 
{ihniica, The {wwihiluy of so coti{»liiiK the cir* 
t kilts is klue to the fact, at unco uvidont frimi 
Kij;. 2>*1 {k). or frum an ius|)ociion of the equa« 

(ii<na of I IS, that thu al^fubraioal sura of the 
thn-o curroRte vanishua at ovory instant. Wilii t«.-!iti»mi»iwetsil f 
th» star raethiMl of cuiinuctiuit, the lino currents Tw^pbiuw ' 

Hfi' <n|iiiil to the {ilinitn rurnuits, hut the line {i.d. 

IS lull* h hiylmr ih.iH tin* jihiiso p •!. If wannsumG for th« jmsitivc clirrc- 
tiuiis uf lh«* tlitru p.d.H liui <hii<('iiuiis otmy /rum Iho nuiitnil {Hiiiit N, 



{,>) 

Vt>» U7 >>Ur-«v,uiin-lcrrhfCi«-phsiiit SyiUm. 


II iiidh-ati'd hy ih«* nrr.iws in thu lljiim*. thun Miiiru in ]irurc«-iliii;^ fnim 
n !•' S wi* iiiuvo in till* lu'f'kitivii ilirt'i'tiim, am! in jtruivudin^ frmu 
N t<i A in ihu jmsitivu i!in*«*tM>n. it is l•villl•nt that I, ha tinr pd., i.r. tlio 
j •!. n- r-'ii HA, will it^ (‘icrv iinlunt In- t-ijmil to thi* dij/.rtncr ttf tho 

III >l-i!ir inuiiin }i «l 1 bitu ti NA iitul Nlh Ntiw, if thu iuHtantrtnr'Oii 
j. d I'lU'i XA !«• ruptvtcnii-il Ity tin* jirujct tiun of C)A in lh« wi-lur 

iia t.f Ki;. U? (/■), lui-l th.it’ tirrms N’H by tlu! pn>jin littu of «)H, 
tJuu t!.u t* i!f,* of th»>‘i' two proifi tion.s, whii-h the iiiU.m- 
ti«’.''i'i!i "f tlii' j*'l B' rKi.s BA. 11 ••uniil (o thu proji'fiion of OA, 
I ' I ih- j-r-.'i ' ‘:-ii of ' 'B ri'irr .1 In Ki«. 27 (/-). ‘ M’.' ii (Jli luwrspd, 
n.i l3.*it l!u‘ i'.-l. HTf'n BA 1,1 iMiiit! Iti iht! sum of thu projirtiuns uf 
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OA and OB', i,e. to tte projection of OL. But since OL = 20A . cos 
30° *= v^3 . OA, we see that, with a balanced system having a ster 
ooupling and supplied with sine waves of e.in.f., the line pd. is equal 
to v/3 or 1’732 tiTnes the phase p.d. 

Another method of coupling three-phase circuits is that shown in 
Fig. 28, and known as the mesh or triangle or delta method. It is 
B X immediately obvious that the line p.d. is 

now eq^ual to the phase p.d The line 
oarrentSy however, are not equal to the 
phase currents, each line current being 
at any given instant equal to the diSerence 
of the c^acent phase currents — as is at 
once evident from Fig. 28. Hence the 
vector diagram of Fig. 27 (6) is now appli- 
cable to the cmrentSy and we see that 
with a mesh grouping and simple sine 
waves the line current is equal to \/i or 1*732 times the pi^e current. 

The advantage oT coupling the circuits will now be rj^dily under- 
stood. For if in Fig. 28 the three circuits had been kept separate, 
six Rno wires, each, we shall suppose, of cross-section a, would have 
been required (two wires for each phase or circuit). By coupling 
the circuits delta fashion, so as to maintain the original p.d. across 
each pair of mains unaltered, the number of wires is reduced to three 
and the cross-section of each is, for the same current density as 
4)efore, \/3 . a. Thus the ratio of the amount of copper in the 

3 i/3 a /S 

coupled circuits to that in the uncoupled ones is ~g ~ — “ 
1*732 

=* — ^ 0‘866, representing a saving of about 13 per cent., and this 


Tio. 28.— Delta-oozmeoted 
Thme-pliaae System. 


saving is a clear gain, the ooupling of the circuits not being attended 
with any disadvantages such as result, for example, from the coupling 
of two-phase circuits. In the later case, the maximum p.d. between 
the two outer line wires is \/2 or 1*414 times the phase p.d., which 
either increases the risk of a breakdown or else necessitates better and 
hence more expensive insulation for the line than would be necessary 
if the circuits were kept separate. 

As regards the practical use of the two methods of coupling three- 
phase circuits, it may be said that the coils of generators and motors 
are generally coupled star fashion, while transformers are, for reasons 
to be explained later, in most cases delta-connected. Eotaiy converters 
are, from the nature of the case, also delta-connected ; and so is an 
ordinary lamp load. 
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§ 18. Equivalence of Y and A Loads in Balanced 
Three-phase Systems 

B 7 the aid of the relations just established between the phase 
p d.s and currents and the corresponding line p.d .8 and currents for a 
three-phase load, we can readily deduce the condition of equivalenoe 
of a star-connected and a delta-connected load. With a given linei 
p.d., the loads will be equivalent if the line current has the samel 
value in each case, and if its phase relation to the line p.d. remains' 
unaltered. Now the latter condition will be fulfilled if the phase 
angle between the star current and its corresponding star p.d. in the 

^ ^// 3 /V' O / 



Fia. 29.— To illustrate relation of Star and Fig. 80 .— To illustrate relation of 
Mesh p.d s. Star and Mosh Cnrrents. 


star-connected load be the same as that between the A-current and 
its A or line p.d. in the A-connected load. This is easily seen by re- 
ferring to the vector diagrams of Pigs. 29 and 30,* when it will be 
noticed that in order to derive the line p.d.B from the star p.d.s in the 
diagram for the star load (Pig. 29), the vectors representing the star 
p.d,s have to be advanced in phase by 30° (and lengthened in the 
ratio \/ 3 : 1 ) ; whereas in order to derive the line cnrrent from the 
A-current in a A-conneoted load the cturent vectors have (Pig. 30) 
to be retarded in phase by 30° (and lengthened in the ratio \/3 : 1). 
Now, since a forward rotation of the p.d. vector has the same effect on 

♦ The vector dlagramfl of Figs. 29 and 80 correspond to the cixouib diagrams of 
Figs. 27 and 28 respectively. 
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the phase angle as an equal backward rotation of the current vector, 
it follows that the change of phase is the same in each of the diagrams 
of Figs. 29 and 30, and hence the phase relations of the line p.d.s and 
line currents will remain unaffected by the substitution of a A for a 
T load, or vice versd, provided the power factor of each side of the A 
is the same os that of each arm of the Y. 

Next, considering the magnitudes of the p.d.s and currents, we 
have, if V„ I, denote the star p.d. and star current in a T-conneoted 
load, and V^, Ia the line p.d. and A-current in a A-connected load, 


star impedance (or impedance of each ray of the star) 
A-impedance (or impedance of each side of the A) = ~ ‘ 



Hence we 


Lave 


T-impedance _ __ Ia ^ _1 1 

A-impedanoe ~ Ya/Ia ~ Ta ^ "Ij ~ ^ ^ ~ 3’ 


or in order that the loads may be equivalent the T-load must have 
an impedance equal to ^rd that of the A-load (and, as shown above, the 
power factors of the loads must be equal). 


§ 19. Comparison of Single-, Two-, and Three- 
Phase Systems 

The relative advantages and disadvantages of the single-, two-, 
and three-phase systems of power generation and transmission may 
be briefly summarized as follows. The single-phase system is the 
simplest, since it requires only two conductors, with a correspondingly 
simple arrangement of switch-gear. Where the number of conductors 
is a matter of importance — as in connection with electric tramways 
and railways — ^the single-phase system possesses an important advan- 
tage over its polyphase riv^s. On the other hand, polyphase generators 
are, for a given speed and power, lighter and cheaper than single- 
phase ones ; induction motors and rotary converters of the polyphase 
type are also superior to single-phase machines.* The cost of the 
conductors to transmit a given amount of power with a given p.d. 
between any two conductors and a given loss in transmission is least 
in the case of a three-phase system, t and it is for this reason that the 
three-phase system has been much more generally adopted than the 


* The performance of a single-phase rotary converter is so poor that this typo of 
machine is never nsed in modem practice. 

t Hay, EUctricai DUtributing Netioorkt and Transmmion Lines, p. 30, 
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two-phaae one. The latter has been mostly iised*to replace single- 
phwe systems, in which case the existing single-phase concentric 
mains may be utilized ; a three-phase system, requiring three-core 
or triple concentric mains, would in such a case involve the scrapping 
of the existing system of single-phase mains. 




§ 20. Simple Alternating Wave of Magnetic 

Flux 


In § 16 we explained how a rotating field at a given point of 
space — the common centre of suitably arranged coUs — ^may be pro- 
duced by supplying the coils with polyphase currents. We now 
proceed to the study of the waves of magnetic flux which are pro- 
duced in alternating-current machines. 

Numerous types of alternating-current machinery consist essen- 
tially of two coaxial iron cylinders separated from each other by a 
narrow gap — the air-gap — as shown in Fig. 31. One of the cylindrical 
cores — generally the outer — ^is stationary, and forms the stator of the 
machine ; while the other is maintained in rotation, and forms the 
rotor/ The surfaces of the cores may be either continuous, as in 
Fig. 31, or more or less discontinuous. For the sake of simplicity, 
we shall assume that each surface is continuous. By means of 
suitable windings, embedded in the cores, a system of ma^etomotive 
forces is made to act across the gap, producing in it a multipolar field, 
so that the direction of the flux is alternately from stator to rotor and 
rotor to stator. The distribution * 

of this flux is generally more or 
leas irregular, and depends on 
the particular arrangement of the 
windings, the discontinuities in 
the polar surfaces of the cores, 
etc. Now, just as in considering 
alternating e.m.f.3 and currents 
we made no attempt to deal with 
the numerous wave-shapes which 
occur in practice, but confined 
our attention to the simplest 
possible wave — the pure sine 
wave — so in the present instance, 
instead of dealing with the more 
or less irregular distribution of 
the magnetic flux which occurs 
in practice, we shall select for special treatment the simplest case 
of all — ^that, namely, in which the magnetic flux is distributed in 



Fig. 31. — Type of Altemating-oorrent 
Machine. 
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the air-gap according to the simple sine law. If the distance x be 
measured along the circumference of the rotor (Pig. 32), and if we 
select for our origin a point at which the magnetic field vanishes or 


STATOR 



changes sign, then according to the above supposition the value of the 
magnetic induction y at any point of the gap distant x from the origin 
may be represented by — 

y sin 20 ? (1) 

The distribution of the flux may be graphically represented as in 
rKg. 32, where the values of y are laid off, to a convenient scale,' along 
lines perpendicular to the rotor circumferenca 

We may speak of the distance X which separates two correspond- 
ing points on the curve of induction, and wi^in which are included 
aH possible values of the induction, as the magnetic wwo^Ungth. The 
wave-length clearly corresponds to the distance between the middle 
points of two pole-pieces of the same name, or to twice the pole-pitch. 
Since the substitution of a; + X for aj leaves y unaltered as regards 
both magnitude and sign, we must have — 

fin ga; = sin {gx -|- jX) 

or — 

jX = 27r, le. 2 = y 

Equation (1) and the corresponding curve of Fig. 32 give the 
distribution of the flux at a given instant, with a given current cir- 
culating around the coils which produce the m.nLf.a.* Now, let us 
suppose that the current is alternating, so that the magnetic p.d, 
across the gap at any gwm point on llie rotor circumference varies 
* M.m.f. = magnetomotiTe force. 
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according to the akaple hannonib 'daw^- with tvm. Then, h in 
equation (I) will no longer be a constant, but will be represented by — 

5 a B sin (tit 

where oi a T being the period 
We now have — 

y a B sin (tit. sin go) 


From this equation we see that while at every instant (t.«, for 
every value of t) the magnetio f nz is distributed in space according 
to the sine law, and while the points of zero flux remain fixed, the 
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actual value of the flux at every point undergoes simple oscillations 
according to the sine law. This means that the ordinates of the 
curve in !Fig. 32^ oscillate about the base line. In Fig. 33 are 
indicated the successive positions of the curve corresponding to equal 
time intervals, each of which =b JT. Thus our wave of magnetic flux 
is an oscillating wave whose zero points or nodes remain fixed ; such 
a wave is firequently spoken of as a staticma/ry wa/oe. We may also 
speak of it as a sfimpU (dtermting wave of magnetic fiux. 

§ 21. Analysis of Alternating into Two Rotating 
Waves, and vice vers^ 

The expression for y may be thrown into a slightly different form. 
We have — 

y = B sin . sin qx 
= iB . 2 sin a>^ . sin qx 
= iB{cos {(iit — qx) — cos {oit + qx)} 

JB cos {wt — qx) — 4® "t" 2^) 
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From this we see that y may he split up into — 


and — 


yi = JB cos {wt — gx) 
y 2 =s — JB cos ( + gx) 


Let us consider the meanings of yi and yg. If we assign to t any 
definite value, then clearly both yi and yg will represent a magnetic 
flux distributed in the air-gap according to the simple sine (or cosine) 
law. Taking the particular instant ^ = 0, we find — 


[yi]< = 0 “ 

aad — 

M( = o = - cos qa> 


where the symbol [yj^ _ ^ denotes the value of yi at the instant f = 0. 
The values of [yi]j_o and [ya](_o plotted in Fig. 34, and 

are shown by the full-line curves. When i has increased to JT, we 
find— 

[j'i]< = 4T “ (i“ 

and — 

[y 2 ]<= 4 T “ - cos (^+ 2 ®) 

These new values of yi and yg are also shown in Fig, 34, the 
dotted curve representing and the chain-dotted curve 

= i T. 

From this we see that during a time interval JT each curve has, 
without altering its size or shape, been displaced through a distance 
ss JX, and that the displacement for yi has been a forward one, and 
that for yg a haclcward one. Hence yi and yg represent two waves 
of magnetic flux travelling without change of size or shape in opposite 
directions around the rotor periphery. We speak of such a travelling 
or moving wave of magnetic flux as a rotating wave of flux or a 
rotating magnetic fields and the result just established shows that 
a simple alt&rnating or stationary wave is equivalent tOy or may be 
replaced by^ two rotating waves. 

The directions of rotation corresponding to yi and yg are indicated 
by the dotted and chain-dotted arrows respectively in Fig. 34. By 
adding the ordinates of [yJ^.^T we, of course, obtain 

the ordinates of the curve corresponding to ^ ^3. 

It will be noticed that the amplitude of each of the two com- 
ponent rotating waves is equal to half the maximum amplitude of 
the resultant alternating or stationary wave. 



WAVES OF MAGNETIC FLUX 


45 


Similarly, it may be bHowh that any rotating ware may be 
analyzed into two simple alternating waves whose amplitudes are the 
same as the amplitude of the rotating wave, and which are in 



quadrature with each other as regards both time and space. The 
proof of this proposition is extremely simple. For, taking the rotating 
wave — 

w s= U COB — ga;) 

we may write this expression in the form — ^ 

« = TJ cos (lit COS gx + JJ sin^i sin gx 

But each of the terms on the right-hand side represents an alter- 
nating wave, and the maximum amplitude of each alternating wave 
is equal to the amplitude of the given rotating wave. Further, the 
waves are seen to be in quadrature as regards both time and space. 
Thus the proposition is established. 

The substitution of two rotating waves for an alternating one, or 
vice vcTs&y is a device frequently employed in alternating current 
theory, as it in many cases leads to a considerable simplification in 
the treatment of certain classes of problems. 

§ 23 . Production of Rotating Waves of Magnetic 
Flux by means of Polyphase Currents 

We shall now show that a rotating wave of magnetic flux may be 
produced by using suitably arranged windings supplied with poly- 
phase currents. 
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Leb 113 suppose that a two-phase system of mains is available. 
Imagine a winding embedded in the stator (or rotor) which, when 
traversed by a simple alternating current — obtained from one phase 
of the two-phase system of Tnaina — generates a simple alternating 
wave of magnetic flux represented by — 


a B sin ix>t sin gpt 


where, as before, w = 


T 


Stt 


and j T and X denoting the period 


and the wave-length respectively of the wave of magnetic flux. 

Let another winding, precisely similar to the first, but displaced 
relatively to it by iX (or half a pole-pitch), be arranged on the stator, 
and let a current be sent through it from the remaining phase of the 
two-phase system. This winding will generate a simple alternating 
magnetic flux wave precisely similar to that generated hy the first 
winding, but displaced relatively to it as regards both time and space. 


For sin at we must now, by reason of the phase difflarpTiop of ^ 

2 

which exists between the two currents, write sin {at -h and 

assuming that the origin from which x is measured remains unaltered, 
and that the second winding is displaced iuchwords, or in the negative 

direction of a, relatively to the first — ^for qx we must write -f- 

+ 2‘ Hence, denoting by ya the value of the magnetic 

induction at any point x due to the current in the second winding, 
we have— 

y, = B sin (at -f sin 


Each of these simple alternating waves may, as already explained, 
be replaced by two rotating waves, so that — 


tfl ~ ^B{oos (at — qx) — cos (at -f- qx)} 

and— 

Vi = iBfcos (at — qx) — cos (at -\-qx-\- it)} 

~ 3B{oo8 (at — 2®) -j- cos (at -f- j®)} 

Ths resultant induction y at any point is given by— 

y = S'! + ^2 = ® cos — qx) 

and we see that the resnlt of the superposition of the two altemacing 
waves is a pure rotating wave. Thus a two-phase system of 
currents may be made to give rise to a rotating wave of nmgnetio 
flux. 
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Similarly, a three-phase system of currents may be used for pro- 
ducing a rotating wave. Imagine three similar windings on the 
stator or rotor, displaced relatively to each other by amounts JX, to 
be traversed by three-phase alternating currents. If yu y% and yg 
denote the three component alternating flux waves, we may write — 


= B sin (ot sin qx 

jfj =» B sin {at + sin {qx + y) 
and y, = B sin + y) sin {qx + y) 

or, using the simple transformation previously employed— 
Vi == iB{cos {o)t — qx) — cos {o}t + qx)] 

V 2 = iB^cos (cot — jaj) — cos 

yg = iB^^cos (cot — qx) — cos {o}t + ya? 


Adding, we get for the resultant the rotating wave — 
y = + 3^2 + ya = I® cos (oit — qx) 

Special attention may be drawn to the following points. At the 
instant when any one of the component alternating waves reaches its 
maximum amplitude, it is coincident in position with the resultant 
rotating wave/ 

Secondly, the amplitude of the rotating wave is, in the case of ^ 
the two-phase system, equal to that of either component alternating 
wave, while in the case of the three-phase system the amplitude of 
the resultant is 1*6 times that of the component waves. 

Fi*om the above it is at once evident that, while in the case of the 
two-phase system the e.m.f. induced in each phase by the resultant 
rotating wave is the same as that which would be induced by the 
alternating wave due to that phase if acting alone, the e.m.f. induced 
in each phase of the three-phase winding is increased 60 per cent, by 
the presence of the other two phases. This result may alao be ex- 
pressed by saying that there is no mutual inductance between the 
two circuits of a two-phase system, but that in a three-phase system 
the effect of mutual inductance is equivalent to a 50 per cent, increase 
in the self-inductance.t 


* Take, e.g,f the component y^. Its crest value is situated at the point defined by 
ga; -j- ^ =3 and this crest value rises to its maximum amplitude when 


But for these values of x and t we have y ■= JB, i e at the instant oonsidered the 
crest of the resultant rotating wave becomes oomoident with the crest of ^3. A 
similar result is easily estahlisbed for 2/1 and y^, 

t See Appendix 1 . for flux distributions corresponding to various types of windings, 
snd Appendix IL for an account of the topographic method and the determination of 
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§ 23. Theory of the Wattmeter. Effect of Self- 
inductance 


Onb of the most important measurements in alternating-current 
circTiite is the measurement of potocr. By power is here meant, as 
explained in § 7, the mean value of the power over a complete period. 
Although numerous methods, some very ingenious, have been devised 
for the measurement of power, it is nowadays generally admitted 
that by far the most satisfactory method is that involving the use of 
• a wattmeter. 


The oldest^ type of this instrument is the electrodynamometer 
wattmeter, which resembles in general construction the well-known 
Siemens electrodynamometer for the measurement of currents. It 
consists of two coils, a fixed and a movable one, arranged with their 
planes at right angles to each other, the movable coil being provided 
with a torsion h^d, by means of which it can always be restored to 
onginal position when deflected by an electrodynamic couple, 
^e fixed coil is placed in the main circuit, while the movable cod 
M comected in series with a high non-inductive resistance, and is 

points between which power is being 


The oonnectiOM are indicated in Fig. 35, where F denotes the 

“strument, U the movable or 
Bpries non-indnetive resistance in 

S ^ of the circuit in 

f “f “easured. The current coH represents tho 
J pressure coil the voltmeter 
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Fia. 35. — ConneotioDB of Wattmeter. 


The 


Consider in the first place the ideal wattmeter, in which the self- 
inductance of the pressure or fine-wire circuit is negligible in com- 
parison with the resistance, 
and in which the fine-wire ^ 
circuit is also utterly devoid 
of capacity. The current in 
this circuit will then be in 
phase with, and proportional 
to, the p.d. Hence the instan- 
taneous couple acting on the 
instrument will be proportional 
to the product p.d. X current, 

i,e. to the power, and the mean couple to the mean power, 
angle of torsion will therefore be proportional to the mean 
power. 

In the actual instrument, the self-inductance and capacity of 
the fine-wire circuit are made as small as possible by using a coil 
of the smallest possible number of turns, and winding the wire 
which forms the non-inductive resistance in sections on thin sheets 
of mica, the various sections being then suitably mounted and con- 
nected in series with each other. 

It is more difi&cult in practice to reduce the self-inductance of 
the fine-wire circuit to a negligible amount than its capacity, and it 
is important to investigate what effect the presence of a small amount 
of self-inductance may have on the reading of the instrument. 

Let E, L denote the resistance and self-inductance respectively • 
of the load, and let r, I stand for the corresponding quantities in the 
fine- wire circuit of the wattmeter. If V =:^.d., I = current in main 

circuit, then, denoting tan*^ ^ by and tan“^ ^ by 0, we have — 


true power w? = VI cos ^ (§ 7) 


and if I were negligible the wattmeter reading would correspond to 
VI cos The effect of Z is a twofold one : it reduces the current in 

the fine- wire circuit in the ratio . „ „ and it further causes the 

current to lag behind the p.d. by an angle 0. The first effect reduces 
the couple in the given ratio, while the second is obviously equivalent 
to a change in the power factor of the load from cos ^ to cos — 0). 
Thus the reading of the wattmeter will be — 


V) = 


VIr 

4 - 


. COS - 0) = VI cos 0 cos - 0) 
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We tihxis have, dividing the former equation bj the latter— 


u)s=v/ 


cos ^ 
cos . cos (^ — ff) 


If, therefore, 6 is not negligible, then the only case in which the 
wattmeter reading will be correct is that corresponding to ^ = 0. 
For values of ^ < 0 the reading of the wattmeter be too low, and 
for values of ^ > 0 too high. 

The multiplier K = „ f /,>, which converts the watt- 

^ cos 0 . cos (^ - d) 

meter reading into true power, is spoken of as the correcting factor. 
It may be thrown into various forms. Thus, since — 


cos 0 . COB (^ — 0) 
we have — 


cos 0(oos 0 cos 0 + sin 0 sin 0) 
COS® 0 cos ^(1 + tan 0 tan 0) 


K = 


sec* 0 1 + tan® 0 

1 + tan 0 tan 0 “ 1 + tan 0 ban 0 

Now, since 0 is always very small, we may write approximately — 


= - ^ ^ . rtS=l-tan0tan0 

1 + tan 0 tan 0 ^ 

a form which shows very clearly the rapid increase in tJie error with 
, decreaamg power factor cos 0. 

Another simple approximate expression for the true power, which 
may be used when the power factor is very low, has been suggested 
by Dr. Drysdale.* Using the last form of approximate value for K, 
we have, since the wattmeter reading is roughly correct, i.e. since 
roughly w' =* VI cos 0, and also sin 0 = nearly 1 for small values of 
cos 0 — 

«; =! in' — w' tan 0 tan 0 it/ -- VI X tan 0 


The above results may be exhibited very clearly by the aid of the 
simple vector diagram of Fig. 36, in which I is the vector of current 
in ^ main drouit, and Y the p.d. vector. If there were no self- 
inductance in the ^e-wire circuit, the current in this circuit would 
be proportional to V, and the reading to IV cos 0 = IV'. By reason 
of selfinductance, the effective or resultant e.m.f. which maintains 
the current through the resistance of the fine-wire circuit is not V, 
but V„ and hence the reading is proportional to IV',. The error is 
thus i(V', — V). It is at once evident that : (1) the instrument 
reading is too low if 0 < 0 ; (2) the instrument reading is correct if 


• The Electrioian^ yoL xlvi p. 774 (1901). 
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^ ; and (3) tlie instmment reading is too high if ^ and the 

error increases with increase of 0. 

It may be pointed out that it is easier to render the error arising 
from the self-inductance of 
the fine- wire coil negligible in 
wattmeters intend^ to be 
used on a high than in those 
for use on a low voltage cir- 
cuit, since in the former case 
the non-mductive resistance 
may be made relatively 
higher, and so tan 0 may be 
reduced. 

The main value of the 
formula obtained above lies, 
not so much, perhaps, in the 
fact that they enable us to 
apply a correction, as in 
showing under what conditions the correction may be safely neglected. 



86. —Effect of Beaotanoe In Shmit Cirotiit 
of Wattmeter. 


§ 24. Effect of Capacity 

We may now consider the effect of capacity in the non-inductive 
resistance. Imagine this resistance not subdivided — as is generally the 
case — but wound double in a single coiL Suppose next, for a moment, 
that the middle point of the resistance, where the wire is doubled* 
back on itself, is cut. Then clearly t^ two halves of the winding 
constitute a condenser, and if an alternating p.d, is maintamed between 
them, a definite capacity current or condenser current wiR flow 
through the dielectric between them. 

Each half of the winding will at 
every instant be at a practically 
uniform potential Let the cut ends 
be now joined. We then have, in 
addition to a capacit 
conduction current, and a c 
drop of potential along tho wire. 

Now, this drop of potential will obviously reduce me capacny 
current to half the value which it had when the resistance was cut, 
since the mean p.d. between the two halves of the resistance is now 
only half the p d. across its ends. The equivalent capacity is thus 
half the true capacity, and the effect due to it is clearly the same as 
if the resistance were devoid of capacity, but were shunted by a 
condenser of capacity C equal to half the true capacity of the 
resistance, as shown by the diagram of Fig. 37. 
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Applying to the branched portion of the circuit of Eig. 37 tlie 
rules established in § 9 for parallel arrangements of impedanceSj* we 
find for the joint resistance of the branched portion— 


and for the joint reactanoe- 


>•1 

1 + ri202a>2 

Cwrja 

l+iri202iu2 


From this we find the total resistance of the fine-wire oirouit 
to be — 

n 


♦*0 + 


and its total reactance — 


1 -f 

Otufi* 


1 - 1 - 

The current in the fine-wire circuit therefore lags behind the p.d. 
by an angle — 

, Ccori^ 


tan“ 


or, approximately — 


r -4- ^ ^ 

* J-riSO 
tan ^ ^ cj 


where r = Tq + n* 

Erom this we see that the capacity of the non-inductive resistance, 
if not excessive, is beneficial, as it tends to neutralize the effect of the 
self-inductance of the fine- wire coil. 

The formulae established in § 23 in connection with the effect 
of self-inductance alone are immediately available for the combined 
effect of self-inductance and capacity, provided that for 0 we sub- 

, , .1 i - ^1^0 
stitute tan ^ w. 

r 

The capacity effect is greatly reduced by subdividing the non- 
inductive resistance into a number of sections. Let liiere be n 
sections, each wound non-inductively as before. If we imagine each 
section bisected, we obtain n condensers in series, each of capacity 

^0, where 0 is the capacity of the resistance when wound in a single 

* See Note I. at end of chapter. 
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section. But since the joint capacity of n equal condensers arranged 
in series with each other is -th that of one of them, we see that by 

71 

subdividing the resistance we have reduced the capacity to ^ of its 

ori^al amount. The subdivision of the resistance therefore afibrds 
a simple means of reducing the capacity to any desired extent. 

In modem practice the various sections of the non-inductive 
resistance are not wound ^ bifilarly (i.e. by doubling the wire on 
itself), but in the ordinary way on thin sheets of mica. This still 
further reduces the capacity (though very slightly increasing the self- 
inductance) and mininmes the risk of breakdown of the insulation. 

§ 25 . Effect of Eddy Currents 

In most of the earlier wattmeters there was a source of erroi 
whose importance was not realized, and whose very existence, in 
fact, remained for a long time unknown. It is largely due to this 
source of error that a strong prejudice was established against the 
wattmeter, a prejudice which was only gradually overcome as the 
construction of the instrument underwent improvement The error 
referred to is that due to eddy cmrmts induced in any soHd masses 
of metal used in the construction of the instrument — such as a metal 
case, metal supports for coils, or even a heavy winding for the main 
coil. The error due to eddy currents may be regarded as a twofold 
one. In the first place, the field due to the main coil is distorted# 
by the action of the eddy currents, and so the torque acting on the 
movable coil is altered; and secondly, there will be an additional 
torque (which may correspond to either an increase or a decrease 
of torque, according to circumstances) acting on the movable coU, 
due to the presence in its neighbourhood of large conducting masses. 

In order to avoid this source of error, the case of the dynamometer 
type of wattmeter is invariably constructed of some insulating material, 
such as ebonite, and the same material is also employed for the 
supports of the coUa, etc. For large currents, the current coil should 
be carefully stranded.* 

§ 26 . Effect of Mutual Inductance 

The errors arising from self-inductance, capacity, and eddy 
currents are the only ones present in the zero type of dynamometer 
wattmeter, in which the movable coil always occupies the same 
position when a reading is taken. But since this type of instrument 
requires a preliminary adjustment, it is not very convenient to use, 

* Asothor solution of the diffloulty U to use a suitably designed ourrent ti’ans- 
former, so that the ourrout coil may he wound with thin wire. 


54 


ALTERNATING CURRENTS 


and is not muoli used commercrially, most modern forms bmng 
defloctional or indicating instruments, in which the fine-'wire coil is 
allowed to move, a stiitable spring fumishiag the controlling couple. 
Now; as soon as the fine-wire coil is displaced from its -position at 
right angles to the main coil, there is, on account of the mutual 
inductance between the coils, an e.m.f. induced in it, and this e.m.f. 
is a variable one, depending on the relative positions of the two coils. 
Thus a farther possible source of error arises in connection with 
indicating instruments. 

In orfer to investigate this error, we may conveniently use a 
diagram similar to that of Kg. 36. With no mutual inductance 

between the coils, the reading 
would be proportional to V' 
in Eig. 38. Owing to mutual 
inductance, the e.m.f. due 
to it must be compounded 
with V, and the resultant 
treated as if it represented 
the p.d. impressed on the 
fine-wire circuit. It is thus 
evident that the reading will 
be proportional to V^'. Now, 
in the perfect instrument the 
reading would be proportional 
to V', so that the error when 
mutual inductance is taken 
into account is proportional 
to YJ - V'. With no mutual 



I ’ inductance present, the error 

Fro. 88.-ToflliutrateEfifeot of Mutual Mnot- proportional to 

anoo, Vf — V , i.e. in the case 

shown in the diagram it 
would be greater. Thus mutual inductance, in the case shown, has 
the effect of reducing error due to self-inductance.* It is easy 
to see that for negative values of i,e, for leading cuiTents, the 
error due to self-inductance would be increased by mutual inductance. 

self-inductance and capacity effects are quite 
negligible (V « Ym » Yt)^ then it is evident from the diagram that 
mutual inductance does not introduce any error. 

_ We may summarize the above results by saying that mutual 
inductance tends to eorreot the errors of a wattmeter so long as the 
currmt is a laggvng one, and to miggerate the errors if the current 
IB a leading one. 


* Or capacity, or Bclf-indnotanoe and capacity combined. 
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§ 2rj. Correction for Loss in Wattmeter 

Eotuming to the diagram of Fig. 36, which shows the connections 
of the wattmeter circuits, we notice that when the fine-wire nr shunt 
circuit is arranged as shown by the full line, the power measured 
includes that wasted in the shunt drcuit of the wattmeter, wh^eas 
with the dotted line connection the power measured includes that 
wasted in the current coil of the wattmeter. A correction is easily 
made in either case by calculating the power wasted from the known 
resistances of the circuits and &e currents passing through them. 
The error may also be jsompensated for by providing an auxiliary 
fine-wire winding on thi mam coil, having a number of turns equal 
to that on the main coil, and arranged so as to oppose the effect of 
the main winding; the auxiliary winding being included in the 
fine-wire circuit. This arrangement suffers, however, from the dis- 
advantage of increasing the sen-inductance of the shunt> circuit. 


§ 28, Power Measurement in Polyphase 
Circuits 

The measurement of power in a single-phase circuit is readily 
effected, as explained in § 23, by the use of a wattmeter, A similar 
method, involving the use of two wattmeters, is applicable to a two- 
phase circuit, one wattmeter being included in each phase. If the * 
phases are coupled, the wattmeter connections remain unaltered, and 
are as shown in Fig, 39, where 0i and 
C 2 denote the current coi^ of the watt- 
meters, Pi and Pa their pressure coils, and 
ri and rg the high non-inductive re- 
sistances connected in series with the 
pressure coils. The sum of the two 
wattmeter readings gives the total power 
in the two-phase system. If only a 
single wattmeter is available, it may be 
used to obtain the two readings in suc- 
cession; this, however, is not so satis- 
factory as a simultaneous reading of two 
wattmeters. 

The measurement of power in a three- 
phase circuit is a much more compli- 
cated matter, and it is only in certain 
special cases that it approaches the simplicity of single-phase power 
measurement. We shall first consider the most general method of 





Fie. 89. — Power MeaBurement iu 
Two-phase Oirouit. 
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finding the power in a three-phase circuit, a method which applies 
to every possible case, and which only involves the use of tm watt- 
meters. Eor this reason it is known as the two-waitmeter method, 

A large number of methods of measurement and calculation in 
connection with three-phase systems is based on various more or less 
arbitrary and frequently unjustifiable assumptions, such as sine waves 
of p.d. and current, perfect balance of the system, accessibility of the 
neutral point, or phase differences of exactly 120® between the three 
p.d.s or the three currents. Now, when the load is not a balanced 
one, not only are the three p.d.3 in general unequal, but their phase 
differences are also unequal, and different from 120®. 

The two-wattmeter method of power measurement is entirely free 
from any such arbitrary assumptions, as will be evident from a study 
of its theory. In Eig. 40, A, B, and 0 are the three line wires con- 
veying power to the three terminals A', O', to which the load is 

connected. The load may be connected either delta- or star-fashion. 
In either case, we may always arrange a star-connected load, as shown 

in Kg. 40, having a neutral 
point 0, which is equivalent in 
every respect to the actual load. 
Let the instantaneous values of 
the currents along the three wires 
(reckoned positive when flowing 
from left to right) be ii, and 
and let vi, % and bo the instan- 
taneous p.d.s between the neu- 
tral point 0 and the line wires 
(reckoned positive if directed to- 
wards 0). The wattmeter con- 
nections are arranged as shown. 
It is to be noted that the series 
coils of the wattmeters may be placed in any two of the line wires, 
provided the free ends of their shunt coils are in connection with 
the remaining line wire. If = total instantaneous power, we 
evidently have — 

V) = Viii (1) 

Now, ii and te ar© the currents traversing the series coils of the 
wattmeters, while does not flow through any wattmeter coil. It 
will, therefore, be convenient to eliminate from the expression for the 

instantaneous power. This is easily done by means of the equation 

+ ^ + *8 = 0 

which must obviously be true in every possible case. Putting 
ta =: — in (1), and rearranging the terms, we find— 

= (yj - + (Wfl - -Ua) ig (9) 



Fig. 40.— Power Measurement in Three- 
pliase Oironit. 
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But since ^ — vs is the instantaneous p.d. across the shunt circmt 
of the wattmeter and ^ the instantaneous p.d. across the 
shunt circuit of Wa, it follows that the mean total power over a period 
(i.«. the mean value of w) is equal to the aigAraical sum qf the watt- 
meter readings. 


§ 2p. Relations of Line P.D.s and Currents 

On account of the importance of the two- wattmeter method, we 
shall investigate the phase relations of the line p.d.s and line currents 
somewhat more olose^ in the 
general case of an nhalanoed 
inductive load. In Kg. 41 is 
given a vector diagram of the line 
currents, the star p.d.s, and the 
line p.is.f The three vectors 
In Is, and la represent the line 
currents. These lag behind their 

respective star p.d.s. Vi, Vg, and V'--A- 

Vb by the angles 01, ®arand flai and B ’'i C 

for the sake of generality we have «._Teotor Diagram of TWphaso 

supposed these angles to be all Oirouit. 

different. The line p.d.s, whose 

instantaneous values are denoted by vg', and in Fig. 40, and 
which are reckoned positive when they have a counter-clockwise ^ 
direction around the mesh or triangle A'B'O' in Fig. 40, are easily 
obtained by noticing that Vi ss vq Vb, = Vg — vi, and = vi 
— Vg. Hence in the vector diagram of Fig. 41 these Une p,d.s 
are represented by the, sides of the triangle formed by joining the 
extremities of Vx, Vg, and Vg; their directions are indicated by the 
arrow-heads. 

For the sake of clearness in the diagram, it will be convenient to 
draw the triangle of line p.d.s as in Fig, 42, and from the vertices of 
v^hig the current vectors Ii, Ig, and Tg. 

‘WeliBxtamtice that the connections of the two wattmeters Wi and 
Wg in Fig. 40 'v^re-S^pposed to he so arranged that a positive couple 
was obtained when tn^current and p.d. at any instant were both 
acting away from (or towards) the junction of the current and 
pressure coils. Now, from Fig, 40 it will be seen that the positive 
direction of Vg is the same as that of vi, and since the reading of Wi 
is equal to the mean value of + vqHi, it is represented, in Fig. 42, by 
Vfl'Ii cos = Vg' X AD. On the other hand, considering Uie watt- 
meter Wg, we notice that, since in Mg. 40 the positive direction of 

• Cf. S 17. t This diagram sLonld be compared witli Fig. 40. 
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Vi is opposed to tlie positive direction of % the wattmeter reading 
will represent the mean yalne of — and hence will, in Fig. 42, 
correspond to — V/Is cos /ps = V/V cos (ps ^ 

Now, it is evident that under certain conditions of load CE may- 
be of opposite sign to OB or Vi, i.e. the readmg of W 2 may become 



Fia. 42 — Yeotor Diagram of Tliree-phase Oirouit, 

'"negativs. If the wattmeter is only capable of reading to one side of 
zero, this will necessitate a reversal of its shunt-coil connections, and 
the total power will tlien be given by the arithmetical difference of the 
readings of the two wattmeters. This case, although possible, is not 
of frequent occurrence, and, as may be seen by an examination of the 
vector diagrams, requires a very large angle of lag of la behind Va. 

We have already (§ 7) defined the femer factor of a single-phase 
circuit as the ratio of the true power to the volt-amperes, and the 
question now arises as to what meaning is to be attached to this term 
in the case of an unbalanced inductive three-phase load. When, as 
in Fig. 41, the currents all lag by different amounts behind their 
respective p.d.a, it is clear that the term ** power factor ” can have 
no definite physical meaning. 

Having considered the most general case of power measurement 
in three-phase circuits, we may next examine certain special cases. 
The most interesting of these, from a practical point of view, are (1) 
that of a balanced circuit, and (2) that of an unbalanced non-induc- 
tive load. The first may be closely approached by either a sym- 
metrical lamp load or a load of induction motors, and the second 
frequently arises in connection with a lamp load. 


BALANCED THREE-PHASE LOAD 59 


§ 30. Case of Balanced Load. Tang^ent 
Formula 

When the cironit is balanced, the line p.d.8 and line ouirents 
will, in the diagram of Fig. 41, be represented by lines of e^nal 
lengtL Hence ABO will form an equilateral triangle. Further, 
the vectors Yi, Ya, and Ys, representing the star p.d.s, will radiate 
towards the vertices of the triangle from its midme point, msMng 
angles of 30° with its sides, i.e. wi3i the line p.d. vectors. The star of 
cuirents will consist of three equal arms, malriug angles of 120° with 
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each other, and displaced relatively to the p.d. star through an angle 9. 
The cosine of tbia angle, which by supposition is the same for each 
plin-qn, is the power faet<yr of fkt Icdaneed three-phase load. The 
diagram of Fig. 42 now takes the shape shown in Fig. 43, and it will 
be seen that the reading of the wattmeter Wi in Fig. 40 is Ya'Ii cos 
(30° — 9), while that of Wa is Yi*V cos (30° + 9), Since numeri- 
cally Y8 '*Yi' = Y' say, and L = Ig = I say, we have, using 
Wi and Wa to denote the two wattmeter readings — 

Wi = Y'T cos (30° -9) 

Wa = V'l cos (30° -1- 9) 

Wi + Wa = 2YT cos 30° cos 9 
Wi - Wa = 2YT sin 30° sin 9 


Hence — 


.1 

e 



i 
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Dividing the second of the last two equations by the first, we 
find— 

tan80»tan0 = ^;“^J 

or — 

A - - Wa* 

tau 0 - ^/3 ^ 

By tLsing this formula, we are enabled to calculate the power 
factor cos 0 of the balanced three-phase system from the readings of 
the two wattmeters. The formula is frequently referred to by con- 
tinental writers as the “tangent formula.” It must be carefully 
noted, however, that the tangent formula is based on the assumption 
of tims wwm of p.d. and current, t and cannot be relied upon when 
the wave-forma are greatly distort^. 

If the power factor of a balanced three-phase system is unity, the 
load being entirely non-inductiye, and' 0 = 0, tlion it is evident, 

either from the vector diagram of 43, or from the tangent formula 

just established, that Wi = Wa, i.6, the readings of the two watt- 
meters are equal. This is, in i^t, the only case in which the two 
instruments give identical readings. 

As the angle of lag 0 increases, it is ^dent from Fig. 43 that, 
the currents being assumed to retain tBjfeir original values, the 
reading of Wi will increase, and that of Wa decrease, until 0 becomes 
equal to 30®. At this stage, the reading of Wi reaches a maximum 
value for a given value of the line currents. Any further increase 
of 0 will cause both readings to decrease (it is evident from the 
diagram that the reading of Wg will decrease more rapidly than that 
of Wi). Wben 0 reaches 60®, we have 30® + 60® = 90®, and the 
current Ig is in quadrature with Vi', hence Wg will give a zero 
reading, A still further increase in 0 wiU cause the reading of Wg 
to become T^tgaiimX 

A very special case of a balanced three-phase load is that in 
which the load is g ta>conneoted, with on accessible neutral point (a 
star connection is very common, but the neutral point is not generally 
accessible). A dnglt wattmeter may then be used to measure the 
power. The current coil of the wattmeter is introduced into one of 

* This may also bo written in the form — 

^•-1 
tan « = Vs <\f*" " 

t It may bo shown that, with distorted wave-forms, the star p.d a of a throe-phase 
system oannot, m general, be represented by three co-phinar veotors. Hence tiie 
ordinary mphioal method fails (seo, in this oonneoUun, a paper by E. Orlioh in 
Ml&htroUcnvmche JScitschriftt vol. xxiv, p. 69). 
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the line wires, while its pressure coil is connected between tbis line 
wire and the neutral point. The wattmeter will then evidently 
measure the power in one phase, and since the system is balanced, 
the total power is given by three times the reading of the 
instrument. 

In this connection it may be mentioned that, with an accessible 
neutral point, the total power of an mihalmoed system may be 
measured by means of three wattmeters, connected as just explained, 
each wattmeter measuring the power in one phase. The total power 
is the sum of the three wattmeter readings. This method, whose 
applicability is limited by the accessibility of the neutral point, is 
known as the three-wattmeter method 

§ 31- Power Measurement by Ammeters and 
Voltmeters 

The case of an unbalanced non-inductive load is of considerable 
interest, not only on account of its frequent occurrence in practice, 
but also because in this case the power may be found ftom the 
readings of three voltmeters and three ammeters, connected so as to 
read the three line p.d.s and three line currents, without the use of 
any wattmeter. 

A reference to the vector diagram of Eig. 41 shows that the 
directions of the current vectors must in this case comcide with those 
of the star p.d. vectors with which they are co-phasaL From this 
it is evident that, if the current vector diagram (showing the • 
magnitudes and phase relations of the line currents) be given in the 
form of three vectors radiating from a point, it must be possible to 
so fit this diagram into the triangle ABO, Fig. 41, of the line p.d. 
vectors as to cause the current vectors, or those vectors produced, to 
pass through tlie angular points of the triangle. 

Assuming, therefore, that the three line voltages and three line 
currents have been measured, we may proceed to find the power as 
follows. Construct the triangle ABO, Fig. 44 (a), of the line 
voltages, and the triangle of hno currents, Fig. 44 (5). From this 
latter obtain the star of currents, Fig. 44 (c). Produce the rays of 
the star, if necessary, and, having made a tracing of it, fit it over the 
triangle of voltages. By means of a needle-point, mark the position 
of the centre 0 of the star inside the triangle. Remove the tracing, 
and from each of the vertices, A, B, and 0 of the triangle draw lines 
radiating from 0 ; along these lines lay off lengths representmg the 
line currents. Then the power is given by — 

Va X Ii cos 4- Vi'Ia cos = AB X AD + OB ►x OE 

♦ See Note n at end of chapter. 
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gmce tibia would represent tlie anm of the two wattmeter readings if 
these instruments were employed. There is, however, another way 
of exprossing the power. A reference to Fig. 41 shows th&t OA, OB, 
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and OC give the star voltages of the equivalent star-connected load. 
Hence, &e load being non-inductive, and the currents in phase with 
the star voltages, we have for the total power — 

OA X Ii + OB X la 4“ 00 X la 

§ 33. Three-point Wattmeter Method of 
Measuring Power Factors and Currents. 

An extremely accurate method of determining the power factor of 
a given load is that known as the three-point wattmeter method. This 
term has been suggested for the method by Messrs. D. K. Morris and 
G. A. Lister.* As regai’ds the origin of the method, there seems to 
be some doubt as to who was the first to suggest it f ; but the most 
complete exposition of it hitherto published occurs in the paper by 
Messrs. Morris and lister referred to abova 

The main feature of the method is the use of a polyphase 
system of mains for determining the power factor of a single- 
ph^e load. Either two- or three-phase mains may bo used for 
this purpose. 

If a two-phase system is to he used, then, supposing A and B 
to denote the supply conductors of the two phases, the load whose 
power factor is required is connected in series with the current coil 

• /oumoZ of the IntiituHon of Eltatrieal Engiiieorty vol. xxxvii. p. 2C4 (1900). 

correipoiidenoe on Thase Meaaurcmont ** in The Eleetriotan, vol. Ivi. pp. 896. 
988, 977, and 1020 (1906> ' 
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of a wattmeter, and then across the conductors of, say, phase A. 
The shunt circuit of the wattmeter is first connected across phase 
A, and a reading toi is taken. If Vjl = p.d, across phase A, I » 
current taken by load, and ^ = angle of lag of current behind p.d., 
then (§ 7) 

VaI cos ^ (1) 

The shunt circuit of the wattmeter is next transferred to phase 

B ; let us suppose the connections to be made so that, considered 
with reference to the current taken by the load, the p.d. across 
phase B leads with respect to that across phase A (the lead may be 
converted into a lag by reversing the connections of the pressure 
citcuit). If Vb = p.d. across phase B, and = new reading of 
wattmeter — 

Wa = VbI cos 4- 

ea VbI sin 0 (2) 

Dividing (2) by (1), we obtain — 

(3) 

W2 

If Vi. = Vb, this reduces to the simple form tan ^ . 

Knowing Vjb and Vb, we can find I by means of either (1) or 
(2). Tims a wattmeter and a voltmeter are sufidcient to enable us to 
find both the power factor and the current. 

In connection with the determination of ^ by (3), it will be 
noticed that since the ratio merely of two readings is involved, any 
error in the inatrumenta will not affect the final result, provided the 
scale divisions are relatively correct — i,e. provided the percentage 
error is the same throughout the scale. 

When three-phase mains are used, the load is connected in series 
with the current coil of a wattmeter and across any pair of mains, 
such as B, 0 in Eig. 46. The three line p.d.s across BO, OA, and AB 
respectively are measured by means of a voltmeter, and from these 
the triangle of voltages shown in Fig, 46 is constructed. The angles 
0a and 08 thus become known. The phase relations of the voltages 
relatively to the current I are shown in Fig. 47. Let the wattmeter 
pressure circuit terminals be denoted by 1 and 2, and let the movable 
coil connections be such that when 1 is connected to B, and 2 to C, 
in Fig. 46, the wattmeter gives a positive reading Wx, which is 
given by — 

tPi = Vil cos ^ (4) 

cos (p being the required power factor of the load. 
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Let next the pressure circuit be transferred to the TUBina 0, A, 
It is to be carefully noted that if 1 were placed on 0, and 2 on A, 

ft 


* UJJJW>VVWWWWWVAA^-^ 

Fio. 46. — ^Thiee-polut »att- 
metor method. 



the phase relation of the wattmeter shunt current and I would be the 
same as that of Va and I, ^ sho-vm in Pig. 47. It is evident from 
Pig. 47 that the wattmeter reading would then be negative. In order 
to render it positive, we reverse the pressure circuit terminals — i.e, 
we leave 2 on 0, and transfer 1 from B to A. The effect on the 
phase relation is the same as that obtained by reversing Va in Pig. 47, 
and it is evident that now the phase difference between the currents 
in the wattmeter circuits is 03 — so that the new wattmeter reading 
v >3 is given by — 

wa a= VaT cos (O 3 - <l>) 

= Val (cos 6a oos p + sin 63 sin ^) . . . . ( 6 ) 

Similarly, if we place 1 on B, and 2 on A, we obtain a reading • 
wa, given by— “ 

Ws = "Val oos (03 + <p) 

s= Vj! (cos 03 cos ^ + sin 03 sin ^) . . , . (O) 
Using the value of I given by (4) in (5) and (6), we find— 


and 




tan cot0a 


( 7 ) 


tan iji s cot 0a — 


V3 Wa 
Va wi sin 0a 


. ( 8 ) 


Ei^er of these equations may be used for determining a. 
Equation (4) then gives the current I. ^ 


This nmy bo either poeitlTe or negatiye, as is eridont from Fig. 47. If the watt- 
meto reads in one direction only, and its reading is negatiyo when 1 is on B and 2 on 
A, the oonneotions must be revorsed, 1 being put on A and 2 on B, but tlie wattmeter 
rending must, in that onse, be used with the negative sign b the formula. 
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The above method is, of coarse, immediately applicable to the 
determination of the power factor of a balanced three-phase load. 

In this case, Vi = Va £= Va, and 0a = 0a = 60®, so that sin 08 = -g-j 


and cot 03 = cot 08 = - 7 =-. 

V 3 


The formulae (7) and ( 8 ) now become — 


tan 0 = 


2w^ — w\ 


Wi - 2w^ 

^11/3 


§ 33. Measurement of Energy 


For the measurement of the energy supplied to a three-phase 
circuit, two single-phase energy meters 
of suitable construction — such as 
the Aron clock meter or the Elihu 
Thomson meter — may be employed, the 
total energy being given by the sum 
of the readings of the two instruments. 

The connections of the current and 
pressure ooUs of these instruments are 
precisely similar to those used in the 
two-wattmeter method of power mea- 
surement shown in Fig. 40. For a 
balanced three-phase circuit, ,a single 
instrument will suffice if, by the crea- 
tion of an artificial neutral point, this Fig. 48.— Oonneotiona of Energy 
point is made accessible ; the instru- Balanced Load, 

ment then has its current coil in series with one of the mains, and 
its pressure coil forms one of the arms of an artificial star (all the 
arms being of ecLual resistance), the connections being as shown in 
Fig. 48.* Again, two meters connected as in the two-wattmeter 
method of power measurement may be combined into a single 
instrument, the rotating parts being mounted on a common axis ; 
this has the advantage of compactness as compared with two ordinary 
single-phase meters. 





* If the meter is arranged to give correct readings on a single-phase oirouit, its 
readings when transferred to a three-phase cirouit and connect^ as above give one- 
third of the total energy. 
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Notb I. 


Tho rdBnlt given at the top of p. 52 is obtained as follow^s 
Oonsidering the branched portion of the oironit in Fig. 87j we 
admittanoes of the two brauohes and the corresponding phase angles, 


have for the 


— , with phase angle zero, 


and Ouf „ ), ,, 

Compounding the two admittances, we And for the joint admittance, 

/ 1 Qt^t 5 - phase angle— tan” ^ C«r,. 

V n"* n 

If we denote the joint phase angle by a, then — 

. — 0« — Owri 

sm a = = 


\/, 


3 , + ov '^i+o’-v 


and cos a = 


The joint impedance is given by the reciprocal of the joint admittance, {.e. by- 


Hence— 




y 

equivalent resistance of branched portion = impedance x cos a = i 

and „ reactance „ „ = impedance xfiww ■=. « 

^ i -vJT*L 

as given on p. 52. 


Note II. 

BiPBEBSION fob PoWaB in BaIiANOBD THRBa-PllAflD OlBOUIT, 

Consider a star-Goimeoted balanced three-phase load having a power factor cos 
If I = onrrent, an^Y, = star p.d., then total power = SVJ cos Ut V = line p.d. ; 

then (§ 17) V. = ;;y|. Hence total power = ;;^VI oos ^ = V^VI oos ij,, or the total 

fioiMr »-7i a. lOane^ thr^haee circuit it tguoZ to s/S (tniM {he product of the line v.il 
into the liM current into the power f actor of the load This exproHcion, it will he noted 
mvolTet the Bine wave asBumption. ' 
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§ 84. General conditions to be satisfied bv altemate-ourrent uuatrnments— § 86. Hot- 
wire instnimentfl — § 86. Electrostatic mstraments for low Toltagea— § 87, Methods 
of extondtng range of low-rcadiug eleotrostatio voltmeters — h 88. High-voltago 
eleotrostutio instruments — § 29 WattmoterB — § 40. Iron-cored measuring instr a* 
ments— § 41. Power factor indioator 9 “§ 42. OaoiUographa — § 42(a). Rrioes of 
measuring instriuaenid. 

§ 34. General Conditions to be satisfied by 
Alternate-current instruments 

Some of the instniiaents employed in couueotioii with continuous 
currents are also available, without any modification, for use on 
alternate-current circuits, while others would give totally different 
readmgs on the two circuits. Permanent magnet instruments, which 
for accuracy and convenience of use ore unsurpassed so long as we 
are dealing with continuous currents, are, of course, out of the question 
lor alternating-oun-ent measurements. 

The values of the p.d. and current with which we are concerned ^ 
are their r.m.s. values. It is, therefore, evident that if a measuring 
insti'ument is to read coirectly on both continuous and alternating- 
current circuits — i.e. if the readings are to be independent of fre- 
quency — the particular effect on which the reading of the instrument 
depends must be proportional to the square of the current or p.d. to 
be measured. 

Considering instruments intended to measure currents, we have 
at our disposal several arrangements in which the force or couple, as 
the case may be, acting on the movable part of the instrument is 
determined by the square of the current* The most important of 
these arrangements are: (1) A veiy thin wire traversed by tlie 
current, and fitted with suitable magnifying gear for indicating 
the amount of elongation due to rise of temperature. The elonga- 
tion depends solely on rise of temperature, and the latter is completely 
determined if the mean value of the square ot the cuirenb be given, 
it being quite immaterial as to whether the current is alternating or 
continuous. (2) An arrangement of two coils, with their planes 
inclined at any suitable angle, connected in series with each other 

* And is independeut of the Hud of ourreut used, t.s whether alternating or 
coutinuous. 
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and ta^ versed by the current to be measured. The stress between 
tlie two coils is proportional to the product of their currents, th© 
currents being the same, to the squBxe of the current. (3) A coil 
acting on afeeily magnetised core. So long as the magnetization is 
kept sufficiently low, the permeability may be regarded as constant, 
and hysteresis negligible. Thus for given relative positions of cc»il 
and core the stress between them will be proportional to the mean 
square of the current. 

Passing now to the measuroment of p.d.s, all the above arrange- 
ments may be employed, provided the instrument circuit is arranged 
so that the cuirent in it is proportional to the p.d., and independent 
of tJie frequency of the p.d. This latter condition involves negligible 
reactance in comparison with the resistance of the instrument circuit. 
There is, however, a further arrangement available for the measure- 
ment of p.d.8, which is by far the most satisfactory. It consists of 
a fixed and a movable system of plates, the two systems being in 
connection with the points across which it is desired to measure the 
p.d. For a given i*^tive position of the two systems, the electric 
field intensity will at any instant be in simple proportion to the 
p.d. But since the stress between the plates varies in proportion to 
the square of the electric field intensity, it follows that the mean 
value of this stress will be proportional to the mean square of the p.d. 

We shall now describe a few important types of alternating 
current instriiments whose action is based on the above principles. 


§ 35. Hot-wire Instruments 

The prototype of all hot-we inatruments is the at one time well 
known, but now entirely obsolete, Cardew voltmeter. 

A much, more compact construction was introdnoed by Messrs. 
Hartmann and Braun, and instruments of their design are now widely 
used. 

In Fig. 49 are shown the working parts of a modern hot-wire 
voltmeter. The " hot wire “ consists of a platinum - iridium wire 
maintained in a state of tension between two supports, one of which 
is fixed, while the other is adjustable, enabling the pointer of the 
instrument to be set to zero. When a cuirent is sent through the 
“hot wire," it expands, and the sag inoreases. The 'extra sag is 
taken up by the pull exerted on the “^hot wire” by a phosphor- 
bronze wire (not traversed by the current), one end of which is 
attached to a point near the middle of the “ hot wire,” while the 
other end is fixed. The phosphor-bronze wire is in its turn maintained 
in a state of tension by a silk fibre which exerts a side puU on it 
and which passes round the larger of two small pulleys mounted oi» 
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the axle carrying the pointer. The smaller pulley has another silk 
fibre attached to it, which is kept tight by a flat steel spring. 

It is a well-known 

fact that a very slight g ^ 

amount of elongation [j{ s H 

in a suspended wire fe 5 

produces a relatively £ 3 ^ [J 

enormous increase of S "* < 

sag. How, in the in- « ® - 

strument under con- ? § I 

sideration we have a ^ 

double magnifying ar- ’ 

rangement of this de- r— soCBT \ 

scription, the elonga- VP y \ 5 

tion of the hot wire £ nS 5 ^ ^ 

being magnified by the asp % u\ | ^ I 

phosphor-bronze wire, § ^ ? I 2 \ § I 

and the sag of this F | | I I 

latter giving a still S 5 ft S ^ S 

further magnification. S £ | ^ § 

A comparatively small s | ^ ^ QJ | 

elongation of the hot « 5 ^ vV^Ph nVi i ^ 

wire thus results in a ^ j 5 — h | Js 

large angular displace- y ^ ^ 

ment of the pointer. ? ^ J 

In order to prevent ^ w • 

the instrument from “ S T T 

acting as a thermo- ^ ^ ^ ^ ^ y 

meter, owing to the -V* - > 

unequal expansions of L i-.y 

the wire and the base- ^ ^ g ^ ^ 

plate, a compensation J JwU- 

for temperature changes rT--r/ y § 

becomes necessary. M I j ^ S I 

This is obtained by ^ £ w 

using an iron base-plate | e 

and attachmg to it 3 I 

an auxiliary plate of “ 

nickel steel, as shown in Eig. 49. The relative lengths of the plates 

in the direction of the wire are such that the total expansion of the 

plates between the points of support of the wire is the same as the 

expansion of the wire itself for the same temperature rise.* 

* The diameter of the wire is 0'03 mm., and the ourront oorresponding to the 
maximum reading is 0T5 ampere. With this current, the wire reaches a temperature 
exceeding 800° 0 The length of the wire is about 20 om., and its maximum 
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The compensating arrangement in the instrument described 
obviously only intended to deal with comparatively alow changes of 
temperature ; for if the temperature of the surroundings be suddenly 
changed, as by bringing the instrument from a cold room into an 
engine-room, or by exposing it suddenly to a cold draught, the hot 
wire, owing to its small mass, will acquire the new temperature of 
its surroundings much more quickly than tlie plate supporting it. 
With a platinum-iridium hot wire, however, the temperature rise 
corresponding to maximum deflection is so high compared with 
ordinary temperature changes that no serious error occurs even with 
oompEiratively sudden temperature changes. Such, however, is not 
the case with the bulk of the hot-wire instruments now in use, which 
are of an older design, having a platinum-silver hot wire. The 
maxinium temperature reached by such a wire is only about 100° 0., 
and as a result of this, and of the much higher coefficient of expansion 
(which is about twice that of platinum-iridium), very serious errors 
in the zero of the instrument, due to sudden temperature changes, 
may occur under ordinary conditions. Another advantage of platinum- 
iridium over platinum-silver is that owing to its greater tensile 
strength a thinner wire may be used, which renders the instrument 
less sluggish in its action. 

An aluminium damping vane and a damping magnet are provided 
as shown in Fig. 49, to check any rapid vibrations of the pointer 
such as might arise from air currents impinging against the hot wire, 
or mechanical vibrations. 

«. Among the most important advantages of hot-wire iiislniiiionts 
may be mentioned tlieir entire independence of frequency, wave form 
and external magnetic fields, combined with a reasonable price. 

In the case^ of a hot-wire voltmeter, tlie hot wire is connoctod in 
series with a high non-inductive resistance mounted inside the cose 
of the instrument. In an ammeter (unless for exceptionally small 
currents) the hot wire forms a shunt across a resiatanco, wliicli in 
instruments for currents up to 200 amperes is contained in Uie 
instrument case, and in those for currents above tliis value is sopuratc 
from the instrument proper, special connecting leads Inung provided 
for connecting the mstrument across the slmnt. In order to reduce 
the drop of potential in ammeters for large currontH, it ia usual to 
divide the hot wire into two or more sections connected in parallel, 
by^ means of very thin strips of silver foil connected to suitable 
points in the wire. 

A serious disadvantage of the hot-wire type of instrument is ils 
liability to be fused by a momentary excess of current. 


eTposBion about 0*2 mm. This produces a olianj^o of fluij in tlie pliOHijlnir-brniizt* 
■wire amounting' to 6 mm., whioh oausoB a rotation of the pointor through about 90'^. 
hlekirnteohnist^ ZeiUrhHft, vol. xxi p. 269 (1910). 
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Instruments constructed on the principles considered under (2) 
and (3) in § 34 are used to a considerable extent. As, however, 
details of their construction are fully described in treatises on con- 
tinuous currents, we shall not refer to them further here. As examples 
of such instruments, we may mention liord Kelvin's balances ; the 
Weston standard voltmeter for alternating p.d.s; and the numerous 
forms of “soft-iron” instruments, whose great advantage is their 
cheapness. 

§ 36. Electrostatic Instruments for Low Voltages 


On account of the importance 
ment, we shall devote some space 
to a description of several ex- 
amples of this type. One of the 
best known is Lord Kelvin's 
multicellular voltmeter, the con- 
struction of the worldng parts of 
which will be understood by a 
study of Figs. 60 and 51. In 
Fig. 60 is shown the movable 
system of vanes, or “needles,” 
which are threaded on a rod 
carrying a damping vane at its 
lower end, and suspended by a 
fine wire from a coach-spring 
attached to a torsion-head pro- 
vided with a tangent screw for 
adjusting the zero of the instru- 
ment. The object of using a 
coach-spring between the torsion- 
head and the suspension is to 
prevent the latter from being 
broken by a sudden accidental 
jerk or blow. If, in fact, the 
vanes are jerked downwards, the 
coach-spring yields sufficiently to 
allow the safety-sleeve to come 
into contact with the guide-stop 
before the suspending wire is 
over-strained By means of a 
clamping-spring, which may be 
raised by a screw provided with 
a milled head which projects 
through the bottom part of the 


the electrostatic type of instru- 



Fxg. 50. — Multioellnlar Voltmeter. 
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case, the movable system may be raised until the conical portion 
shown above the pointer comes against the guide-stop. The sus- 
pension is then quite slack, end the instrument is capable of standing 
a considerable amount of ill usage without damage. The perforated 
dampiug-vane fits into a glass vessel filled with oil, the oil being 
at a sufficiently high level completely to cover the vane. 

The movable vanes are in connection with one terminal of the 
instrument. The other terminal is connected to the two sets of 
fixed plates, one set on each side of the movable plates, as shown in 
Rg. 61. The fixed plates are, for the sake of simplicity, not shown 
in Fig. 60. Each set of fixed plates contains one more plate than 
the movable system, there being a fixed plate above each half of the 
uppermost moving plate, and a fixed plate below each half of the 
lowermost moving plate. 

In the switchboard type of instrument the end of the pointer, 
bent down as shown in Fig. 60, is arranged to move over a cylindrical 



Fi 6. 51.— MulbooUiilar Voltmotor, 


scale whose axis coincides with 
that of the moving system. 

Multicellular voltmeters of 
this type are constructed to 
read up to 600 volts. For 
higher voltages a modified form 
of the instrument, known as 
the '‘dial pattern,” and illus- 
trated in 62, is used. In 
this, there are only two movable 
plates, the axis of rotation is 
horizontal, and knife-edge sup- 
ports take the place of the 
suspension used in the former or "vertical scale” pattern. The 
controlling couple is furnished by gravity, and oil damping is used. 
Instruments of this kind are made to read up to 8600 volts.* 

A somewhat different type of instrument is the Ayrton and 
lather electrostatic voltmeter, the working parts of which are shown 
in Fig, 63. The plates, both fixed and movable, are cylindrical, and 
electromagnetio damping is employed. When a p.d. is established 
between the movable and fixed portions, the former are sucked into 
the spaces between the latter. The controlling couple is furnished 
by gravity, but in instruments for low voltages spring control is used. 
The main feature of the instrument is the cylindrical shape of the 


• In inetnuneBiB of the multioGilliilfiir type, the moying yanes are, in their zero 
pOBibon, ^placed from the position of Bynunetry; otherwise they would be in a 
potion 01 Instability, and the direction of displaoement would be mdefimte, being 
determm^by the accidental displaoement, at the instant when the p.d, is applied, of 

the movable vanes from the exact position of symmetry. 
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plates, as a result of wbich the stress at every point of the movable 
plate acts at the same radius, so that for a given area of plate a much 



Fig. 52 — Dial Pattern of Mnltioollular Voltmeter. 


larger deflecting couple is obtained than with a flat-plate instrument, 
in which the stress acts at varying radii, and so gives rise to a much 
smaller couple, 



Fig. 53.— Ayrton-Mather Voltmeter. 


§ 37. Methods of extending Range of Low- 
reading Electrostatic Voltmeter 

It is frequently convenient to be able to extend the comparatively 
narrow range of an electrostatic voltmeter, and various methods of 
doing this are available. The most satisfactory of these is the 


» 
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sub-division of the unknown p.d. by means of a resistance. Such 
resistances, known as “ multipHers/' are supplied by the makers of 
electrostatic voltmeters, and by means of them the range of an 
instrument may be greatly extended. 

This extension may be carried on indefinitely, as it is simply a 
matter of providing suitable resistances. But for very high voltages 
the coat of the resistance becomes prohibitive, and the resistance 
itself becomes bulky. Other methods of adapting a low-reading 
voltmeter to the measurement of high voltages have therefore been 
used. By means of a transformer, the unknown p.d. may be trans- 
formed down to a fraction of its original value, and this fraction may 
be^ calculated with fair accuracy (provided the transformer is of 
suitable des^) from the number of turns in the primary and 
secondary coils (§ 57 ). This method is also limited by the fact that 
a suitably designed transformer for this purpose is both bulky and 
costly when Ike voltages to be dealt with are very high. Another 
method, origin^y suggested by Ayrton, then by Peukert, and 
suteequenfcly reinvented by Marohant and Worrall, consists in sub- 
dividing the p.d. by means of condensers. This method has been 
toed to some extent, and is cheaper than the other two. It is, how- 
ever, by no means free from difficulties, chief among which are 
leakage variation of capacity with p.d. or frequency, or variation 
of capacity due to accidental external circumstances capable of 
affecting the capacity. 

Anyone of the methods described may be employed satisfactorily 
^ lo^ as the voltage is not excessive. But for very high voltages 
better to use specially constructed instruments. A good deal of 
^on been devoted to the construotion of such instru- 

ments, and in what follows we shall briefl.y describe a few typical 


§ 38* High-voltage Electrostatic Instruments 

is f Low! Kelvin’s Volt Balawx. This instrument 

movable 

n Fig. 06 18 shown a voltmeter designed by Kintner and 
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manufactured by the Westinghouse Co * The working parts are com- 
pletely immersed in oil — an arrangement which provides the necessary 
electric strength to prevent sparkmg. The movable system consists 
of two hollow cylinders with hemispherical caps connected by a 
vertical plate, and suspended, by means of a corrugated insulating 
rod, from the spindle carrying the pointer, in the manner shown in 
Fig. 65 (6). Spring control is used. The movable system is subject 



MICA insulation^ 

’« t ^ 

FIIED PLATE-^ 

Fig. 54, — Volt Balance. 

to the inductive action of two fixed curved plates, shaped so that as 
the movable system is rotated the distance between the cylinders 
and the fixed plates decreases. These plates are in metallic connection 
with one set of plates of a pair of plate condepsers, whose other plates 
are connected to the terminals of the instrument. Owing to the 
buoyancy of the movable system due to the oil immersion, the 
frictional error is said to be very small. Instruments of this type 
may be constructed to read up to 200,000 volts. 

* EleotHoal World and Etiginee'i ,vq[. p 3176(1905), also vol. xl 7 ii ,p. 124^1906). 
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§ 39* Wattmeters 

Owing to the inconTemenoe of having to make an adjnstmeut 
a reading, the zero type of dynamometer-wattmeter 
hM practically ^appeared (except for laboratory purposes), all com- 
mercial types of wattmeter being direct-reading instruments. The 
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usual arrangemeut of fixed and movable coils is shown in Fig. 66. The 
current is led into and out of the movable coil by means of two hair- 
spriDgs of phosphor-bronze, which also furnish the controlling couple. 

A wattmeter of the simple form shown in Fig. 56 is subject to 
the error due to stray magnetic fields, as there is no arrangement 
for compensating the couple due to an external field. In order to 
remedy this defect, Lord Kelvin introduced the astatic type of watt- 
meter shown in Fog. 67. The movable system consists of two ooUs 




similar in every respect, but connected up so that the current 
circulates round them in opposite directions. Thus the couples 
exerted by a uniform external field on the movable coils are in 
opposite directions, and balance each other. Corresponding to each 
movable coil there is a fixed coil (wound in two sections, one on each 
side of the axis of rotation). Oscillations are prevented by an oil- 
damping arrangement precisely similar to that employed in the 


r 
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multicelLulai tjye of voltmeter, and the method of siispenaion ia 
also identical with that used in ihis latter type of instruinent. 

An astatio arrangement of movable coils, tbnngTi rendering the 
reading of the instrument independent of a uniform external field, 
would still be liable to disturbanbe by a field of varying intensity. 
In general, however, it is possible to place the instrument so as to 
render the error due to non-uniformity of field very small. 


§ 40. Iron-cored Measuring Instruments 

A type of alternate current instrument, in which ahimt electro- 
magnets are used in a manner similar to that of permanent magnets 
in moving-coil instruments for continuous currents, has been 
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Fio. 69.— Oonneotionfl of Irou- 
oored Yoltmeter. 


designed by Dr. W. E. Sumpner, and is manufactured by the General 
Electric Co. 

The working parts of these instruments are represented diagram- 
matically in Fig. 58. They consist of an electromagnet provided 
with a laminated core of the shape shown, having a single annular 
air-gap, and of a moving coil pivoted so as to be free to swing in the 
gap, and controlled by the usual two phosphor-bronze hn.ir springs, 
which, for the sake of simplicity, have been omitted from Fig. 58. 
The connections of the instrument depend on the particular use to 
which it is to be put. 

In a voltTneteTy the magnet winding is connected directly across 
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the two points between which the p.d. is to be measured, while the 
moving coil is joined in series with a condenser and then across the 
same two points, as shown in Fig. 69. Let the design and conditions 
of use of the instrument be such that the foUowmg assumptions are 
justifiable : — 

(1) The resistance drop in the field-magnet winding is so small 
that the eounter-e.m.f. may be taken to be equal to’ the p.d. 

(2) The working range of the induction in the core of the electro- 
magnet is such that the Hopkinson leakage coefficient may be 
regarded as constant, and hence the field at any point of the gap as 
proportional to the total flux. 

(3) The resistance drop in the moving coil is negligible, so that 
the current in this coil may be taken to be proportional to the p.d. 

(4) The air-gap is of uniform radial depth, so that the gap field 
may be regarded as uniform over the working range. 

On the basis of the above assumptions, it may be shown that the 
angular deflections of the instrument are proportional to the r.m.s. 
values of the p.d., and that the readings are independent of wam-form 
and frequency. 

Let V = instantaneous p.d. ; 6 = instantaneous gap induction. 
Then, by reason of (1), (2) and (4), ^ Again, on account of 

dv 

(3), the moving coil current is proportional to But since the 

instantaneous deflecting torque is proportional to the product of the 
instantaneous gap field and instantaneous moving coil current, we 

have: instantaneous torque oc 6^, and hence 


mean torque oc 


/: 


j— if, 

°dt ’ 


where T ia the period. Integrating by parts, we have 



since hv has identical values at the upper and lower li mi ts. Now, since 

— oc 1 ; the last integral is proportional to f i^dt or to Y% where V is 
dt ’ •' ® 

the r.m.s. value of v. Thus 

mean torq[ue oc V®, 

and since no assumptions have been made regarding wave-form or 

frequency, the result is entirely independent of these. 

In order that the assumption (2) made above may hold good, the 


So 
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Tnfl YiTpTiTn vain© B of the induction in the electromagnet core must 
not exceed a certain limit. Uow, since for a given wave-form V oc B/, 

or B a V jfy we see that the ratio allowed 

to exceed a certain value. 

If the condenser connected in series with the moving coil is leaky, 
then in addition to the true capacity current there will be a leakage 
current which is in phase with the p.d. and proportional to it. The 
instantaneous value of this current is thus proportional to v, and the 
mean torque due to it proportional to 



which vanishes, h having identical values at the upper and lower 
limits. The leakage current is thus incapable of afiFecting the torque, 



Fi(}. 60 — OonneotionB of Iron-cored 
Wattmeter. 


and hence the readings are not 
influenced ly leakage in the con- 
densefr. 

If the instrument is to be used 
as a wattmet&r, the connections 
are arranged as in Fig. 60. The 
electromagnet coil is, as before, 
connected directly across the 
mains, while the moving coil is 
joined in series with a non- 
inductive resistance and across 
the secondary of a small trans- 
former of special construction 
known as a quadrature trails- 
former. 


The function of ^ ''ture 
transformer ia to supply the moving coil circuit with a current which 
is proportional to the current in the main circuit, and in quadrature 
with it. The construction of this transformer is diagrammat' ‘‘ally 
represented m 61. The maia feature of the design is tho use 
of a magnetic circuit with a relatively very long air-gap, so as to 
bring the magnetic flux j^to practical coincidence of "base with 
the ^citing ampere-tmm Absolute coincidence of phase could be 
obtained by the use W an air-core transformer, but the iron core 
shown in the design illustrated serves two important purposes : 
(1) it acts as a magnetic shield to the windings, thereby preventing 
any influence of external magnetic fields on the current in the 
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moving coil circuit; (2) it reduces the magnetic reluctance of the 
circuit, and allows of a more compact form of construction for 
the transformer. The 
design of the windings 
is such that with the 
maximum current flow- 
ing in the secondary, the 
secondary ampere-tums 
are negligibly small in 
comparison wdth the 
primary ampere-turns. 

This condition must be 
fulfilled in order that 
the resultant ampere- 
turns may be practically equal to, and co-phasal with, the primary 
ampere-turns, and hence the magnetic flux in phase with the main 
current. The self-inductance of the moving-coil circuit being negli- 
gible in comparison with its resistance, the secondary current will 
be in phase with the secondary e.m,f., and hence in quadrature 
with the primary or main current.* 

Provided all the conditions stated above are fulfilled with sufficient 
accuracy, as well as conditions (1), (2) and (4) given above in con- 
nection with a voltmeter, it is easy to show that the deflection of the 
instrument is proportional to the. mean power in the circuit, and is 
v/mffected ly waA}e--form aiid fregumcy within the working range of the • 
instrument. For if i = main current, then the moving coil current 
dit 

cc Hence, if J as before denote the instantaneous gap induction 
in the shunt electromagnet of the wattmeter, we have 
instantaneous torque oc & 
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Pig. 61. — Qoadrature Tranaformer. 


PRIMARV 

SECONDARY 

laminated core 


and 


•sjK 



cc mean power, 


* The conditions are here entirely different from those prevailing In an ordinary 
transformer, m which at foil load the primary and secondary ampere-turns nearly 
balance each other, and the magnetic flux is nearly in qnadratore with either primary 
or secondary oorrent (if the load be non-indnotive). 
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a result not involving any assumptions as to wave-form or 
frequency. 

The use of a wattmeter of this type is subject to the same restric- 
tion with regard to the ratio ^ already pointed out 

in connection with the voltmeter. 

The main advantages of these instruments are their independence 
of wave-form, frequency and external magnetic disturbances, and 
their comparatively substantial mechanical construction, rendered 
possible by the use of strong controlling springs, as a powerful 
defleotiiig torque is easily obtainable. On the other hand, their use 
is more restricted than that of instruments of the dynamometer type, 
as it is not permissible to extend the range of the instrument by 
connecting the shunt magnet in series with a nominductive 
resistance. 

An iron-cored wattmeter of the above type may be easily adapted 
to act as an idle current ammeter, AU that is necessary is to sub- 
stitute for the quadrature transformer a non-inductive resistance, the 
moving coil circuit of the instrument being joined across this 
resistance. If the mam current he in phase with the p.d., the air-gap 
flux in the instrument and the moving coil current will he in 
quadratnre with each other, and no deflection will take place. On 
^e other hand, if the mam current lag behind the p.d,, the moving 
coil will experience a torque proportional to the idle or wattless 
component of the current. 


§ 41. Power Factor Indicators 

The pover factor (§ 7) can always be calculated from the readings 
of a voltmeter, an ammeter, and a wattmeter. Instruments have, 
however, been devised for indicating directly tbe value of the power 
factor. Such instruments are known as power factor indicators. In 
Kg. 62 is illustrated the general arrangement of a type of power 
factor indicator devised by Punga, and manufactured by Messrs, 
i^erett, Edgcumbe & Go. It is intended for use on a three-phase 
circuit, and consists essentially of two systems of coils, a fixed 
system of current coils and a movable system of pressure cods 
^e coda of each system forming angles of 120“ with each other! 
Currents are led into and out of the movable system by means of 
very weak strips of fjiosphor-bronze, whioh exert no appreciable 
controllmg couple. Each system gives rise to a rotatmg magnetic 
field when teversed by three-phase currents (§ 16). So long as 
the two fields comrade, no torque will be exerted on the movable 
system. But any change in the relative phase of the currents will 
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cause a displacement of the fields, giving rise to a torque which 
will rotate the movable system through an angle sufficient to 
restore coiacidence of fields. Corresponding, therefore, to ewh 
value of the phase difference 
between the currents in the two 
systems, there is a perfectly 
definite position of equilibrium 
for the movable system. The 
value of the phase difference 0, 
or of the corresponding power 
factor cos (b, is read off on a 
scale over which moves a pointer 
attached to the movable system. 

The two systems of coils are 
connected up like the circuits of current 
three wattmeters, the current 
coils being placed in series with 02, — Power Factor indicator, 

the three line wires, and the 

three star-connected pressure coils being joined in series with three 
large non-inductive resistances, and then connected to the line 
wires. If the three-phase circuit on which the instrument is used 
is unbalanced, the reading corresponds to the mean value of the 
power factor for the three phases.* 



§ 42. Oscillographs 

In many cases, it is important to know the exact shape of the 
p.d. or current wave. Numerous methods of determining the wave- 
shape are available, but by far the quickest and most convenient is 
that involving the use of a special instrument devised for this purpose 


<^lBftAT1NQ SIMP 
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Fig 63. — Arrangement fori recording VibratimiB of Oscillograph. 

and known as an oscillograph. We shall select for description a 
form of oscillograph due to Blondel. 

* See § 196. 
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Every osoillograph is in realifcy a galvanometer whose moving 
system is capable of extremely rapid vibration, and which is fitted 
with a suitable arrangement for recording the vibrations. This 
arrangement is shown diagrammatically in Mg. 63 , and is, except as 
regards details of construction, the same in all forms of oscillograph. 
Light coming from an arc passes through a cylmdrical lens, and falls 
on the tiny mirror attached to the moving part of the oscillograph 
galvanometer. The vibrations of the mirror cause the refiected beam 
to sway in a horizontal plane. This reflected beam is received by a 
totally reflecting prism (or by a mirror), which is kept oscillating about 
a horizontal axis by means of a synchronous motor (§ 78) fitted with a 
suitable cam-plate, which engages the roller mounted on the tail-piece 
of the prism. The shape of the cam-plate is such that while the 



prim is Reiving the reflected beam its angular velocity is constant 

.» to steady 
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motion, the light is cut off as already explained). Thus the curve 
traced out on the screen shows the wave-shape at a glance. If it is 
desired to obtain a permanent record of the wave-shape, a photographic 
dark slide is substituted for the screen, and an exposure made in the 
ordinary way, by means of a shutter placed behind the first cylin- 
drical lens. 

Fig. 64 shows the form of cam-plate used in the Blondel oscillo- 
graph. The axle of the synchronous motor carries a gun-metal disc, 
and screwed to this are the two portions of the hardened steel cam- 
plate. It is important to use hardened steel for both the cam-plate 
and the roller at the end of the prism toil-piece in order to prevent a 
distortion of the curve due to wear of these parts. 

The controlling field for the vibrating portion of the oscillograph 
galvanometer is provided by means of a powerful permanent magnet, 
shown in Fig. 66. This magnet is fitted with laminated tapering 
pole-pieces and core, which are separated from each other by two air- 
gaps, in which are placed the vibrating portions of the instrument. A 
single gap is quite sufficient if only one wave at a time is required. 
But frequently it is desirable to obtain simultaneously the records 
of two waves (such as a p.d. and a current wave), so as to determine 
their phase relation. Hence most oscillographs are made double. 

In each gap is placed an extremely thm and narrow vertical band 
or strip of soft iron, with its width along the lines of force — a position 
which the band would naturally take up if free to rotate about a 
vertical axis. The tension of the band may be adjusted to the desired 
amount, and so its natural rate of torsional vibration about its axis 
controlled. This rate of vibration may correspond to a frequency as 
high as 40,000 per sec., so that the band is easily able to follow the 
comparatively slow vibrations due to the current whose wave-shape 
is required. 

The powerful permanent magnet shown in Fig. 65 corresponds to 
the controlling magnet of an ordinary needle galvanometer, the soft- 
iron band corresponds to the needle or needles, and the deflecting 
coil is represented by two small coils (not shown in Fig. 65), one on 
each side of the gap, the common axis of the coils being normal to 
the field of the magnet {i.e. normal to the plane of the paper in 
Fig. 65). Each gap is, of course, fitted with its own coils. If a 
current is sent through either set of coils, the field of the correspond- 
ing gap is distorted, the band tends to take up a position with its 
width along the resultant field, and is thus twisted The angle of 
twist is greatest at the middle point of the band, and it is to this 
point that the tiny mirror is attached. 

Fig. 66 shows the details of construction of the frame which sup- 
ports Sie vibrating band. This frame is made of German-silver in 
order to avoid excessive eddy currents. On each side of the vibrating 
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band is a tapering soft-iron pole-piece, an arrangement which pves a 
very intense field. The methods of fixing the ends of the stnp and 
of adjusting its tension axe clearly shown in the figure. 

The entire lower por- 
tion of the frame sup- 
porting the band fits into 
ar glass tube filled, or 
partially filled, with pure 
castor- oil. This provides 
the necessary damping, 
so that the band merely 
responds to the forced 
vibrations impressed upon 
it by the current, but 
is practically free from 
superposed natural vibra- 
tions (which would cause 
ripples in the curve). In 
order to prevent distortion 
of the luminous speck 
formed on the screen, the 
glass tube is fitted with a 
small lens, through which 
the light enters and leaves 
the tube. The tubes con- 
taining the bands slip 
into the spaces between 
the laminated pole-pieces 
and central core of the 
controlling magnet shown 
in Fig. 66. 

Besides the oscillo- 
graph just described, 
Kondel devised another 
type, which has a moving- 
coil galvanometer. The 
development of this type 
in England we owe to 
Mr. Duddell, and the 
DuddeU oscillograph is 
the best-known form of 
the instrument in this 
country. A powerful electromagnet is used, between whose pole- 
pieces are placed, in the narrow air-gap,* two parallel strips of 
♦ Two air-gaps are provided m the double osoillograph 
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Fig. 66. — Details of Blondel Osoillograph. 
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phosphor-bronze whose tension may be adjusted. The strips are 
stretched over bridge-pieoes, the plane containing them being along 
the field. Across liie two strips is fixed a small mirror. The 
current whose wave-form is required passes up one strip and down 
the other. As a result the strips move across the field in opposite 
directions, thereby deflecting the mirror. It is to be noted that here 
the strips vibrate bodily across the field, like the strings of a violin, 
while in the Blondel instrument which we have described there is 
no bodily vibration of the soft-iron atrip, but simply a torsional 
vibration, the axis of the strip retaining a fixed position in space. 


§ 42a. Prices of Measuring Instruments 

Hot-wire instruments cost from about £4 to about £10, depending 
on the type and range. 

Yoltmeters of the electrodynamic type cost from £6 to £7. 

Soft-iron instruments represent by far the cheapest class, the 
price ranging from £2 to £3 only. 

Electrostatic instruments are expensive, and their price depends 
very much on the range required. For ranges comprised between 
40 volts and 10,000 volts, instruments of this class would cost from 
£7 to £ 11 . For a maximum reading of 30,000 volts, the price would 
be about £30 ; while for maxima of 100,000 and 200,000 volts, the 
prices would be about £50 and £100 respectively. ^ 

Iron-cored instruments of the Sumpner type cost from £8 to £10. 

Oscillographs vary a good deal in price. The lowest price of 
a single oscillograph without any accessories is about £20, while a 
complete outfit may cost from £100 to £200. 
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§ 43* Dynamo used as Alternator 

Amhouoh the maohmes employed for the generation of alternating 
ounents differ somewhat in details of oonstxnction &om continuous- 
outrent dynamos, the principle of action is the same — the motion of 
a conductor across a magnetic field — ^and, in fact, any continuous' 
cuirent generator may be easily modified so as to act as an alternator. 
Uie only addition necessary is the fitting of a suitable number of 
insulated contact-rings or “slip-rings” "whioh are in permanmt 
connection with cwtain points of the winding. By means of brushes 
pairing contact with the sHp-iings, alternating currents may be sup- 
plied to an external drouit. If the commutator is retained, then the 
^spie machine may be made to supply at the same time both con- 
tinuous and alternating currents, the continuous cmrent being obtained 
u usual from the commutator, and the alternating currents from the 
slip-rm^ Some very large generators of this kind were at one time in 
use to the United States, and were known as doubU-ewrrmt gmeratora 
The coMtructaon of the typical modem alternator is, however (for 
reasons which wUL be explained presently), different from that of the 
tymoal modem continnous-cnrrenl dynamo. We shall commence our 
study of altfflmators by considering the action of a dynamo as an 
alternator when fitted with slip-rings as explained. 

^ the ^grams of Eg. 67 is shown a two-pole armature fitted 
with two ^p-mgs, diagram (a), connected to two diametrically 
opposite pomts, C and D,_of the winding. For the sake of simplicity, 
the ite^ IB indicated by a simple circle. Let the arrange- 

ment of the winding and the direction of rotation be such that e m f a 
are mduced m the two helvw AOB and ADB of the armature havki’-r 
a direction from A to B inside the winding, as indicated by the 
anrows, and hence producing a p.d. from B to A across an external 
^uit connected to these two points. In the diagrams, the points 
R and A are supposed to be fixed in ^aee, and to conespond to the 
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position of the brushes of a oontinuous-cuirent mnnliinn 
diametaicaUy opposite points 0 and D are, on the other hand , points 
fixed vn the winding, and are carried round in space, as shoTm in the 
consecutiTe diagrams, du^g the rotation of the armature. We armll 
-suppose G and D to be in permanent connection with two slip-rings 
provided with brushes as shown in Kg. 67 (a),* by TnaaTig of which 
permanent contact is maintained between the terminals of an external 
circuit and the points 0 and D in the winchng. In the position of 
the armature coiresponding to (a), it is clear that there will be zero 
p.d. between 0 and D, since the clockwise e.m.f. induced in the 
quadrant AO of the winding is exactly btdanced by the counter- 
clockwise e.m.f. induced in the quadrant AD; similarly, the e.m.f. 



Fig, 67. Fo illoatratG Action of OontinnonB-onrront Armatnro whon genoratfng 
^ Single-pliase Omrent 


in DB balances that in OB. When the armature reaches the position 
shown in diagram ( 6 ), the e.m.f.s in the sections AO and DB of the 
winding overpower those in the smaller sections AD and BO respec- 
tively, so that there is now a p.d, acting from 0 to D. Since the 
fost two sections (AO and DB) steadily increase in length, while the 
last ^0 (AD and BO) steadily decrease, the p.d, acting from 0 to D 
wiB incre^e until, as shown in diagram (c)^ the points 0 and D 
coincide with B and A respectively — when it reaches its maximum 
value. Beyond this position, the p.d. will steadily decreasej since, 
as is evident from (Vagram {d), the e.m.f.s in the sections AO and 
DB are now decreasing, while those in OB and AD are increasing. 

*111 order to simplify the fignrea as moch as possible, the filip-rines are omitted 
from the diagrams (b) to (s). r » & 
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The p.d. reaches a zero value in the position shown in diagram (e), 
the points 0 and D having now come halfway between A and B. 
It is evident that since (a) diffei's from (e) only in that 0 and D have 
now changed places, a siinilar series of changes to that just considered 
will take place in the p.<L across CD during the next half-revolution, 
the p.d. being now, however, directed from D to 0 instead of from 
0 to D as during the first half-revolution. We thus get an alternating 
fd, between the slip-rings connected to the diametrically opposite 
points 0 and D in the winding. Such an arrangement would, there- 
fore, constitute a single-phase generator ^ or single-phaser. 

It is clear that by selecting two pairs of diametrically opposite 
points, such as 0, D and E, F in Pig. 68 (a), so arranged that the 

diameter CD is perpendicu- 
lar to the diameter EF, we 
get, during the rotation of 
the armature, an alternating 
p.d. between C and D which 
differs 90® in phase firom 
the alternating p.d. between 
E and F, the p.d.s being 
necessarily of the same fre- 
quency. By using four slip- 
rings connected to the 
points 0, D and E, F, and 
connecting one external circuit to C, D, and another to E, F, we 
obtain a twchphase system. The machine now becomes a two-phase 
generator y or two-phaser. 

I^tly> hy taking three points, G, H, and K, in the winding, 120® 
apart, as in Kg. 68 (6), and attaching them to three slip-rings, we get, 
between any pair of slip-rings, an alternating p.d. which differa by 
120® in phase from the p.(Ls between the two remaining pairs of 
rings. Three conductors connected to the sKp-rings would thus form 
the mains of a three-phase system, the machine now acting as a three-- 
phase generator, dr three-phaser. The arrangement of the armature 
winding in this case would, it may be noted, correspond to a delta 
or mesh connection (§ 17). 

It win now be evident that, by the simple addition of a suitable 
number of slip-rings, any ordinary continuous-current dynamo may 
be converted into an alternator. Such a mode of construction is used 
in practice when either (1) the same machine is required to generate 
both contmuouB and alternating current, the former being obtained 
from the commutator and the latter from the slip-rings ; or (2) when 
a transformation from alternating to continuous current, or vice versd, 
has to be effected. In the first case, the machine forms a double- 
ewrrent generator; in the second, a rotary eomerier. 


Fw 08.— Slip-ring 
Three-c 


_ Oonnections for Two- and 
:ee^phuBe Onrronts 
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§ 44. Constructional Differences between 

Dynamos and Alternators 

* 

If, however, we want a machine which is only required to generate 
shigle-phase current, the above arrangement admits of considerable 
improvement. A glance at the diagrams of Kg. 67 will show that 
with a uniformly distributed winding such as is used in continuous- 
current armatures, we have opposition of e.mf.8 in the different parts 
of the winding. Thus, in Fig. 67 (&) the e.m.f. in the section AO of 
the winding is opposed by the e.m.f. in the section AD ; it is thus 
evident that in tl^ particular position of the armature the conductors 
forming the section AD are not only useless, but positively harmful 
in (1) unnecessarily adding to the resistance and reactance of the 
armature, and (2) reducing its e.m.f. Such opposition of e.nuf.s in 
different parts of the winding is conveniently spoken of as differential 
action. In order to eliminate differential action, the windmg must 
be arranged so that aU the conductors forming a group of the winding 
between two contact-rings shall always be moving simultaneously 
across a field of the same polarity. In order to secure this result, 
the width of a band of conductors forming such a group must evidently 
not exceed the width of the interpolar space — i.e. the distance between 
the neighbouring polar horns of two consecutive pole-pieces (s in 
Kg. 68 (6)). Now, in continuous-current machines ^e interpolar arc 
is only about 30 per cent, of the pole-pitch (the pole-pitch is the 
distance between the middle points of two consecutive pole-pieces, 
which corresponds to half the armature circumference in a two-pole • 
machine), so that if the same ratio of length of interpolar arc to 
pole-pitch were I'etained in alternators, we should, in a single-phase 
machine, utilize only 30 per cent, of the available winding space on 
the surface of the armature. In order to increase the width of the 
available winding space without at the same time introducing any appre- 
ciable amount of differential action, it is usual to make the lengths of 
polar and interpolar arcs equal, so that each of them, as well as the 
width of a group of the winding, is equal to half the pitch of the pole- 
pieces. In this reduction of the polar arc, and increase of interpolar 
space, we have one of the characteristic constructional differences 
between single-phase alternators and continuous-current dynamos. 

Since with the arrangement indicated only 60 per cent, of the 
available winding-space is utilized with a smgle-phase armature, we 
have, as regards the armature winding, another important construc- 
tional difference between continuous-current machines and single^ 
phase alternators; the winding in the latter, instead of being 
uniformly distributed as it is in the former, is broken up into groups 
separated by spaces devoid of conductors. 

K, however, our alternator is to be a two-phaser, we may fill up 
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the vacant spaees on our armature ■with the conductors forming the 
second phase of the winding, thereby utilising the entire available 
winding-space. 

In a three-phas&r, the pole-pitch is divided into three eq^ual parts, 
and the width of each of these represents the width of a group of 
conductors belonging to the same phase. Here, again, the entire 
available winding-surface is utilized. 

Since in a three-phase alternator the width of a group of conductor 
belonging to one phase does not exceed kd of the pole-pitch, it 
follows that the pole-arc may be made equal to frds of the pole-pitch 
without introducing any appreciable amount of differential action. 
This, accordingly, is the generally adopted value for the ratio 
i)ole~£urG 

pSe pitch ^ alternators, and it is about the same as that 

commonly employed in continuous-current machines. 


§ 45. Types of Alternators. Peripheral Speed 

Until about the beginning of this century, the only types of 
alternators in general use were low and medium speed machines 
mtended for direct couplmg to engines of the reciprocating type. 
The peripheral speed in maohines of this class generally ranges from 
about 6000 ft./min. to about 9000 ft./min. (about 26 metres/sec. to 
46 m./seo.). Since the advent of the steam turbine, however, a new 
development has taken place in the construction of alternators, 
rreanlting in the introduction of a type of generator designed to run 
at much higher peripheral speeds— 12,000 ft./min. to 20,000 ft./min. 
(about 60 m./seo. to 100 m./sec.).^ 

Turbo-generating sets present the following advantages when 
large outputs are in question ; — (1) the cost of the generating plant is 
less than with reciprocating engines; (2) a very large saving in 
space is effected, with consequent large reduction in the capital 
expenditure on buildings; (3) in the case of large generating sets 
(above 1000 kw.) a turbine set has the additional advantage of 
higher efficiency. 


§ 46. standard Type of Low Speed Alternator 

The standard modem type of low and medium speed alternator 
u one m which the armature is stationary and the field revolves. 

general constmction of this type will be understood from Kg. 69 
pe armature laminations are supported by a casting which forms the 
yoke-nng, and which is geneii^y divided into two sections, an 


* The tot iar^altamaton (75 kw.) were oonetraoted in 1889 by Meens 0 
A. Pareons 4 Co. Their peripheral speed was about 9400 ft./inin. ^ ‘ 
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upper and a lower, bolted together.* The lower s- 
vided with two feet, by means of which it rests on , 
plate. In very large machines, however, the yoke-rin| 
four seotiona This ring is provided with numerou 



Fig. 69. — General Airangemont of Kevolving Field Alternator. 

apertures, only a few of which are shown in Fig, 69. The revolving 
field consists of a fly-wheel or spider, supporting a ring to which are 
bolted the field poles. In large machines the ring is a separa^ 
structure, bolted to the spider arms; or the boss of the spider is 



split, and after having been bored out to fit the shaft, is strengthened 
by two steel rings, which are shrunk on. Either of these expedients 

* So long as Its diameter does not exceed about 8 ft., the yoke rmg may consist 
of a single casting 



ALTERNATING CURRENTS 


^ 94 

ensures freedom from any dangerous strains which may be set up 
in the arms of a large wheel during oooHng when cast in one piece. 

In order to render the armature ring more rigid, the laminations 
are arranged to overlap or break joint, as shown in Elg. 70, where the 





foil radial lines indicate the laminations of one layer, and the dotted 
lines those of the next. The thickness of the core-plates or lamina- 
tions is from 0*014 inch to 0*018 inch. 

There various methods of supporting the laminations from 
the yoke-ring. One of these is illustrated in Fig. 71. As will be 



Fig. 72. — ^VentilatiDg Spaoe-blook, 

seen, the laminations are held together by means of bolts between 
two sets of clamps, end grids being interposed between the clamps 
and plates. These end grids are provided with teeth, which fit over 
the teeth of the plates or laminations, and prevent them from spread- 
ing outwards. The core-plates are, in the design of Kg. 71, provided 
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\rith key-way projections, which fit over keys screwed to the yoke- 
ring. The end grids serve to ventilate the core, and additional 
ventilation is secured by providing gaps, or ventilating ducts (see 
Fig. 73), in the core, these gaps being formed by the interposition of 
ventilating space-blocks. One of the simplest forms of space-block 
is shown in fig, 72. It consists of a steel plate, about ^ inch thick, 



shaped like one of the core-plates, and having semicircular pieces cut 
and bent at right angles to the plane of the plate. These su^ort 
bent radial steel strips as shown, which act as distance-pieces between 
the core plates. The width of ventilating duct vanes from about 
^ inch to J inch. It is usual to provide a ventilating duct to every 
6 inches or 6 inches of core length. 

Another mode of supporting the core-plates is shown in Fig. 73. 
Instead of having clamps on both sides, there is a ring cast on to the - 
yoke, which acts as a clamping-ring. The core-plates are further 
secured by means of keys screwed to the yoke casting as shown. 

In Kg. 74 is shown a similar construction for a very narrow 
core, in which case the keys may be dispensed with. 



Pig 74 — Type of Oonstructioji for Fio. 75.— Yoke Conetrnotion. 

Narrow Armatnre. 

A somewhat different design is illustrated in Kg. 76. Here the 
yoke-ring itself is divided by a plane normal to the shaft, the two 
halves of the ring forming clamps for the core-plates. 

Three methods of securing the field-poles to the rim of the field- 
wheel are shown in Figs. 76, 77 and 78. In Fig. 76 each pole is 
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secured by two bolts passing through the rim, while in lug, 77 
additional safety is obtained by providing the rim with a clamping 
projection on one side and the field-pole with a similar projection on 



Fia. 76. — Field-pole Oonatniotioii. 


the other. Por very high peripheral velocities, the field-poles may 
be ^ovetailed into the rim as in Fig. 78, and secured by means of 
w^es. 


Owing to the high peripheral velocities common in alternators, 



Figs. 77 and 78. — ^Methods of snpportiEg Field-poles. 

ordinary wire winding is inadmissible for the field-poles, as the wires 
would roll over each other. For this reason, the usual form of field 
winding consists of thin strips of copper wound on edge in one or two 



Fig 79. — Types of Laminated Pole-slioea. 


layers. This kind of winding is known as edga-stTi^ vmdmg, and 
is shown diagrammatically in Kg. 78. Besides being mechanically 
stiTong, it possesses the further ^Yantage of rapidly conducting the 
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heat to the outside of the coil, and so maintaining the coil at a uni- 
form temperature, thereby preventing excessive rises of temperature 
in the interior of the coil. 

The field winding of an alternator is generally designed for an 
excitation voltage not exceeding 240 volts. 

In order to prevent excessive eddy-current loss in the ends of the 
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Fig. 80 — Showing construction of Skewed Pole-shoe 

pole-pieces, these are frequently laminated. In Eig. 79 are shown 
various ways of securing the laminated pole- shoes to the field-cores. 

For the purpose of securing a smootti wave-shape forming a close 
approximation to a sine wave, the Oerlikon Co. employs laminated 
pole-shoes, consisting of a number of sets of core-plates displaced 
relatively to each other, or “staggered,” so as to form a series of 
steps, as shown in Fig. 80. 

§ 47- Construction of Turbo-Alternators 

The construction of the rotating field-magnets of turbo-alternators 
presents considerable difficulties, owing to the high centrifugal stresses 
which have to be dealt with, and the special arrangements which 
have to be provided for maintaining accurate balance and securing 
effective ventilation. 

At the standard frequency of 50, the highest possible angular 
velocity — viz. that corresponding to a two-pole field — is 3000 revs, 
per min. The two-pole type of construction may be used for outputs 
up to about 20,000 kw. For larger machines * a four-pole field is 
used, the angular speed being 1500 r.p.m. A six-pole field — corre- 
sponding to 1000 r.p.m. — is only employed in machines of exception- 
ally large output. 

In the early designs attempts were made to adapt the existing 
types of construction, which were primarily intended for low-speed 
machines, to the new conditions, with suitable modifications. Accord- 
ingly, in these early designs the rotors were provided with salient 
* Up to about 40,000 kw. 
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poles, each radial pole being surrounded by a single field coil. ^ Such 
rotors were found to present very serious mechanical difficulties and 
to run very noisily further, they did not allow of the best utiliza- 
tion of the space available for the active materials. The salimt-pole 
rotor has accordingly, in modem designs, been entirely displaced by 
the oylindrioal rotor. In this, the winding is distributed, being con- 
tained in a suitable number of slots in the cylindrical rotor core. 
One example of this type of constraction is shown in Eig. 81, 
which shows a two-pole rotor. 

The core of this rotor consists of a cylindrical forging (the shaft 
forming part of the forging), with a number of grooves milled 



out in its surface into which are dovetailed the laminated teeth 
which form the polar projections. The teeth are built up of stamp- 
ings held together by rivets as shown. The axial length of each set 
of stampings is about 6 inches, and the rivet heads act as distance- 
pieces, BO Qiat there is a ventilating duct about every inches 
along the core. In addition to these radial ducts, there are two 
sets of ducts in a direction parallel to the shaft which communicate 
with the radial ducts. One set consists of the spaces separating the 
bases of the teeth from the bottoms of the grooves into which they 
are slid ; while the second set consists of central openings in the 
teeth themselves. The coils, after haviug been subjected to hydraulic 
pressure, are placed in position on the core, and the various sections 
of stampings are then slid into position. Copper wedges are then 
driven into the spaces above the coils, forcing the coils inwards 
and the teeth outwards. In the middle region of the polar surface 
are slots containing steel bars in place of coils.* The coil ends are 



TURBO-ALTERNATOR 


99 


supported by extensions of the core body, and axe provided with 
a binding of wire; over this binding is fitted a ring of bronze to 
give additional strength, and also to serve as a connecting ring for 
the copper wedges, which are thus made to constitute a damping 
winding (§ 84). 

In the most recent developments of the turbo-alternator there 
has been a steady tendency to raise the peripheral speed, which in 
some of the latest designs has as high a value as 25,000 fb. per min, 
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g2 — Typioal forms of Turbo-Alternator Rotor. 

(128m. per sec.), and to adopt the simplest possible type of construc- 
tion for the rotor. In Kg. 82 are shown diagrammatic^y two typical 
forms of rotor construction. In the one (a), the rotor body consists 
of a ainglfl forging of high-grade carbon (-38 per cent.) steel, the shaft 
being formed by the reduced ends of the forging. This type of rotor 
would be used for the more usual outputs. For exceptionally large 
machines, the type shown m Fig. 82 (6) would be used. Here we 
have a hollow rotor core secured by bolts to end shafts which do not 
pass through the interior of the core. 

In Fig. 83 (a) is shown a typical slot of a turbo alternator rotor. 
Beneath the portion of the slot which contains the conductors is 
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a ventilating channel through which air is blown. The conductors 
are secured in position by a strong wedge of bronze or steel. 

Besides those already described, another form of rotor has been 
used. In this the core consists of tMck sheets (about 2^ ins.) with- 
at out any central opening, rabbeted into each other and held together 
by bolts. The journals are forged solid with the end plates. 

One of the most difficult mechanical problems in connection with 
the turbo-alternator rotor has been the provision of adequate support 
for the projecting coil-ends. Eor this purpose a structure known as 
an md-bell is used. In many cases the form of construction shown 
diagrammatioally in Eig, 83 (6) is adopted. Here the end-bell takes 
the form of a ring centred on the rotor core at one end and on a disc 
mounted on the rotor shaft at the other. A more satisfactory form, 



Fie. 83.— (a) Botor Slot ; (6) and (o) End-bell Designs. 


advocated by Dr. S. F. Barclay,* and shown diagrammatically in 
Fig. 83 (c), is that in which the ring and disc are combined into a 
single oup-shaped piece mounted on the rotor shaft. End-bells are 
made of either steel or manganese bronze. 

The general design of the stator of a turbo-alternator does not 
differ greatly from that of a low-speed alternator. In most cases, it 
becomes necessary to provide strong supports for the coil-ends, in 
order to prevent their being bent and damaged by the abnormal 
stresses which are called into play when an accidental short-circuit 
takes place. Such supports generally take the form of clamps or 
brackets bolted to the stator frame, the coil ends being bedded against 
the brackets (§ 60). 

The ventilation of turbo-alternators is a difficult problem, as the 
cooling surface available per watt dissipated is much less than in the 
case of low-speed machines. The difficulty of effective ventilation 
increases rapidly with the output of the machine. In many cases 

* Journal of ftv Imtitutloii of Eleotriocd EngiTieorSi vol Ivi p. 486 (1918). 
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the cooling is effected by a strong blast of cool air (taken from 
outside the engine-room) which is maintained through the various 
ventilating ducts in the machine, the air after passing through the 
machine being conducted outside the engine-room by a special duct 
underneath the floor. As the outside air generally contains a con- 
siderable amount of dust 
which is liable to be de- ^ 
posited on the windings 
and to impair the insulation 
as well as interfere with 
the ejS&oient cooling of the i ■ 
machine, it is usual to pro- / 1^ 
vide suitable filters for the 
incoming air. The cooling 
blast is in most cases main- 
tained by fans mounted at 
the ends of the rotor. In 
order to simplify the cool- 
ing arrangements and do 
away with the necessity 
for air filters, the so-called 
dosed-drcmt system of air 
cooling has recently been 
introduced. This is shown 
diagrammatically in Fig. 

84. The same air is used 
over and over again, so that 
no filtering or washing of 
the air is required. The 
cooling of the hot air as it 
passes out of the machine 
is effected by a series of spraying nozzles, and the mechanical carrying 
over of moisture into the macMne is prevented by a series of baffle 
plates. 

Attempts have been made to use water as the cooling medium 
instead of air. In some early designs, the stator frame was provided 
with a water jacket through which cooling water could be circulated. 
More recently machines have been constructed in which the rotor 
as well as the stator is water-cooled.* 



WATER 


Fio. 81 — Oloaed Air Oirouit System of CJooling 
Turbo-Altemators. 


Juumal of the InsHtuhon of Electrical Engineers, vol, Ivui. p. 183 (1920). 
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§ 48. Fire Risk in Turbo-Alternators 

Owing to tlie extremely high velocity with which the air is forced 
through, the ventilating passages of a turho-alternator, and the fact 
that the large kinetic energy stored tip in the rotor (which generally 
carries the fan blades) enables it to run on for a. very long time 
hour to over 1 hour in large machines) and maintain a powerful 
lanning action after steam has been cut off, the occunrence of a fixe 
in such a machine is very liable to prove extremely disastrous. The 
construction of the m0,chine should therefore be carried out, as far 
as possible, with fire-proof materials, and provision should he made 
for extinguishing the fire in the shortest possible time. Arrange- 
ments are accordingly provided for shutting off the air supply and 
admitting some gas incapable of supporting combustion into the 
enclosmg case of the alternator. Steam and carbon dioxide have 
been used for this purpose, and carbon tetrachloride has* also been 
suggested. 

§ 49^ Armature Windings of Alternators 

As regards the armature windiug, by far the greatest number of 
alternators are provided with six slots per pole (though sometimes^ as 
many as twelve slots per pole are used). (Ine advantage of choosing 
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Fig 86. — lUiutrating Two Types of Armaturo Winding. 


this number lies in the possibility of standardizing, the core-plates, 
so that the same core may be used for single-, two-, or three-phase 
machines. If the machine is to be a single-phaser, only three or four 
slots per pole would be utilized for the armature winding, the remain- 
ing slots being left empty. These vacant slots tend to improve the 
ventilation of the machine, and also offer the further advantage that 
a supplementary winding may, if necessary, be placed in them, thus 
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enabling the machine to supply a small two-phase load in addition 
to the main single-phase load.* 

If we agree to use four out of the six slots per pole for a single- 
phase winding, then there are two ways of arranging the armature 
coiU. These two methods are shown m Fig. 86. The first method, 
wWch we may describe as the ordinary method, consists in using om 
ml per pohy each coil being distributed over four slots. This method 
is iEustrated by the left-hand side of Pig. 86. The second method, 
for which Prof. S. P. Thompson has suggested the term hemi-tropic 
windmg, consists in using one coil per pair of poles. Each coil is 
now embedded in eight slots, as shown by the right-hand side of 
Kg. 86. K we consider only a single-phase winding, then it is 
immediately evident from Pig. 86 that the hemi-tropio winding, by 
reason of the greater mean length of turn, requires more copper and 
leads to a higher armature resistance than the ordinary winding. 
On the other hand, it offers a certain advantage in the case of three- 
phase machines, as will be seen presently. 

}^POLt.p»7x;„^ 
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' -i 



Fig. 86. — Two-phaso Armature Winding. 

Considering next a two-phase armature winding, and assuming as 
before six slots per pole, we have three slots available per pole per 
phase. The winding must therefore necessarily be hemi-tropic, as 
shown in Pig. 86, in which the winding of one phase is shown by the 
full lines, and that of the other by the dotted lines. The positions 
of the field-poles are indicated by the letters N and S. Owing to the 
overlapping of the coils, the coil-ends of one phase are brought out 
straight, and lie on a cylindrical surface (as in the typical modem 

* If a Bingle-phaso goneratmg station is required to supply ourrent to a short 
tramway line, tho transformation from single-phase to coniannous current may be 
effected by means of a synohronous motor-generator sot. A single-phase rotary con- 
verter, on account of its unsatisfactory performance, would not be need. But two-phase 
conveners have been used for this purpose, the alternating currents correspondiiig to 
the second phase being obtained from the supplementary winding m one or more of the 
mam generators, this winding bomg placed m some of the unnsed slots. 
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continuous-current armature with a barrel or " straight-out ” winding), 
while those of the other are bent up so as to lie on a conical surface. 
The bent-up ends of the armature coils are shown in Fig. 88. 

If the winding is to be a three-phase one, we have, assuming as 
before six slots per pole, two slots available per pole per phase. The 
winding might therefore be either of the ordinary or of the hemi-tropic 
type. ^ The adoption of the ordinary winding (with one-half of a coil 
in a single slot) would, however, necessitate a somewhat complicated 
arrangement of coil-ends, as these would have fco be arranged so as to 
lie on three different surfaces, a different surface corresponding to 
each phase. By adopting the hemi-tropic type of winding, shown in 



87, this difficulty is overcome, since the coil-eiids may now be 
raang^ to lie on two surfaces only (as with the two-phase windine) 
Si ° ^tenmtely strdght and bent-up. The three phases in 

87 are distinguished by full, dotted, and chnm-dotted lines. It 

the distance apart of two neighbouring 
0 ils belonging to different phases amounts to the pole-pitch 

(corresponding to a phase difference of £ or 90°), and in the three- 

^ i pole-pitch. Now, a distance of A the 
p e pitch corresponds to a phase difference of only 60° Thus, 
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if we consider three consecutive coils, A, B, and C, there will he 
a phase difference of 60® between the e.m,f.s in A and B, and B 
and 0, and a phase difference of 120° between the e.m f,s in A and 0. 
But by reversing the connections of B we alter the phase of its e.nLf. 
relatively to the other two by 180°, and so obtain three e.m.f.s differing 
120° in phase, as required for a three-phase system. 

A little consideration will show that if the direction of rotation 
of the field in Eig. 87 is counter-clockwise, or left-handed, the vector 
diagram of e.m f.s in the three phases is as shown at (a). If now 
the direction of rotation be reversed, the diagram assumes the form 
shown at (&), the dotted and chain-dotted vectors having changed 
places. Thus we see that a reversal of the direction of rotation of a 
three-phase generator is equivalent, so far as the external circuit is 
concerned, to interchanging the connections of two of the terminals. 

Prom a manufacturing point of view, armature coils may be 
divided into two classes: 
former-wound and hand- 
wound. Former-wound coils 
require entirely open slots, 
whereas hand- wound coils 
may be placed in closed or 
semi- closed slots. Former- 
wound coils are cheaper, 
and are more easily replaced 
than hand-wound coils On 
the other hand, in fitting 
a former-wound coil into 
position there is some risk 
of damaging the insulation 
of the coil or slots. The 
use of open slots results 
in an irregular wave-shape 
(unless some such expedient as skewing the pole-pieces is adoptea, 
see Fig. 80), and necessitates, as a rule, the use of laminated pole- 
shoes in order to prevent excessive eddy-current loss. Owing to 
the fact that thoroughly reliable insulation is more easily obtained 
vrith hand- wound coils (the insulating lining of the slot in this case 
consisting of a seamless tube), this type would appear to be preferable 
in the case of generators designed for very high voltages. 

The insulating lining of the slots consists of some form of mica 
insulation, such as micanite or “ reconstructed mica,*' and in the case 
of hand- wound coils seamless tubes of the insulating material are 
fitted into the slots, as shown in Fig. 88. In order to prevent 
disruptive discharge between the coils and the frame, these tubes 
are carried well beyond the core-ends, as shown in the illustration. 



Fig. 88. — Showing Armature Ooils in Pos 
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Since the end coils — i,e, those nearest the msichine terminals ^e 
subject to the greatest dielectric stress, it is advisable to provide 
these coils with additional insulation. 

The actual thickness of the slot insulation depends, of course, on 
the voltage of the machine, and, according to Mr. H. M. Hobart,* the 
following table may be taken as representing good practice 

i 1-30 2’47 3-36 4-6 6-67 6-67 

The insulation thickness in the above table is measured from 
copper to iron, and includes the insulation of the conductors. 

Since with increasing volteige a greater thickness of insulation 
becomes necessary, either the size of slot must be increased — and this 
will involve an increase in the diameter of the machine — or^ an 
equivaslent increase must be made in the length of core. High- 
voltage generators are therefore, for a given power and speed, larger 
and more expensive than low-voltage ones. Nevertheless, the extra 
cost of a high-voltage generator is much less than that of the step- 
up transformers (§ 68) which would be necessary with a generator of 
low voltage. 

§ 50. Methods of Supporting; Coil Ends 

The projecting coil ends of alternators of moderate size are 
generally arrang^ to be self-supporting — i.e., there is no special 
mechanical support provided for them, and the stif&iess of the coils 
themselves is depended upon to prevent their being bent by any 
meehanical forces which may be called into play. It must be 
remembered that the coil ends represent conductors conveying 
currents and placed in a magnetic field (that due to the neighbour- 
ing con ends), and are hence subject to mechanical forces which 
increase as the square of the current (the magnetic field being pro- 
portional to the current). Although under normal working conditions 
such forces are practically insignificant, they may reach enormous 
values when certain abnormal conditions arise — such as the sudden 
short-circuit of a fully-excited alternator (§111). Experience with 
alternators of laige putput, and especially with turbo-alternators, 
has shown the absolute necessity of providing adequate mechanical 
support for the coil ends. One of the most satisfactory methods of 
doing this is shown in Fig. 89. The winding is of the “barrer* 

* Eleetrical SevieUy toI. M. p. 681 (1905), 


METHODS OF SUPPORTING COIL ENDS 107 


type, the projecting ends of the conductors being ar 
each other in two layers on a conical surface. Two sup^ 
one being external and the other internal, provide th 



bracing for the coils. Fig. 90 shows an arrangement used by the 
Metropolitan-Vickers Co., Ltd. The coil ends are disposed in two 



ranges, and, by the aid of hard wood spacing-blocks, are securely 
clamped to a steel end-plate by means of bronze bolts. These coil 
ends or connectors form an independent set of conductors which, 
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after being secured in position, are joined to the straight conductors 
embedded in the stator core, the joints being carefully insulated.* 
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§ 51. Calculation of Armature e.m.f. Effect of 
Varying Length of Polar Arc 

The calculation of the e.m.f. of an alternator is a more difficult 
and more uncertain matter than the calculation of the e.m.f, of a 
contmuous-ourrent dynamo. This arises from the fact that wWeas 
in the latter case the e.m.f. (for a given speed) depends simply on the 



(a) (d) 


Fiq. 91.— To UluBtrate Effect of Pole- width on E.M.F, 


finx per pole and the number of conductors in series with each other 
between the brushes, in an alternator the r.m.s. value of the e.m.f. 


depends also on the ratio number of slots per pole; 

per phase. This will be evident from the foUowing considerations, ^ 
Let the ratio pitoh simplicity, 


suppose that the field is perfectly uniform under the pole-shoe, and 
ceases abruptly (without the formation of a magnetic “ fringe ”) imme- 
diately outside it. It is then evident that the positive half-wave of 
e.ni.f. induced in a single conductor is of the shape shown in Fig. 91 (a), 




* For a very full aocoont of the different methode of Bupporting the ooU ends of 
large alternators, see a paper by Mr. Miles Walker, and diBouBBion thereon, In the 
Journal oj the InstituHon of Electriodl JSngineerSi vol. xlv. p. 295 (1910). 
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the e.m.f. having a zero value during the first eighth of a period, a 
constant value, say E, during the next quarter of a period, and then 
suddenly falling to a zero value, which is maintained during the re- 
mainder of the half -period. It is easy to show that the r.m.s. value of 

the e,m.f. is Suppose next that the pole width is reduced to 

half its original value, the total flux remaining unaltered. On the same 
assumptions as before, the e.m.f, wave now takes the form shown in 

Fig. 91 (6). The r.m.s. value of the e.m.f. is now E instead of E 

as in the first case, notwithstanding the fact that the total flux per 
pole has remained unaltered, and that the a/nthTrietic Tfiean of the 
e.imf. in the conductor is the same as before. Thus for a given flux 
per pole, the r.m.s. value of the e.m.f, is increased by reducing the ratio 
nole^arc . 

pole pitch * might at first sight conclude that there 

is a great advantage in making the pole-pieces as narrow as possible. 
It must be remembered, however, that for a given flux a reduction in 
the polar area involves an increase of field intensity in the gap, and 
this means an increase in the field copper. Beyond a certain point, 
therefore, the increase of e.m.f, per conductor and consequent decrease 
of armature copper would be more than counterbalanced by the 
increase of field copper. The gap induction in modem alternators 
ranges from 6000 to 9000 O.G-.S. lines per sq. cm. 


§ 53. Effect of Varying Number of Slots 

We have next to consider the effect of varying the number of 
slots in which the coil is embedded. If each side of a coil occupies 
only a single slot, the e.m.f.s of the various conductors may be 
practically taken to be in phase with each other, so that the e.m.f. 
per coil is equal to the e.m.f. per turn, multiplied by the number of 
turns in the coiL But by distributing the coil over a larger number 
of slots, we introduce phase differences between the e.m.f.s of con- 
ductors lying in different slots, and the addition of the e,m.f.s of the 
various groups of conductors must be carried out vectorially instead 
of arithmetically. The vectorial sum being, in general, numerically 
less than the arithmetical one, an increase in the number of slots 
per pole per phase results in a lowering of the e.m.f. (other things 
remaining the same). In spite of this disadvantage of a distributed 
as compared with a uni-slot or concentrated winding, distributed 
windmgs are invariably used nowadays, as they tend to reduce 
armature reaction and give rise to a smoother e.m.f. wave. 
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If the shape and size of the pole-shoe are such as to give rise to 
a distribution of the fluz in the gap according to the simple sine law, 
the value of the e.m.f. in any given case is easily calculated. By way 
of example, we shall calculate the e.m.f. in one phase of a three-phase 
generator having six slots per pole, or two slots per pole per phase. 

Let $ = flux per pole^ f == frequency, and Z = conductors per 
phase. Since each conductor cuts 2<P hues per period, the arithmetic 
mean value of the e.m.f. induced in it is 2^f (m O.G.S. units). The 
form factor of a sine wave being ITl (§ 3), the r.ni.B. value, in volts, 
of the e.m.f. in each conductor is — 

2 - 22 ^/. 10 -« 

The conductors of each phase may be divided into two sets 
(corresponding to the two slots per pole per phase), such that the 
e.m.f.s of all the conductors in one set are in phase with each otheh 
There being iZ conductors in each set, the r.m.8. value per set is 
1*11Z$/ . 10“^, Now, since the distance apart of two neighbouring 
slots is ^ of the pole-pitch, the phase difference between the e.m.f>s 
in the two sets of conductors is ^ . ISO*’, or 30®. Hence, compounding 
the e.m.£8 of the two sets veoturially, we find for the r.m.B. value of 
the 0 .mJf. per phase — 

2 . 1-11Z<I>/. 10“« . cos 16®:=214Z<I»/. 

In practice, however, the flux is not distributed according to the 
simple sine law, but is mainly concentrated under the polar arc, and 
in accordance with the explanation already given regarding the effect 
of narrowing the pole-piece, such a concentration of flux results in 
a higher value of the e.m.f. than that calculated on the assumption 
of a sine distribution. 


§ 53. General Formula for e.m.f. of Alternator 

The formula for the e.m.f. of each phase of an alternator may be 
written in the form — 

E = kZ^f . 10-fl 

n ole-arc 

where ft is a factor depending on the ratio pitch* number 

of slots per pole per phase, and on the shape of the pole-shoe. 

The earliest attempt to calculate the value of ft for various cases 
is due to Kapp, who, in 1889, determined ft for various kinds of 

windings and vaiious values of the ratio assumption 

* Tlie e m f. between two muohine UrmimU is, for a Btar-oonneoted winding, equal 
to 173 times the piiase e m.f. (§ 17). 
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that the field in the gap is uniform, and ceases abruptly at the edges ^ 
of the pole-shoe. According to this assumption, the ejn.f. wave 
induced in each conductor is of the rectangular form shown in Fig. S^. 
The e.m.f. wave of the entire phase is obtained by superposing th^ 
waves corresponding to the various sets of conductors into whici th* 
winding of the phase may be divided; each set of conductors con- 
sisting of those conductors whose e.m.f.s are coincident in phase. 

The assumption of a icctangular wave-shape for each conductor 
is, however, unjustifiable, on account of the formation of a magnetic 
fringe around the polar edges. Owing to the greater spreading of the 
flux due to the formation of this fringe, the actual e.m f. is Im than 
that calculated on the rectangular wave assumption. 

More reliable results are obtained by taking into account the 
effect due to the fringe, as was first done by Mr. C. C. Hawkins in 
1900.* The following table gives the values of h calculated by Mr. 
Hawkins, for the case of two slots per pole per phase, the slots being 
spaced itii of the pole-pitch apart : — 


. 0-30 

pole-pitch 

h = 2-48 


0‘60 
2 26 


0*70 0-90 

210 1*93 


The above values are based on the assumptions of an air-gap 
length (single) equal to Ath of the pole-pitch, of sharp rectangular 
polar edges, and of a width of pole-shoe equal to the width of pole 
or field-core. 

The second of the above assumptions does not in general apply to 
practical cases, since the edges of the pole-shoe are always more 
or less rounded How if, retaining the same flux per pole and the 
same length of polar arc, we round off the edges of the pole-shoe, 
we thereby cause a greater concentration of tiie flux towards the 
middle portion of the pole-shoe, and a greater concentration of flux 
is, as we have seen (§ 60), accompanied by a rise of e.m.f. Thus for 
pole-shoes with rounded corners the value of h will be greater than 
that given by the above table. 

A. Muller t gives the following values of h for two slots per pole 
per phase, the slots being Jth of the pole-pitch apart : — 

pole-MO ^ Q .5 Q g 

pole-pitcn 

h = 2-68 2*42 2-3 2*17 

These values are based on the following assumptions: single 
air-gap length = T^^th of pole-pitch; radius of curvature of rounded 
pole-shoe corner = ^th of pole-arc ; height of pole-shoe = Jth of 
pole-arc. 

• ElectrioaL Review, vol ilvii p 6.16 (1900). 
t Zeihehri/t fUr ElchtroUchniJ: (Wicn), toL rxiu. p. SI (1905). 
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§ 54. Armature Reaction In Alternators 


When an alternator is loaded, the armature current reacts on the 
field, distorting and weakening (or, sometimes, strengthening) it. 
The nature of the armature reaction depends not only on the armature 
current, but also on its phase relation to the* open-circuit or no-load 
e jnil The calculation of the exact effect pr^uced by the armature 
cuixent in any given case is an extremely laborious matter, and if 
accuracy is desired, must be carried out separately for each particular 
type of machine. But the general nature of ;tiie effects produced may 
be easily inferred from the following very sii^le considerations. 

The currents in the armature windings of a polyphase generator 
may be assumed to give rise to a rotating wave of magnetic flux 
(§ 22). Since this wave travels around the stator periphery at the 
same speed as the rotating field-poles,* it will be stationary with 
respect to the poles. Its position relatively to them will clearly 
depend on the amount by which the armature current lags or leads, 
and the nature of the armature reaction wiU best be understood by 
conaidering the three cases of (1) zero phase difference, (2) lag of 
9{f,and(3) lead of 90°. J 

When the current is in phase with the e.m.f. in each phase of the 
winding, a reference to Kgs. 86 or 87 shows that the crest of the 
rotating wave of flux falls exactly halfway between two pole-pieces, 
since at the instent when one of the component alternating waves 
reaches its ma xim u m amplitude, it coincides in position with the 
resdtent rotating wave (see concluding remarks of § 22). The relative 
position^ of the field-poles and the rotating wave of magnetic flux is 
ihown in Kg. 92(a); the field being supposed to rotate counter- 
iockrae as mdicated by the arrow, and the radially outward direction 
|f the flux being regarded as positive. It is evident at once that the 
Effect m to case is a purely distorting or cross-magnetizing one (such 
M occ™ in a continuouB^ourrent dynamo whose brushes have no 
lead), the field bemg weakened on the advancing side of each pole- 
on the other side. When the current lags by 
90 , the rotatmg flux wave takes up the position shovm in Ke. 92 

demagnetizing effect, 

whereas with a lead of 90”, Fig. 92(c), there is an equaUy strong 


• The speed of the rotating waye of magnetio flux ie (§ 21) ™ \ being the wavo- 
Imgth and T^the period. The ware-length, howerer, oorreBpoude to twice the pole- 

Jtflh; hence gr » dso the speed of the fleld-polee, each fleld-pole adranoing through a 
distance equal to twice the pole-pitoh during a penod. 
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magnetking effect. For any intermediate value of the phase differ- 

™ demagnetking^Cor, for a leading current, 

magnetizing) effects are both present. 

In the case of a single-phase alternator, the armature current gives 





Pro, 92.— To illnatrate Armature Eeootaon 
e.m f. , (6) Ourrent lagging by I 



Alternators (a) Onirent in Phase with 
, ( 0 ) Current leading by 90®. 


rise to a simple alternating flux wave (§ 20 ), Such a wave mav, 
however, be resolved into two rotating waves (§ 21), travelling with 
equal speeds in opposite directions. One of these waves will be 
stationary with respect to the field-poles, and will produce the various 
effects (according to the phase difference of the current) already 
considered, while the other will move relativelyto the field-poles with 
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a speed ecjual to twice that of the poles themselves. Since the effect 
of this second rotating wave alternates from a magnetizing to a 
demagnetizing one as it sweeps past the poles, its mean reaction is 
zero, and it merely reduces the efficiency of the machine by causing 
additional eddy-current losses. 

§ 55. Some Technical Data relating to 
Alternators 

In modem alternators, having a frequency of 60, the usual limits 
for the magnetic induction in the various parts of the magnetic 
circuit are os follows : — 


Armature core ... 

„ teeth ... 

Air-gap 

Field cores (cast steel) 
Yoke ring (cast steel) 
„ „ (cast iron) 


8,000 to 11,000 


14,000 

8,000 

14,000 

8,000 

3,000 


18,000 

10,000 

18,000 

10,000 

4,000 


The Hopkinson leakage coefficient generally lies between 1*16 
and 1*26. 

The armature ampere-tums per pole per phase do not generally 
exceed 2000 in low-speed machines, but may be as high as 8000 in 
turbo-alternators. 

The pole-pitch varies from about 10 to about 20 inches (roughly, 
2B cm. to 60 cm.) in ordinary machines, and from 24 to 36 inches 

(roughly, 60 to 90 cm.) in turbo-alternators. The ratio 

is generally from 04 to 045, and the maximum slot depth does not 
exceed about 2 inches (6 cm.). The radial length of a field core 
(exclusive of pole-shoe) is from *8 to *9 of the pole-arc. 

The air-gap gener^ly absorbs about 76 per cent, of the total 
m.m.f. In a low-speed machine, the bulk of the remainder is 
absorbed by the field poles, and in a cylindrical rotor type turbo- 
alternator, by the rotor teeth. 

The air-gap is so chosen as to make the ratio 

full-load field ampere-turns 
stator ampere-tums 

equal to from 3 to 4, depending on the regulation desired. In low- 
speed alternators above about BOO k.v.a., the air-gap would not be 
less than about *2 inch, while in large turbo-^ternators witli 
cylindrical rotors it would be of the order of *8 to 1*6 inch. 

The excitation voltage for alternators is of the order of 100 or 
200 volts. 
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§ 56. Dimensions, Weights, and Prices of 
Alternators 

A formula connecting the dimensions of an alternator with its 
speed and output was first proposed in 1891 by Esson. This 
formula is — 

w = ^Sldhn 

where w = output in watts corresponding to a power-factor of mity ; 
I == gross length of armature core; d = bore of the’stator; m == revo- 
lutions per minute ; and K = a coefficient depending on the type 
and output of the machine, and for a given type increasing with the 
output. We may term K the output coeffidmt, since the higher its 
value, the larger will be the output of the machine for given dimen- 
sions and speed. 

If a large number of machines be examined, it will be found that 
the value of K shows large and irregular variations. Considering 
three-phase machines above 1000 kilovolt-amperes,* we find that K 
fluctuates between 0'03 and 0 06 if ^ and d be expressed in imhes (if 
cms. are used, the corresponding limits for K are, roughly, 2 x lO"-*® 
and 4 x lO*"® respectively). As a general rule, K has a smaller value 
for turbo-alternators than for low-speed machines. For a machine 
of given dimensions, a single-phase generator has an output which is 
only about 86 per cent, of that of a polyphase generator. 

The weight of ordinary three-phase generators varies from about 
1 cwt. per k.v.a. (kilovolt-ampere) for an output of 200 kv.a, to 
about 40 lbs. per k.v.a. for an output of 10,000 k.v.ft; The weight 
per k.v.a, in the case of turbo-alternators is, on the other hand, found 
to vary much less with speed and output, and averages, roughly, 
about 36 lbs. per k.v.a. Of this total weight, about 86 per cent, 
represents the weight of the iron or steel p^ of the machine, and 
16 per cent, the weight of the copper.f 

The cost of alternators varies from about £2 10s. per k.v.a. for an 
output of 100 k.v,a. to about £1 15s. per k.v.a. for very large outputs. 
The combined cost of steam turbines and turbo-altematoxs varies 
from about £10 per k.v.a. for an output of 100 k.v.a. down to as low 
a figure as £3 per k.v.a. for outputs of a few thousand k.v.a. 

* It is uBual to express the output of alternators m Inlovolt-amperes, so as to avoid 
introdnoliig the power-factor. The rated output of a machine m watts decreases iB 
proportion to the powor-faotor. 

t See A. G. Ellis, Meatrical Engineering, vol. iv p. 888 (1908), and vol. v.p. 5 (1909). 
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§ 57. Transformers. Ratio of transformation 

Onb of the most important advantages of alternating over oon- 
tiiiuoua currents is the extreme ease with which the transformation 
from a low to a high voltage, or vice versd, may be accomplished. 
Such transformations are effected by means of transformers, whose 
efficiency exceeds that of any other known apparatus. 

A transformer consists essentially of a laminated iron core sur- 
rounded by two windings : a primary winding or primary, which is 
supplied with alternating currents, an alternating magnetic flux being 
thereby produced in the core ; and a secondary winding or secondary, 
in which an alternating e.m.f. is induced by the alternating flux. By 
connecting the terminals of the secondary to an extemS. circuit, a 
current may be obtained in this circuit. 

In order to reduce the ampere-turns necessary to produce the 
required ma^etization to as low a valu5 as possible, the core of a 
transformer is arranged so as to form a dosed magnetie circuit, i.e. 
the path of the magnetic flux lies entirely in iron, air-gaps being 
avoided. 

By far the greater part of the alternating magnetic flux in a well- 
designed transformer will become linked with both primaiy and 
seconda^. A certain small fraction of it, however, representing 
magnetic leakage Unes, will become linked with the primary alona 
As will be seen at a later stage, it is important in most oases to 
adopt a form of oonstruction whidi will reduce the magnetic leakage 
to the smallest possible amount. 
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As an approximation, we may provisionally assume that magnetic 
leakage is negligible. From this it immediately follows that the 
e.m.f. induced by the alternating flux in each turn of the primary is 
equal to that induced in each turn of the secondary, so that the ratio 
of the total primary to the total secondary e.m.f. is simply equal to 
the ratio of the number of primary turns to the number of secondary 
turns. Again, in order to avoid excessive-loss by heating of the coils, 
their resistances are always so chosen as to reduce the resistance drop 
(even at full load) to a very small fraction of the p.d. (in both primary 
and secondary), so that the p,d.s are nearly equal to the e.m,f.s, and 
we have, approximately — 

primary p.d. primary turns 
secondary p d. ^ secondary turns 

This ratio is sometimes spoken of as the ratio of tramformaiwn. 
If, s.^., a transformer is required to transform from 10,000 to 2000 
volts, then the primary will have to be wound with five times as 
many turns as there are in the secondary, and the ratio of transforma- 
tion will be 6 : 1, 

§ 58. Constant Potential Transformer 

Let us suppose that the p.d. across the primary is maintained 
constant. When the secondary circuit is open, the primary current 
adjusts ibseH to a value such that the e.m.f. due to the alternating 
flux just balances (neglecting the very small resistance drop) the 
primary p.d. Now, this balance of primary p.d. and primary (counter) 
e.m.f. must also — still neglecting the resistance drop — be maintained 
when the transformer is loaded, i.e. when the secondary circuit is closed. 
In order, therefore, to maintain the original value of the alternating 
flux corresponding to the given primary p.d., the resultant ampere- 
turns must be maintained constant. But this condition obviously 
implies that in the primary there must, in addition to the burrent 
which existed on open secondary circuit, be a further component of 
current — the load component — which has a value such that the 
ampere-tums due to it just suffice to wipe out the ampere-turns of 
the secondary, leaving a constant value for the resultant ampere-tums. 
We may speak of the inoperative primary ampere-tums (those balanc- 
ing the secondary ampere-turns) as the load ampere-tv/rriB, and of the 
open-circuit ampere-tums as the magnetizmg ampere-tums.* We 
then have the relation — 

prim, load ampere-tums = second, ampere-tums 

or — 

piim, load current x prim, turns = second, current x second, turns 

* The no-load ampere-ttimfl of a transformer vary, according to size and freqnency, 
from abont 1 to about 5 per cent, of the full-load ampere-turns. 
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BO that — 

primary load correiit secondary turns 
secondary current ~ primary turns 

Now, owing to the adoption of a closed magnetic circuit the open- 
circuit or magnetizing ampere-turns (or resultant ampere-turns of a 
loaded transformer) form a small rraction of the total prim^ 
ampere-turns at full load, so that the load ampere-turns corresponding 
to full load may be approximately taken to be equal to the total 
ampere-tums at full load. Hence, using the relation just established, 
we see that, approximately, the prima/ry and secoTidcvry cv/rrents a/re 
inversely as the tv/rTis in the vmidings. For this reason the low-yoltage 
winding will carry a heavier current than the high-voltage winding, 
and the cross-section of the conductor must be correspondingly greater. 
In practice the windings are designed so as to contain, roughly, equal 
amounts of copper. 

Combining the result for the ratio of the p.d.s with that for the 
ratio of the currents, we see that the product p.d. x current has approxi- 
mately the same value for primary and secondary. In the case of a 
non-inductive load, this conclusion is also otherwise obvious from the 
fact that if the losses be negligible, then the primary watts must 
equal the secondary watts. 

A transformer whose low-voltage winding is the primaiy, is 
spoken of as a stq)~v>p trcmsformer ; and one whose lugh- voltage 
winding is the primary, as a step-down tramfoTTner, 


§ 59. Examples of Transformer Construction 

The most common form of construction for single-phase trans- 
formers is that- illustrated in Fig. 93. The core consists of stampings 
arranged to form two upright cores connected by yokes at the top 
and bottom. The stampings are held together by insulated bolts, the 
positions of which are indicated by Ihe small circles in the figure. 
In order to avoid butt joints (which introduce a short air-gap into the 
magnetic circuit and so increase its reluctance), the stampings may 
be made to overlap alternately at the comers, a layer consisting of 
two short core-plates and two long yoke-plates (as indicated by the 
foil lines in the figure) being succeeded by another, in which there 
are two long core-plates and two short yoke-plates (dotted lines in 
figure). The butt joints in any two consecutive layers thus occur at 
dSferent places, and the flux is free to pass from one layer to another 
through the lap joints (of large area, and therefore low reluctance) 
between different layers.* In order to economize copper as much as 

• This principle of conetmotion is not always adLcred to It has the disadvantage 
that the dismantling of the transformer, and the Bubseqaent building up of the core 
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possible, the coils are generally made circular, the core being given a 
cross-section which is stepped — as shown in the figure^ — so as to fib 
into the coils. In the figure the low-voltage coil is shown next the 
} core, the high-voltage coil being outside. Sometiines, in order to 
\ reduce magnetio le^age, the high-voltage coil is wound in two 
( sections, the low-voltage coil being sandwiched in between them, 
I In other oases, each winding is subdivided into a number^ of 
very short coils, the sections of the high-voltage winding alternating 
with those of the low-voltage (the sectional coils of both windings 




Fio 98 .— Single-phase Transformer. 


Fia. 94.*-B6rry Transformer. 



being of the same size, and placed on top of each other). Even 
with the simple arrangement sho^n in the fignxe, it is advisable, in 
the case of very high voltages, to wind the ^gh-voltage coil m a 
number of equal sections, separated from each other by bamers of 

insulating material. . « r rm. 

Fig. 94 illustrates the construction of the Berry tr^iormer. The 

circular coils having been wound, a number of bundles of core-sheets are 

rin oarryinir out repairs), are rather slow proocsaea. By adopting a bntt-joint P™ and 
flSi^fStween the^e and yoke-platcB, the transformer may be dismantled and buUt 

up again very qmokly. 
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assembled around them, these bundles being arranged in rachalp • 
For the sake of clearness only three of these are shown in the ' 

In Fig. 96 is shown another type of construction. The coils 
of oblong shape, the core-sheets being built up around them- - j* 

thick hnes in the lower figure ^ “ 

cate insulating barriers between t e 
sections of the high-voltage and tJiose 
of the low-voltage windings. The 
plates are pressed together 
two heavy end-plates connected oy 
bolts passing outside the core-plu»tes* 
For three-phase work, three single- 
phase transformers may be used, A 
cheaper form of construction, however, 
results by combining the cores of tnc 
transformers so as to form a single 
three-phase core. One method of doing 
this is shown in Fig. 96.t The coils 
(not indicated in figure) are placed 
around three upright laminated cores, 
connected at the top and bottom hy 
laminated yoke-rings. The cores are 
pressed against the yoke-rings by means 
of end-plates fitted with conical I'iins, 
which bear against the chamfered cntls 
of the cores. In this, as in all othor 
oases where butt joints are used, tliiii 
sheets of insulatmg material are inter- 
posed at the joints, in order to prevent 
Fia. 95.— Typo of Tranafonner Oon- the formation there of conducting grids 
Btrnotioii. /u„ contacts between the two sets 



of plates), which would cause tosipation of ener^ by eddy currents. 
The algebraical sum of the magnetic fluxes in the three cores 
being zero, any two of the cores will, at a given instant, form a 
return noiagnetio circuit for the flux in the third core, so that tlio 
principle of a closed magnetic circuit will be realized. 

In Fig. 97 is shown another method of combining the cores of 
"the three transformers. The coils are shown in position in the lower 
part of the figure. This arrangement is not quite symmetrical, the 
flux passing through the middle core encountering a somewhat lower 
reluctance — on account of the shorter average length of path — than 
that passing through either end-core. 


* The types of transformer shown in Figs. 93 and 95 are known as the corf-ti/jtr 
and shell-type respootively. 

t This form of oonstmotlon was a favourite one in the early days of three-pniiar 
currents, but is now being abandoned, mainly on aoooont of its expense. 
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A fono. of constniofcioii applicable to ei^er single-pbaBe or 
poly-phase transformers, is aho-wn in Fig. 98. 4The core of a single- 



Fid. 96.— Core of Three-phafle Transformer. 

phase transformer would have the shape corresponding to Fig. 93. 



Fig. 97.— Type of Three-phase Transformer. Fid. 98. — Transformer Core 

Oonstmotion, 
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In order to construct a three-phase transformer, three single-phase 
cores wonld be piledfen top of each other as in Kg. 98, only the top 
core being provided with a top yoke. 

The thickness of the core-^eets varies from 0*014 inch to 0*020 
inch. The insulation (consisting of thin paper) between them occupies 
some 12 per cent, of the total thickness of the core. 

So long as the voltage does not exceed about 10,000, there is no 
difficulty about leading the terminal conductors through the trans- 
former containing case. 
For the lower voltages, 
up to about 3000,^ 
ferrules or bushings of 
prepared hard wood, 
ebonite, or porcelain, 
are used, and for the 
higher voltages por- 
celain alone should 
be employed. When, 
however, the voltage 
rises to 100,000 or 
200,000 a plain por- 
celain bushing is no 
longer sufficient, and 
in order to prevent 
discharges to the case 
a much more elaborate 
form of terminal insu- 
lator becomes neces- 
sary. Two types of 
such insulators, suit- 
able for voltages up 
to 200,000, are shown 
in Kg. 99. In the first 
type, the terminal is 
built up of several 
tubular porcelain com- 
Fio, 99. — ^Types of 200,000-volt tranefoiTaer terminals, ponent pieces ; its 

lower portion is ini- 

niemed in the oil contained in the tank (§ 63), while its upper portion 
projects a sufficient distance above the cover of the tank to prevent 
discharges over the external surface of the porcelain. The entire 
compound insulator is filled with oil, and for greater security a press- 
span cylinder is placed inside around Aat portion of the terminal 
conductor which is nearest the tank cover. The second type of 
insulator is built up around the terminal rod or conductor, and 
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consists of alternate layers of insulation (impregnated paper or mica 
paper) and tinfoil, the tinfoil edges projectingllutside the case being 
connected to smooth metal rings in order to prevent local brush 
discharges. The object of introducing the tinfoil layers is to equalize 
the electric stress throughout the thickness of the insulation. Oom- 
plete equalization would be obtained if (the thickness of the insulating 
layers being constant) the lengths 01 the consecutive tinfoil layers 
were arranged so as to give equal capacities between neighbouring 
layers ; the arrangement would then be equivalent to a number of 
condensers of equal capacity connected in series, and the-p.d. across 
each condenser would be the same. The disadvantage of such a 
design would lie in the fact that the edges of the outermost layers of 
tinfoil would lie too close to each other, and there would be the 
danger of a surface discharge. In the actual insulator shown in Fig. 
99, the length of the outermost layer of tinfoil is chosen so that along 
with the next layer it gives a capacity equal to that between the two 
innermost tinfoil layers, the lengths of the intermediate layers being 
arranged so as to give equal distances between their edges ; the 
capacities decrease from the innermost layer outwards, pass through 
a minimum in some intermediate layer, and then increase again until 
the outermost layer is reached. 

Another constructional difficulty which arises in connection with 
transformers intended for very high voltages is due to the phenomena 
which take place at the instant of connecting the high-voltage primary 
across the mains. Under normal working conditions, the p.d. be- 
tween any two neighbouring turns, or equal groups of turns, is the 
same. But when the transformer is first switched into circuit, the 
whole of the winding is initially at zero potential, and one end of it 
is suddenly raised to a certain positive potential, the other to a certain 
negative potential. A current immediately begins to flow, but its 
establishment is retarded by (1) the radial component of the current, 
which forms the capacity current ; and (2) by the self-inductance^ of 
the winding. Before a uniform potential gradient along the winding 
can be reached, each section of the winding must be raised to the 
corresponding potential by the charging or capacity current. As this 
process takes an appreciable though very short time, the end portions 
of the winding may, for a short fraction of a second, be subjected to 
a p.d. which is many times the maximum p.d. across them under 
normal conditions. It will be seen that such a momentary con- 
centration of a high p.d. across the end turns may result in a 
breakdown of the insulation. To guard against this, two methods 
have been used. In one, the end turns of the winding are provided 
with extra heavy insulation, so as to enable them to stand the 
momentary application of a very high p.d. ; while in the other, no 
special insulation is provided on the end turns, but heavily insulated 
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choking coils are included between the transformer terminals and 
the mains. 


§ 6o. Calculation of e.m.f. induced in Trans- 
former Winding 

The relation of the value of the maximum induction in the core 
to the e.nLf. induced in either coil at a given frequency is easily 
determined, Let B stand for the maximum value of the induction, 
a for the cross-sectional area of the core, in sq. cms., / for the 
frequency, and S for the number of turns in the coiL The maximum 
flux through each turn is oB, This changes from + aB to — aB in 

— sec. The mean rate of change is thus 4/aB, the mean arith- 

4 / 

metical value of the e.m.f., in volts, induced in each turn is 
4/aB , 10“®, and the mean arithmetic^ value of the total e.m.f. 

. 10“^. Hence, if u denote the form factor of the e.m.f. wave 
(§ 1)> '^'6 have for the r.m.s. value E of the induced e.m.f. — 

E = 4/awSB .10-® (1) 


For a sine wave of e.m.f., = 1‘11 (§ 3), so that — 

E = 4*44/aSB.10-8 . . 


. . ( 2 ) 


The usual value of B at a frequency of 60 is of the order of 10,000. 


§ 6i. Losses in Transformer. Core Loss 

The losses taking place in a transformer may be divided into core 
losses and copper losses. 

The core losses arise from hysteresis and eddy currents, and 
depend on the maximum value of the induction in the core. This 
maximum value (the amplitude of the induction wave) is frequently 
referred to as the induction simply. 

We have seen that, owing to the smallness of the resistance drop, 
the e.m.f. induced in the primary is nearly equal to the primary p.d. 
Hence, if the latter be maintained constant, as is normally the case, 
the induced e.m.f. will also remain nearly constant. The constancy 
of the induced e.m.f., however, involves, in accordance with equation 
(1) above, the constancy of B. Thus the core losses, which depend 
on B, will remain nearly constant at all loads. As a matter of fact, 
there will be a very slight decrease with increasing load, owing to the 
L slight decrease in the counter e.m.f. brought about by the mcrease in 
jithe resistance drop. 


LOSSES IN TRANSFORMER 


laS 

Tho hyntcrasis loss is found to increase considerably if the oore- 
platoH uru subjected to groat mechanical prs6ure. It is therefore 
advisable, in building up tho core, to apply as little pressure as 
possible. 

The cnrc-shecta einpluyed in some of tho earlier transformers were 
found gradually to doturioratf, tho hystoresis loss steadily increasing 
os time went on. This effect was found to be duo to the maintenance 
of tho coro at a fairly high toinporaturo by tho losses occurring in 
it, and is known as tho at/rinff of transformer iron. Manufacturers 
of transftirmer shoetB uro now, howevur, able to supply material 
which does not suller from Llio “agoing” dofoct to any serious 
extent. 

Tlio jiower lost by hysteresis is, for a given maximum induction, 
proportional to tho froiiuoue.y, tho loss per c.c. por cycle not being 
affected l)y ehangos in tho frotpioricy within the usual practice 
limits of frotpiuncy. If tho fre 4 Uoncy bo maintainttd constant and 
the indnetifrti vnriisl, tint bystoresis loss is found, with modem trans> 
former sheuts, utnl at iinhictiuns in tho neigh luiurhood of 10,000, 
to vary ne.irly as the I'ftli power of tlio indtte.Lion (instead of 
Steinmot/,'H I'lUh pouer). 

The eddy-currnut pow»'r 1o.sn is jiroportional to tho stpiaro of tho 
fiequeiicy luul tlie, .stpitire of the induction. This will Im ovident at 
once if we tsinsiilfr any oiidy-eurreiit path of reNi.stanc!0 r,tho induced 
e.m.f. iti whiidi is K. In .such a path, tho power lo.st is given by 

' • Hut. since K is proportitmal to botli fre<iuoncy and induction, 

T 

tho rt*.sult HtuUtd iihovc inllnWH at oiico* 

What is of iiifctM'fst to tlu^ flosi^nuT and uflt*r of a tranBformcr is 
tilt* total iu»ro loHH — Iiysti'ivHiH and eddy-imiTunt~\vhich occurs in it, 
1111* .sinijiluHt. inutlKut of triiii.slonncr sliftiis for tho combined 

bms is to build uji a iniij^nitUc Hiiuarc— as is dmio in Kjjstuin’s testing 
njijiiuutUH* tho .stnji.s funning tin* nidi^.s of the .square Ijoiiig 60 cm. 
hing and U tun. wideband the his.s (U'curring in lluun being determined 
from the reading of a wattimder connected to the four exciting coils 
surrounding the sidcH of the Htiuare. 

The core b»s« may be greatly reduced l»y the WHi* of a .sj^iccial 
mlieuii-imn ullf»y (containing iihout jiei cent, of silicon) known as 
** .stalloy.'‘ Kvpcriiiieiit has shown lliat tlie addition of silicon in 
gradually increasing tjuantilicM at lir.st incriMiHCH the. liysturcsis Io.sh, 

* Juuntal tif thf luftituttaH tif JJltrtriml vul xxxvni p. 01(1000). Tbo 

i'iriMut foiiin tl tiu' NtrqiB jnintH. ut fuch of which a layer of 

piqMT (i iiiui. thmU m iiili rpiM* d tn pK voiit iidilitinniil edd^ ctirrcnl h>HH, thi* four sidt'B 
cif thu Htpiart' hi inf.: prctniMl cadi ntliiT by Hintablo chiiiipH Th«« weight of tho 

core )H le Kf: , and tlio Htiunlard nf coni]i.iriHtiTi ih tin' Iohm at It — 10.000 and a frequency 

.»f ho 
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and then decreases it to a value much below that which it is possible 
to obtain with sheets of nearly pure iron. The following table 
gives the loss, in watts per lb., at various inductions in sheets 
0*014'^ thick at a frequency of 60 in the case of (a) ''Lohys iron 
and (5) "stalloy,” both materials being manufactured by Messrs. J. 
Sankey & Sons. 


Loss IN Watts pbe lb. at 60^. 



4000 

6000 

6000 

7000 

1 

8000 

i 

9000 

10,000 

12,000 

*'Lobys” 

! 

0-31 

0*43 

0-67 

0-73 

0-91 

Ml 

1-36 


"Stalloy” 

0*19 

0-27 

0 34 

0-43 

0-53 

0*63 

0-73 

0-97 


If "staUoy ” sheets were no more expensive than ordinary trans- 
former sheets of nearly pure iron, they would be used exclusively 
Unfortunately, owing to their high cost, which is nearly double that of 
ordinary sheets, their use does not enable the manufacturer to build 
appreciably cheaper transformers. The main advantages attending 
the use of the more expensive material are a substantial reduction in 
size and weight and a higher efficiency.* 

The hysteresis and eddy-current losses as calculated from tests 
on samples are always found to be less than the losses actually 
occurring in transformers. A little consideration will show that 
such a discrepancy might be expected to 
exist. Eor in calculating the losses we 
make the assumption that the induction 
is wnifoTwly distributed over the cross- 
section of the core. Such, however, is by 
no means the case, as a single glance at 
Fig. 100, which represents a core stamping, 
will show. For the length of path corre- 
sponding to ABCD is very considerably 
shorter than that corresponding to EFGH, 
with the result that the flux will be crowded 
towards the inner surface of the core. Now, 
any departure from uniformity in flux dis- 
tribution results in an increase of both the 
hysteresis and the eddy-current loss. An 
upper limit to these losses may be obtained by 
calculating them on the assumption that the value of B is that corre- 
sponding to its value close to the inner surface (ABCD) of the core. 

* See Appendix IV. 



FiQ. 100.— To explain Differ- 
ence between Oalcnlated 
and 0bser7ed Core Loss. 
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The following table gives the core losses of transformers of 
various outputs : — 

Output, in k.v.a. ... ... 1 2 6 10 20 40 60 80 100 

Core losses in watts 40 60 60 110 200 350 400 460 600 

§ 62. Copper Losses. Best Dimensions of Core 

The copper losses cannot be satisfactorily calculated from the 
continuous current resistances of the coils and their full-load 
currents, except in the case of coils wound with thin wire. Where 
conductors of large cross-section are used, the additional loss due to 
eddy-currents may bring about an apparent increase of resistance, 
amounting, in some oases, to as much as 20 per cent. For this reason, 
most makers prefer to avoid the use of such heavy windings, employ- 
ing instead a number of coils wound with smaller wire and connected 
in parallel. The experimental method of determining the true copper 
I losses is dealt with in § 101. 

The total losses at full load depend on the output of the trans- 
former. The following table gives the efficiencies which might 
reasonably be demanded in modern transformers : — 

Output, in k.w. 1 6 10 20 50 100 160 250 

Efficiency ... 94% 95% 95-5% 96% 96*5% 97% 97*5% 98% 

Let us suppose that the average length of magnetic path and the 
total volume of iron are given, but that it is permissible to vary 
the relative cross-sections of the core-plates and yoke-plates. Any 
departure from a uniform cross-section for the entire magnetic circuit 
will increase the iron losses. On the other hand, however, a reduction 
in the core cross-section and an increase in the yoke cross-section 
will reduce the mean length of a turn in each winding, and so reduce 
the copper losses. Ifow, this reduction in the copper losses may 
more than counterbalance the increase in the iron losses. It 
has been found that in transformers of ordinary construction (Fig. 93) 
the total loss (icon and copper) reaches a minimum value when the 
yoke cross-section is about 2J times that of the core cross-section 
inside the coils.* 

§ 63. Heating of Transformers. Methods of 

Cooling 

The aim of the transformer manufacturer is to produce the 
cheapest transformer to comply with given conditions of regulation 
(i.e. voltage drop from no-load to full load), efficiency and temperature 
rise. As regards the first of these — ^regulation — this is largely a 

* See A. Mailor, ZeiUohri/t fUr Elehtroteohnih (Wien), vol. xxii. p. 417 (1904) ; 
Yol. xxiU p. 243 (I 9 O 6 ). 
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matter of design in arranging a given amount of copper to tihe best 
advantage, and does not diroctly affect the amount of material to be 
used. On the other hand, considerations regarding the mimmmn 
efficiency and maximum temperature rise directly affect the size and 
weight of the transformer. It is found that with transformers of 
smEill output the heating difficulty does not arise, and the amount 
of active material required is dependent practically on the efficiency 
demanded. But as the size of the transformer increases, the problem 
of keeping down the temperature rise becomes more and more 
important, and in the case of large transformers it is the dominant 
factor in deteruiiniTig the Tninimum weight of active material, there 
being no difficulty with regard to the efficiency. 

The maximum permissible temperature rise of the coils is 66® 0.* 
Transformers are generally enclosed in suitable cases which may be 
either entirely of cast iron, or partly of sheet metal, plain or per- 
forated. The transformer may be eiflier exposed to ordinary air, or 
completely immersed in oU, in which latter case it is said to be oil- 
insidated. The use of oil as an insulating medium for transformers 
greatly simplifies the problem of reliable insulation, and for voltages 
above 30,000 oil insulation is essential Oil is, however, freely used 
in the case of transformers working at very much lower voltages ; 

I its main function is then to act as a cooling medium. The maximum 
permissible temperature rise of the oil is 60® G. 

The oil used in transformers is a pure mineral oil, which must be 
free from solid particles held in suspension, and from moisture, 
alkaline or acid impurities, and sulphur compounds. Its fiash-point 
should not be below 176® 0., and its burning point not below 200® 0. 
Its density should he between the limits 0*86 and 0 *92. When intended 
for use in cold climates, it should not congeal at the lowest tempera- 
ture to which the transformer is likely to be exposed under normal 
conditions. The oU should be free from volatile ingredients, and 
when 2 grammes of it are heated in a glass beaker 4" h^h and 4i" in 
internal diameter placed in a hot-air oven maintained at 100® 0., 
the loss by evaporation during 8 hours should not exceed 4 per cent. 

The following methods of cooling transformers are in use : — 

(1) Natv/ral ai/i'-draught Tnethod , — ^When this method is employed, 
the case of the transformer is generally made of perforated sheet or 
expanded metal, so as to give the air free access to the core and 
windings, the natural circulation of the air being sufficient to keep 
the transformer cooL 

(2) Air-hlast method , — ^In this method, an auxiliary blower 
driven by a motor is employed, and a forced draught is maintained 
through ventilating channels in the core and between the sections of 
the windings. 

* Ab meftffnred by the increase of resistance method. 
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(3) NdPwral oiUcooling method , — The transformer is contained in 
the lowOT part of a large tank filled with oil, the natural circulation 
of the oil being depended on to keep the transformer cooL When a 
steady temperature is reached, the whole of the energy dissipated 
must be got rid of by the external surface of the containing tank, 
which is made corrugated for the purpose ofilicreasing its area. 

(4) Air-blast oil-cooling method , — In this method, a forced draught 
of air is maintained either through a number of cooling tubes passing 
through the oil tank, or else through the space between the oil tank and 
an external containing vessel, the arrangement forming an air-jacket. 

(6) Wat&r-cooled M insvlation method , — ^The heated oil is brought 
into contact with the surface of a coil of thin-waUed tubing which 


■Oil fU&CRVOiR 


fr 



Fig. 101 — Method of Cooling Large Tranaformerp. 


is cooled by water. Two varieties of this method are in use. In the 
older and more common one, the oil tank is made much higher than 
the transformer, and in the upper part of it is fitted a coil of thin- 
walled brass piping through which cold water is circulated by a 
pump. In the second variety of this method, the oil tank is made 
only deep enough to take the transformer, with a sufhcient clearance 
space above it, and the cooling of the oil is effected outside the tank, 
by forcing the oil through a worm immersed in cold water. The 
arrangement is shown in Fig. 101.* Two pumps are required, one to 
maintain suflSciently vigorous circulation of the oil, the other to 
maintain a flow of cold water through the cooling tank. 

Comparing briefly the methods enumerated, we notice that while 

In ibe arrangement shown, the transformer is suspended from the cast-iron cover 
of the tank, in order to facilitate handling and inspection 
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some rec[iiire no special auxiliary motor-driven apparatus, others do 
BO. The provision of special cooling apparatus always increases the 
cost of the transformer, and this cost may become prohibitive for 
transformers below a certain output. In the case of such transformers, 
it is found cheaper to make the transformer somewhat larger and 
self-cooling, rather than of smaller size and requiring forced cooling. 
Accordingly we find that for transformers of small and naoderato 
outputs methods (1) and (3) are in vogue, while for transformers 
above about 1000 k.v.a. output forced cooling is generally resorted 
to. Methods (2) and (4), and the first variety of (6) are in use up to 
outputs of about 6000 k.v.a. Eor still larger transformers, the second 
variety of (5) is generally employed.* 

It may be noted that the use of air as an insulating medium has 
the advantage of keeping the surfaces of the core and coils clean, and 
thereby facilitates the caring out of repairs. On the other hand, 
oH insulation, besides providing much greater electric strength than 
air, has the advantage that (owing to the larger thermal capacity per 
umt volume of oil) the transformer is able to stand a heavy overload 
for a much longer period than it could do with air insulation, as the 
presence of the oil prevents the rapid deterioration of the insulation 
which would inevitably take place in air at the same temperature. 
As lUustratmg the remarkable vitality of the oil-insulated type of 
transformer, it may he mentioned that a case is on record where such 
successfiilly at a temperature approaching 

dvJU 0. 


. The fire risk attending the use of oil-insulated transformers is 
now generally admitted to be small It is, nevertheless, considered 
advisa^ to have such transformers installed in separate fire-proof 
comp^ents at some distance from the generating station, and to 
provide the necessary arrangements for draining off the oil rapidly. 


§ 64. A, Y, V, and T Connections for Three-phase 
Tranrformers, Comparison of Single-phase 
C?rcuits Transformers for Polyphase 


ISf b? “ f Sf bone-ponding phase wohld 

esa«lyd«eonn^Li, Ssf 

See Appendix V 
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have far more serioisi consequences than in the former. On the other 
hand, when dealing 'with very high voltages, the dielectric stress on 
each coil is reduced by adopting the star connection, since the phase 

p.d. then becomes only = 0’677 of the line p.d. (§ 17). 

In some cases, only two transformers may be available, and then 
the so-caUed " open delta or V-coimeotion is used. In this, the 
junction of the transformer windings is connected to one main, while 
the remaining two terminals are in connection with the other two 
mains, as shown in Fig. 102. It will be noticed that with this 
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arrangement the currents in two of the line wires are in phase with 
the tfansformer currents. Let us suppose the load to be a balanced 
three-phase non-inductive load, the line p.d. and current being 
V and I respectively. The total power in the three-phase cir- 
onit is then \/3 VI,* and the load on each transformer is 

VI = 0*866 VI. But either of the transformers when supply- 

ing a oarrent I at a p.d. Y to a smgh^hase non-induotiTe load 
•would have an output VI. We thus see that when two V-conneoted 
transfonners supply a three-phase uon-induotive load, their outputs 
are about 13'4 per cent, less than when working on a single-phase 
non-inductive load; or two V-connected transformers supplying a 
balanced three-phase non-inductive load behave as if the^ power- 
factor of the load were 0-866 instead of unity. 

A V-connection of transformers results fif one out of three A-con- 
iiected transformers failB and is s-witched out. Let ns suppose that 
I, as before, represents the line current, the load being balanced 
and non-inductive. If one of the transformers is burnt out, a 
V-conneotion of the remaining two results, and the current through 

each rises from to I, i.e. the current is increased in the ratio 

v3 

\/3 : 1, or by 73-2 per cent. If the A-connected transformers were 
loaded to their fuU output before the breakdown occurred, then 
* 5m Note II. (p. 66) at end of Chapter IT. 


132 alternating currents 

owing to the 73-2 per cent, increase of current consequent on the 
failure of one of the transformers, those remaining in circuit wo^d 
be capable of with the load for a comparatively short period 

only. 

Besides the V-conJiection, the so-called T -connection is some- 
times used in the case of two transformers which are across three- 
phase mains. In this, one end of the winding of one of the 
teansformers is joined to the middle point of the winding of the 
other (§ 66 and Eig. 106). 

The relative ^vantages and disadvantages of a single three- 
phase transformer as compared with three independent single-phase 
transformers have frequently been discussed. For smaller sizes (up 
to about 200 k.w.) a single three-phase transformer is both lighter and 
cheaper, for a given output, efBicienoy, temperature rise, and regula- 
tion,* three single-phase transformers. For very large trans- 
formers, on the other hand, the cost is lower in the case of three 
single-phase transformers (the weight is, as before, greater than tliat 
of a three-phase transformer). A three-phase transformer has the 
adva^ge over three single-phase transformers of maintaining better 
bala^ of the p.d. on the three phases, owing to the interlinking 
of the magnetic circuits.t 
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§ 65. Auto -transformer or Compensator 

In addition to the ordinary transformers already considered, which 
have distinct primary and secondary wmdings, there is another type, 

known as the aicto-transformer. In this 
the primary and secondary windings are 
represented by a single continuous wind- 
ing, as shown diagrammatically in Fig. 103. 
‘The ends of the winding AB form the 
primary terminals, whUe the secondary 
terminals are represented by one of the 
primary terminals (A in 103), and 
terminal 0, in connection with an inter- 
mediate point of the winding We may 
regard the portion AO of the winding as 
resulting from the fusion of the primary 
and secondary. Now, since the primary 
and secondary currents are nearly in phase opposition, it follows 
lliat such a fusion of the two circuits wiU give rise to a current 
in AO which is merely the difference of the primary and secondary 

* See Chapter X 

t Eborall, “Howard Leoturefl on Polyphase Bleotrlo Working” p 40 (1902). 


Fig 103 —Diagram of Anto- 
transformer. 
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currents, and is thus leas than the current in the secondary of an 
ordinary transformer. Hence the cross-section of the portion AO 
of the winding may be made less than would be necessary with a 
transformer of ordinary construction. 

On account of this advantage, auto-transformers would be much 
more generally used than they are, were it not for the fact that in 
most oases it is absolutely necessary, from considerations of safety, to 
keep the two windings entirely distinct and heavily insulated from 
each other, so as to prevent all risk of the dangerous high voltage of 
the primary from reaching the secondary. 

Auto-transformers are frequently used to supply single arc lamps 
from mains at a considerably higher p.d. than that taken by the lamp. 
They are then sometimes termed economy coils. Their main use is, 
however, in connection with the starting of various forma of alternating- 
current motors. When so used they are generally known as com- 
pensators. By means of a suitable switch, the motor is first connected 
across the portion AO of the winding (Fig. 103), and when it has run 
up to a certain speed, the switch is thrown over so as to connect it 
across AB. In the first or starting position, the voltage across the 
motor terminals is only a fraction of me normal voltage, while in the 
second position of the switch the motor is supplied at the full line 
voltage.* 


§ 66. Phase Transformers 


Cases sometimes arise in which it is required to pass from a two- 
phase to a three-phase system, or vice versd. Such a transformation 



Fig. 104. — To illustrate Principle of Phase Transfomiatiou. 


may be effected by a suitable oombiaation of transformers, wMcb are 
then termed phase transformers. Various solutions of the problem 
of phase transformation have been devised, but the best known is 

* See § n. 
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that due to 0. F. Scott The method of arranging the connections 
is shown in Fig. 106, The two-phase mains are connected to the 
primaries S^ and S 2 of two transformers. If Sj and S 2 have equal 
numbers of turns, the flux per turn will be the same in each trans- 
former. The secondaries of the transformers are interconnected as 
shown, the end of the secondary OA of one transformer being joined 
to the middle point 0 of the secondary BO of the other. If we 
provisionally assume the secondaries to have equal numbers of turns, 
then the vector diagram of secondary voltages will be that shown in 


TWO-PHASE MAIN$< 



THREE-PHASE 

MAINS 


Fig. 105. — Boott’a Method of Phase Transformation. 


Fig. 104(a), in which the vectors AO, CB, BA represent the voltages 
across the corresponding pairs of points in Fig. 106. It will be 
noticed that since the two vectors OB and OA in Fig. 104(a) are 
equal in length, the length of either of the vectors BA and AC is 
. 

times that of OB. In order to equalize the lengths of the three 

vectors OB, BA, and AO, the length of 0 A must be reduced in the ratio 

's/s 

— a result which is easily accomplished by making the number 

\/S 

of ttuma in the winding OA (Fig, 106) only ^ of that in CB, when 

A 

the vector diagram assumes the form shown in Fig. 104(6), the 
vectors OB, BA, AC now forming a balanced three-phase system.* 

• See Appendix VI. for nn aocoont of plioae-ahifting^ transformers. 
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§ 67. Instrument Transformers 

Instrument transformers axe small transformers of special deai^ 
used for the purpose of reducing either the p.d. or the current in 
a known ratio, so as to bring them within the range of measuring 
instruments of ordinary construction, and also for the purpose of 
insulating measuring instruments from high voltage circuits, so as to 
enable them to be handled with safety. 

An instrument transformer employed for the purpose of reducing 
a high voltage in a known ratio is generally termed a voltage, 
potential, or pressme-transformer ; while a transformer for reducing 
a large current in a known ratio is termed a cm^mt-tramforif^ 

Instrument transformers are used in connection with voltmeters, 
ammeters, wattmeters, energy meters, and relays employed for 
actuating automatic switches. The conditions which must be 
satisfied by an instrument transformer depend to some extent 
on the kind of measuring instrument which is across its secondary 
circuit. 

In the case of transformers connected to voltmeters, ammeters 
or relays, the only condition which the transformer has to satisfy is 
that of coTistancy of the voltage or mrrent ratio over the working 
range. But if the transformer is to supply a wattmeter or energy 
meter, it must, in addition, also satisfy the condition of practically 
exact phase opposition of the primary and secondary currents. 
These conditions are fulfilled with a sufficient degree of accuracy 
by (1) constructing the transformer so as to reduce its leakage self- 
inductance to a very small value ; (2) using a core material which 
has the least possible loss by hysteresis and eddy-currents, and a 
high permeability (“staUoy” is particularly suitable for this 
purpose). 

The induction in modern instrument transformers does not 
generally exceed 1500, and is sometimes much less. The standard 
outputs for potential transformers are 16, 60, and 200 volt-amps, 
per phase ; their standard secondary voltage is 110 ; the ratio error 
shoidd not exceed 1 per cent, and the phase error should not exceed 
\ degree at unity power factor and any load not exceeding the 
normal output. As regards mrrent transformers, the standard out- 
puts are 16 and 40 volt-amps. ; the standard full-load secondary 
current is 6 amps. ; the ratio error should not exceed 1 per cent., 
and the phase error should not exceed 2 degrees, from full-load to Jth 
of full-load current.* 


See § 194 for a more detailed aooount of instrnment transfer fuers 
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§ 68. Chokins: Coils 

By a choking coil, impedance coil, or reactance ooil, is meant a 
coil having a low resistance and high self-inductance. . The primary 
of a transformer whose secondary is open forma a very powerful 
choking coil. In many cases, it is desirable to have some simple 
means of adjusting the reactance, and for this purpose various 
arrangements may be used. Thus, the coil may be provided with a 
sliding core, which may be clamped in any desired position relatively 
to the coil. Or the coil may be wound on the middle limb of a 
T-shaped core, and provided with a movable yoke, which may 
be placed at varying distances from the projecting ends of the 
core, thereby altering the length of the air-gaps in the magnetic 
circuit, 

A choking coil affords a ready means of reducing the voltage of 
ppply -without any appreciable loss of power such as would occur 
if a resistance were us^ for the same purpose. This is due to the 
very low power factor of the coil, whidi enables it to take a large 
current at a high p.d, without the absorption of any large amount of 
power. 


§ 69. Dimensions, Weights and Prices of 
Transformers 

In the following table are given the approximate overall dimen- 
sions, total weights (including case) and prices of air-insulated self- 
cooling siTigU-phase transformers for a frequency of 60 and voltages 
up to 6000 . 


Qufcpnt in k.Y.a. 

1 

2 

6 

10 

20 

50 

100 

Overall 
dimensions : 
in 

molies. 1 

Height 

16 

19 

21 

30 

36 

39 

45 

Breadth 

12 

13 

16 

17 

19 

26 

29 

Width 

9 

10 

12 

17 

18 

22 

27 

Total weight in lbs. 

112 

168 

280 

670 

lOOC 

2100 

2900 

Price, £ 

7 

9 

16 

24 

36 

66 

100 
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The corresponding data for air-insulated self-cooling three-fhase 
transformers are as follows : — 


Output in k.y.a. 

1 

2 

5 

10 

20 

60 

100 


Height 

17 

18 

24 

80 

32 

52 

67 

Overall 
dimensionB : 
in 

Breadth 

18 

17 

20 

22 

28 

30 

34 

inches. 

Width 

10 

10 

14 

16 

18 

20 

30 

1 

Total weight in lbs. 

120 

200 

320 

460 

780 

1700 

3200 

Price 


6 

1 

8 

12 

23 

34 

60 

90 


Oil-insulated transformers, which are more suitable for voltages 
exceeding 5000, are lighter than air-oooled ones. In small sizes, up 
to about 10 or 20 k.v.a., the oil-insulated type is more expensive than 
the air-insulated one. Between about 20 and 60 k,v.a. there is little 
difference in price, while above 60 k.v.a. the oil-insulated type is the 
cheaper of the two. 

It will be noticed that the price per kv.a. steadily decreases, and 
at 100 k.v.a. amounts to about £1 per k.v.a. This decrease goes on 
with increasing output, until for outputs of about 600 k.v.a. and 
upwards the price reaches a value of about 10s. per kv.a. 

If we consider the weight of the active material only — viz. the 
core stampings and the windings — this is found to vary from about 
60 lbs. per k.v.a. for an output of 2 k.v.a. to about 20 lbs. per k.v.a. 
for an output of 100 k.v.a. In the case of transformers of ve^ large 
output (exceeding 1000 k.v.a.) the weight of the active material may 
be as low as 10 lb. per kv.a. 

The ratio of the weight of the steel in the core to that of the 
copper in the windings varies from about to 3. 

The output of iTbstniinent trarisforTneTs varies from 16 to 200 
volt-amperes, and their price from about £3 to about £30, the price 
being largely controlled by the primary voltage as well as by the 
output. 
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§ 70. Induction motora. Squirrel-cage rotor — § 71. Rotor windings— § 73. Starting 
resistanoeB and protective deyioes for induction motors— § 78. Lewis induction 
moto3>-^ 74. Exwple of induction motor. Variation of torque with position of 
rotor— § 76. Asymmetrjr of hemi-tropio stator winding with odd number of pole- 
pairs. Method of obtaining symmetry— § 76 Genci^ oharaoteristios and some 
teolinioal data of induction motors-^ 77. DimensionB, weights and prices of 
polyphase induction motors. 


§ 70. Induction Motors. Squirrel-cas^e Rotor 

In connectioii with polyphase systems of distribution, a type of 
motor is employed which is known as the induction motor. The 
action of such a motor depends on the possibility (§ 22) of producing 
rotating waves of magnetic flux by means of polyphase ouirents. 

Let a laminated stator be provided with polyphase windings (two- 
or three-phase) similar in every respect to the armature windings of 
a polyphase generator, and let the rotor consist of a solid cylinder 
of iron (c/. 81), When polyphase currents are sent through 

the stator windings, they give rise to rotating waves of flux — 
commonly spoken of as a rotating fleld — and as these waves sweep 
across the rotor they induce currents in it. The direction of these 
currents is, in accordance with Lenz’s law, such as to oppose relative 
motion of the rotor and the rotating field. A driving torque is 
thereby exerted on the rotor, which (Msuming that the resistances to 
its motion are not excessive) will run up to a speed only slightly 
below that of the rotating field. The difference between the speed of 
the rotating field and that of the rotor, on which depends the magni- 
tude of the induced currents, is spoken of as the slip. Since with 
increasing load a larger driving torque, and hence larger induced 
cimente, are required to keep the rotor running, it follows that the 
slip will increase with increase of load. 

The rudimentary form of motor considered, in which the rotor 
is a solid cylinder of iron, although mechanically simple, would bo 
unsatisfactory from the point of view of efficiency, as the loss in the 
rotor would be excessive.* In practice, therefore, the rotor takes the 
form of a laminated iron cylinder having copper conductors embedded 
in it. , 


Suoh simple solid cylinders of iron are, however, actuaUy employed in oertai 
special oases, where the motor is used intermittently for very short periods only fe 
for Btartmg np rotary converters), the efficiency being then of bnt little account 
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The simpleat form of rotor winding is that known as the sqwrrd’- 
cage winding. It consists of a number of copper rods or bars arranged 
in holes or slots around the rotor periphery, and connected at each 
end to a ring of copper. One example of a squirrel-cage winding is 
given in 106. In this, the rotor is provided with a number 
of equidistant circular holes (open at the top) close to its periphery, 
and through these holes pass copper rods. The projecting ends of the 
rods are slotted, and into the slots, on each side, is fitted a copper ring, 
which is then soldered to the rods. In Kg. Ill is shown a slightly 
different arrangement. The conductors are, in this case, of rectangular 
cross-section, and fit into rectangular semi-closed slots in the rotor 


Fia 106. — Sqmrrel-oage Botor. 



core. The projecting ends of the copper bars are bolted to end- 
rii^s. 

Cr,he squirrel-cage winding is at once the simplest and cheapest 
form of rotor winding, and is almost exclusively used for small 
motors — up to about 6 h p. In the United States, it is used for very 
large motors as well. It possesses, however, the disadvantages of 
1 taking a heavy starting current and exerting a comparatively feeble 
starting torque. It is thus incapable of startmg against a heavy load, 
and must be run up to full speed on a loose pulley. For startmg 
^ motors with squirrel-cage rotors, auto-transformers (§ 66) are 
• employed. 

In order that an induction motor may be capable of exerting a 
large torque at starting, its rotor circuits must have a comparatively 
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high resistance/ But high resistance in the rotor circuits would 
involve large heating loss and poor^ efficiency under normal running 
conditions. Thus, although a squirrel-cage rotor could easily be 
constructed to give a powerful starting torque (by the use of high- 
resistivity material for its conductors), its efficiency under normal 
running conditions would be extremely low. Large starting torque 
and high efficiency are, in fact, incompatible features, and the only 
way of securing both lies in the use of a rotor the resistance of whose 
windings at starting is high, and under normal running conditions, 
low. This variation of resistance is easily obtained by the use of an 
external rheostat, which may be connected in series with the rotor 
windings at starting, then gradually short-circuited as the motor 
gains speed, and finally cut out altogether. Now, a squirrel-cage 
winding does not readily adapt itself to the insei^on of external 
resistances. It is for this reason that most of the larger European 
induction motors are provided with so-called womd rotors as dis- 
tinguished from squirrel-cage or short-cvrcmted rotors. The winding 

) of these rotors is connected to slip-rings, which allow of the insertion 
of suitable starting resistances^ 


§ 71. Rotor Windings 

Two types of three-phase windings, both of them star-oonneoted, 
are commonly used in the case of rotors provided with starting 
resistances. One of these windings is similar to the form of armature 
winding for a three-phase generator already described (§ 48 and 
Fig. 86), while the other closely resembles the wave wiudmg of a 
continuous-current armature, but differs from it in not being entirely 
symmetrical. This second Mad of winding is frequently described as 
a lor windmg^ in order to distinguish it from the first type, which 
is spoken of as a cM wmding. In the smaller sizes, coU windings 
are generally used, while the bar winding is commonly employed in 
large motors. La order to explain clearly how such a bar winding is 
carried out, we shall consider a particular case — ^that of a four-pole 
rotor having 96 conductors or bars arranged in 48 slots, so that there 
are 2 conductors per slot. 

It wiU be sufficient to consider the winding of one phase, smoe all 
three phases are similarly wound. The number of conductors per 
phase is ^ = 32, and since the motor is a four-pole one, the ntunbei- 
of conductors per pole per phase is ^ =s R The winding of each 
phase must, therefore, clearly consist of four equally spaced groups of 

• The roaaon for this will be imderatood Iftter, "wheTi ire oome to atndy the theory of 
flu oh motors m detail (Chapter Xll.). 
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eight conductors, and these conductors have to be connected in series 
in such a manner that two conductors in immediate connection 
belong to two neighbouring groups.* Let us suppose all the con- 
ductors to be numbered, and let conductor 1 be connected at one end 
to the neutral point of the winding. The four groups of conductors 
forming the winding of the first phase are then as follows : — 

Group 1 : 1, 2, 3, 4, 6, 6, 7, 8 

„ II: 25, 26,27,28,29,30,31,32 
„ III : 49, 60, 61, 62, 63, 64, 66, 66 
„ IV: 73,74,76,76, 77, 78,79,80 

Between Groups I and II are the sixteen conductors belonging to 
the other two phases, and there are similar intervals between the 
remaining groups. 

In arranging the connections, we select conductors which are as 
nearly as possible separated by a distance corresponding to the 
pole-pitch, Now, the pole-pit^ is, in terms of the number of 
conductors comprised in it, equal to ^ = 24 But this value could 
not bo adopted for the pitch of the winding, since with a double layer 
of conductors the pitch must correspond to an odd number.t Hence 
we select a dovhU pitch for our winding, namely, 23 and 26, using 
these numbers alternately ; the mean pitch of the winding is thereby 
made to correspond to the pole-pitch. 

We must commence with a pitch of 25, since a pitch of 23 would 
lead us to conductor 1 + 23 = 24, which does not belong to our 
phase at all. Hence our winding proceeds thus — 

1_26— 49— 74 

A difficulty occurs at this point. We have travelled once round 
the rotor periphery, and the next step (assuming that we go on using 
the pitches 26 and 23 alternately) would bring us to conductor 
74 + 23 « 97, which is conductor 1. But this would dose the 
winding. Hence we select that odd conductor in Group I which is 
nearest to conductor 1, This is obviously conductor 3, and the step 
from 74 to 3 (or 99) corresponds to a pitch of 25. We thus find it 
necessary to break the alternate sequence of the two pitches at the 
end of the first round, and to use the same pitch twice in succession. 
The same difficulty occurs, and is similarly overcome, at the end of 
each revolution. Bearing this in mind, we obtain the following for 
' the first half of the winding table, each horizontal line representing 
one complete revolution : — 

* So that their e.m.f.e may be additive. 

t Otherwise, starting from conductor No. 1, which is in the top layer, we shonld be 
using up odd conductors, all of whioh are in the top layer; this would not allow of the 
compact arrangement of end connections, which l^oomeB posuble when odd and even 
conauotors (i.e. oonduoton in the top and bottom layer respectively) are connected 
alternately. 
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1_26— 49— 74 
3-^28— 61— 76 

6— 30—63—78 

7— 32—66—80 

We have now used up Tiftlf the conductors of the phase, and at 
this stage a fresh difficulty arises. All the odd conductors in Group 
I have been used up, so that we cannot proceed from conductor 80 
(which is the last even conductor in Gfroup IV) to an odd conductor 
in Group L A pitch of 26 gives conductor 80 + 26 8= 106, or 9, 
which does not belong to our phase at alL The nearest odd conductor 
in Group I is 7, but this has already been made use of. If we try 
going back to Group III, we again find that aU the odd conductors 
have been used up. Two possible courses are open — to step forward 
to Group I, using the even conductor 2 of this group, or to go back 
to Group III, using the nearest even conductor corresponding to 
a pitch of 24 (i,e, conductor 80 — 24 = 66). In either case, the even 
conductor 80 will have to be connected to another even conductor. 
It will be found, however, that if we go forward to Group I, we shall 
involve ourselvea in stDl further difficulties, necessitating further 
irregularities in the winding ; whereas by going back to Group III, 
thereby reversing the origincd direction of travel around the rotor 
circuniference, and continuing to step round in this reverse direction, 
we encounter no further difficulties, the windi^ proceeding exactly 
as before, the only difference being in the negative sign of the pitches. 
We thus complete the winding as follows : — 

66—31—8—79 
64-29—6—77 
62—27—4—76 
60—26 — 2 — 73— slip-ring 

The peculiarities exhibited by the above example are characteristic 
of every rotor bar winding of the wave type in which the conductors 
are arranged in two layers. In each case, we have to (1) break the 
alternate seq^uence of the pitches after the completion of each 
revolution ; and (2) take a haekward step, represented by the mean 
pitch, — ^thereby reversing the direction of travd— after the completion 
of half of the winding, vmen the odd and even conductors in alternate 
groups respectively have been used up. 

If, however, the conductors are arranged in a single layer, with 
evolute end connectors (instead of the "straight-out** or “barrel** 
type), there is no reason why an even pitch should not be used. In 
that case, after each revolution, the normal pitch must be increased 
by unity. Taking the example just considered, but assuming the 
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number of slots to be doubled, so as to bring all the conductors intc 
the same layer, we have the following winding table : — 

1_25^9— 73 

2—26—50—74 

3_27— 51— 76 

4_28— 62— 76 

5— 29—53—77 

6— 30— 64— 78 

7— 31—66—79 

8— 32—66—80 

The voltage for which a rotor is wound is immaterial * so far as 
the behaviour of the motor is concerned, and is merely a matter of 
convenience from a manufacturing point of view. It generally lies 
between 100 and 400 volts across the slip-rings when the rotor is at 
rest and the slip-rings are open-circuited, t 


§ 72. Starting Resistances and Protective Devices 
for Induction Motors 


\An induction motor, whose rotor is at rest, forms a short-circuited 
transformer having large magnetic leakage. If the full supply p.d. is 


applied to the stator, the initial 
value of the current, before the 
rotor has attained any appre- 
ciable speed, is very large, and 
may amount to as much as four 
times the normal full-load cur- 
rent. In order to limit this 
initial rush of current, with the 
consequent drop of voltage on 
the system, suitable starting 
devices must be employed in 
connection with all motors ex- 
ceeding about 7 b.h.p. The 
nature of these starting devices 
depends on the type of rotor 
used. 

In the case of motors pro- 



Fk}. 107. — starting EeBistanoo for Wound 
Botor. 


vided with wound, rotors con- 


nected to slip-rings, a three-phase starting resistance of the type shown 
in Eig. 107 is generally employed. It consists of a three-armed switch 


* AsBuming tho same amount of ooppor to be used in each oase^ 
t In large motorfi, the standstill rotor voltage may be as high as 1000. 
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moving over three sets of contacts connected to resistances. The 
tf.iTtiiTia.1a Si, Sa and Ss, are in connection with the slip-rmgs, the 
movable arms forming the neutral point of the starting resistances. 
In the case of large motors, it is desirable to use a large number 
of sections in the starting resistance— with a correq)onding_ large 
number of contacts — in order to reduce the sudden dianges in the 
current at each step. A large number of steps with a relatively 
small number of fixed contacts may be obtained by the use of 
the starting resistance designed by Kablenberg, shown in Pig. 108, 
In i-^i«, it will be noticed, the neutral point of the resistance 
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Fio. 108 .— ‘KahlGTiberg’fl Starting Reaiatanoe. 

is represented by a single movable arm, whose contact is of 
sufficient width to cover three of the fixed contacts. As the 
arm moves over these contacts, it cuts out a section of the re- 
sistance in one phase only at each step ; this temporarily destroys 
the balance of the rotor windings, which, however, is of no great 
importance. 

As regards the actual form of the starting resistance, this may 
consist of spirals of wire or metal grids, or of a liquid resistance. In 
the latter case, the liquid (a solution of either caustic or washing soda) 
is contained in a suitable tank, and a set of metal blades insulated 
from each other and connected to the rotor slip-rings is arranged so 
r that it may be gradually lowered into the liquid, the contact area 
steadily increasing and the resistance decreasing, untU. finally the 
iblades are short-circuited by metal contacts. The advantages of a 
liquid over a metallic resistance are perfect continuity of change in 
the resistance, and practical indestruotibility, since the only effect of 
an overload is to cause the liquid to boH away. 
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Contact with the slip-rings is maintained by means of carbon 
brushes. In order to do away with the loss of power due to heating 
at the contact surfaces, it is usual to provide an internal short-circuit- 
ing arrangement which is brought into play when the motor has 
attained full speed. This device consists of three contact springs 
mounted on the shaft and connected directly to the ends of the rotor 
winding ; the springs may be short-circuited by being brought into 
contact with a sliding sleeve actuated by a lever. The brushes may 
then be lifted off the slip-rings, as the winding is short-circuited 
independently of the brushes; special brush-lifting gear being 
frequently provided for this purpose. 

It is desirable that the starting resistance should be combined 
with two protective devices, similar to those used in connection with 
continuous current motors — mz. an ov&rload and a no-voltage** 
release. In Fig. 109 is shown diagrammatically a form of starter, 



patented and manufactured by G, Ellison, which is provided with such 
protective devices. The points Ei, E 2 and Es are in connection with 
the sEp-rings. The switch arm is fitted with a fly-back spring which 
tends to throw it into the “off*' position. Normally, it is kept in the 
running position by a latch or trigger which forms part of a pivoted 
soft-iron armature acted on by the no- voltage ” electromagnet. This 
electromagnet is connected across two of the stator terminals or 
supply mains, and should an interruption of supply take place, the 
armature drops into a position where it is no longer able to engage 
the switch arm, which flies back into the “ off'" position. The over- 
load magnet is connected in the rotor circuit as shown, and consists of 
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a solenoid acting on a movable core. When the rotor current exceeds 
the safe limit, the core is sucked in, and the latch knocked out of 
gear. It will be noticed that this form of protective device does not 
allow of the short-circuiting of the rotor independently of the brushes, 
and hence involves a slight sacrifice of efficiency. 

The starting of induction motors provided with 8lu)Tt~€fi/rcmted 
or sgvArrel-cage rotors presents a somewhat different problem. Such 
motors take an abnormally large current at starting if supplied at the 
full voltage, although, as will be seen later (§ 122), they are incapable 
of exerting any large starting torque. In order to limit the starting 

current, the stator must be 
SUPPLY MMNs initially supplied at a lower 

voltage than the normal, this 
voltage being raised to the 
normal as the speed increases. 
The following four methods of 
starting squirrel-cage motors 
are in use ; — (1) direct connec- 
tion to the mains, without any 
attempt to reduce the start- 
ing current ; (2) the star-delta 
change-over connection; (3)the 
auto-transformer, and (4) the 
starting resistance method. Of 
these, (1) is confined to motors 
of small output (up to 7 or 
10 b.h.p,). For motors of 
medium size, method (2) is 
largely used. In this method, 
the stator windings are not 
permanently interconnected, 
the motor being provided with six terminals. The windings are 
designed for a A coupling under normal running conditions. By 
means of a change-over switch, they are- connected in Y at starting, 

the p.d. across each phase of the winding being only of the 

v3 

supply p.d. By throvring over the switch into the running position, 
the stator windings are A-coupled, the voltage across each stator phase 
being thereby raised to its normal value. In method (3) the starting 
“p.d. is lowered by means of an auto-transformer (§ 66). In method 
4),^ a three-phase starting resistance is used in the stator circuit, 
similar to the resistance employed in connection with wound rotors, 
except that it has no neutral point (Fig. 110). 

In all cases where the starting current taken by an induction 
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motor having a short-circuited rotor considerably exceeds ^ foil-load 
current, a dlfiSculty arises in connection with the fuses or circuit- 
breakers which protect the motor against an overload, as these are 
liable to act at the moment of starting the motor. A very common 
though not quite satisfactory method of meeting this difBloulty consists 
in providing a double set of fuses connected to a throw-over switch, 
by means of which a much heavier set of fuses may be introduced at 
starting, the usual fuses being afterwards substituted by throwing 
over the switch. The danger of this arrangement lies in the fact that 
the throw-over switch may inadvertently be left in the position 
corresponding to the heavier fuses, which would not afford adequate 
protection to the motor. An ingenious method of overcoming the 
difficulty in question is used in Ellison's starter for squirrel-cage 
motors, shown in Eig. 110. The over-load magnet coil, it will be 
noticed, is not in circuit until the whole of the resistance has been 
cut out. This starter is also provided with a "no-voltage” release. ^ 


§ 73, Lewis Induction Motor 

The use of wound rotors with slip-rings introduces numerous 
complications — an external starting resistance, and in some cases 
intricate internal short-circuiting and brush-lifting devices. Attempts 
have, therefore, been made to design motors which combine the 
advantage of simplicity possessed by a rotor having no slip-rings 
with the high starting torque and moderate starting current charac- 
teristic of the wound rotor designed for use with an external starting 
resistance. One of the most ingenious solutions of this problem is 
to be found in the motor patented by Mr. F. Lewis, and manu- 
factured by the Electric Construction Co., of Wolverhampton. The 
construction of this motor is based on the fact that whereas a squirrel- 
cage rotor may be used in connection with any rotating field, quite 
independently of the number and sequence of the magnetic poles, 
a wave-wound rotor will only develop a torque in a field having the 
correct number and sequence of mametic poles. In the Lewis 
motor, the rotor is provided with a double winding— a low-resmtance 
wave winding, which is permanently short-circuited on itself instead 
of being connected to slip-rings, and a Ugh-remtaTice squirrel-cage 
winding. At starting, the low-resistance winding is rendered in- 
operative by reversing the normal polarity of one half of the field. 
Thus considering the case of an eight-pole motor, in which the 
norm'al sequence of poles is NSITSNSNS, at starting the sequence is 
arranged to be NSNSSNSN. The rotor, therefore, behaves as if it 
were provided with the squirrel-cage winding alone, 

and starts with a powerful torque. If it were allowed to run on this 
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winding, not only would an excessive temperature rise take place, 
but the efficiency would also be poor. The normal polarity is there- 
fore restored as soon as the speed has reached a certain limit, and 
the low-resistance wave winding now comes into play. The speed 
rises, the slip decreasing, and with it also the oiments in the squirrel- 
cage. Although under normal running conditions the squirrel-cage 
conductors are still traversed by feeble currents and do part of the 
driving, yet the bulk of the torque is due to the wave winding, the 
presence of the squirrel-cage being simply equivalent^ to a slight 
increase of cross-section in the conductors of the wave winding. The 
squirrel-cage consists of conductors of small cross-section arranged in 
the upper parts of the slots containing the large conductors which 
form the wave windiug. 


j| 74. Example of Induction Motor. Variation of 
Torque with Position of Rotor 

f 

In Fig, 111 is shown a S-kp, three-phase induction motor, having 
a short-circuited rotor,* The stator is provided with a three-phase 
coil winding embedded in open slots, the coils being wound on 
formers and then fitted into position in the slots. The stator 
stampings or laminations are supported by a hollow cylindrical 
casting, which carries two end-shields containing the hearings. In 
order to improve the ventilation, each end-shield has four windows, 
closed by expanded metal gratings. The bearings are of the usual 
self-oiling type, each having two oiling rings, which ride loose on the 
shaft and dip into oil-wells. The rotor core-plates are mounted on a 
spider, to which they are secured by means of a key. The rotor 
conductors are bolted to the short-circuiting rings. It will he noticed 
that whereas there are forty-eight slots in the stator, the number of 
rotor slots is twenty-nine, so that the two numbers have no common 
factor. This arrangement is invariably adopted in the case of motors 
having squirrel-cage rotors, and its object is to prevent variations in 
the torque with varying position of the rotor ; such variations occur 
to a marked extent when the number of stator and that of rotor slots 
have a common factor. These variations are due to the fact that in 
certain positioim of the rotor the reluctance of the magnetic circuit 
is less than in others, and the rotor will always tend to pass from a 
position of higher to one of lower reluctance. If, e.g.y the stator and 
rotor have the same number of slots, then on exciting the stator the 
(open-circuited) rotor will tend to move so as to bring about coinci- 
dence of the teeth and slots in the two cores. 

• The author ia indebted to the Eleotrio Oonatruotion Co , Ltd., of Wolverhampton 
for drawings from which Fig. Ill has been prepared. 
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With a wmnd three-phase motor, however, it is impossible to 
prevent the stator and rotor slots from having a common factor. For 
since there must be at least three dots per pole per phase (correspond- 
ing to the three phases), the stator and rotor slot numbers must both 
be multiples of six. It is found, accordingly, that the starting torque 
of such motors has a larger value in cert^ positions of the rotor 
than in others. 


§ 75. Asymmetry of Hemi -tropic Stator Winding 
with Odd Number of Pole-pairs. Method of 
obtaining Symmetry * 

When tlie hemi-tropio type of winding (§ 48) with alternately 
straight and bent coils (Kg. 87) is adopted for the stator, a slight 
^asymmetry is introduced into the arrangement of the coils in casee 
where there is alt odd ntunber of pairs of poles. This will he readily 
seen by oonsidering a six-pole motor. With a hemi-tropio windmg 
there will be three ooiIb per phase (one coil per pair of poles), or a 
total of nine coils. If we proceed to arrange the coils on the statoi 
core, making them alternately straight and bent, we are left with ai 
odd coil, and in order to fit this in between a bent coil on one sidt 



and a straight coU on the other, one half of it must be “ straight 
and the other " bent.” The shape of the projecting ends of the od 
coil will thus he somewhat irregular, and will differ from that of th 
ends of the remaining two sets of coils. This asymmetry ma; 
however, be entirely done away with by adopting the arrangemei 
shown in Kg, 112. Instead of being made alternately straight an 
bent, the coil ends are here all of the same type, being bent obhquel 
so as to clear each other. 
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§ 76. General Characteristics and some Technical 
Data of Induction Motors 

In its general oharacteiistics the polyphase induction motor 
resembles the ordinary shunt-wound continuous-current motor. It 
is essentially a constant-speed motor, the drop of speed from no load 
to full load being very slight. One of the disadvantages of this type 
of motor is its somewhat low average power factor, on account of 
which the current drawn from the mains is larger than it need be for 
the amount of power developed by the motor. The power factor of 
an induction motor which is running light is very low, being generally 
less than 0*2. It increases, however, very rapidly with increase of 
load. The slip at full load, when expressed as a percentage of the 
speed of the stator field, varies from about 10 per cent, for very small 
motors to below 2 per cent, for very large ones. The following table 
may be taken as representing the average performance of modem 
induction motors : — 


Horse-power 

1 

5 

20 

300 

1000 

Efficiency at full load 

80 

86 

88 

93 

96 

Full-load power factor 

0-80 

0-84 

0-87 

0-91 

0-94 

Slip ae percentage of field speed 

10 

6 

4 

2 

1-2 


The power factor of an induction motor depends very largely on 
the length of air-gap, and it is important to keep the air-gap as small 
as mechanical considerations will allow. The extreme shortness of 
the air-gap of induction motors is an important constructional feature, 
which forms a staking contrast to the relatively very long air-gap of 
the continuous-current type of motor. Thus, taking the case of a 
railway motor, the air-gap of the continuous-current type will 
generally lie between 3 and 7 mm. ; whereas an induction motor will 
have a gap ranging from 1 to 3 mm. Even a 260-h.p. modem 
induction motor may have a gap as small as 1*6 mm.* 

Owing to the shortness of the air-gap, exact centering of the 
rotor relatively to the stator is a matter of great importance, as a 
slight amount of eccentricity may result in a strong side-pull, tending 
to bend the shaft. The bearings must be of very ample proportions, 
so that the wear is inappreciable. The effect of a slight amount of 
eccentricity in producing a side-pull has formed the subject of several 

♦ According to K. Piohelmayer (Bynamobau, p. 524), the least permissible value of 
the air-gap length, assuming first-rate workmanship, may be taken as given by 
S = 0‘03 + 0 025/5, where 5 ifl the gap length and D the rotor diQnioter,both expressed 
in cm. 
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investigations. The following very simple formula is given by J. K. 
Snmec ; — * 



where P = total side-pull, in dynes ; s= mean square of magnetic 
induction around the rotor periphery, on the assumption that the 
rotor is exactly coaxial with the stator; S = total cylindrioal surface 
of rotor, in sq. cms. ; 8 = (single) air-gap ; b = eccentricity (distance 
between axes of stator and rotor). 

The depth of slot depends on the pole-pitch (i.a the distance, 
measured along the rotor circumference, between the centre lines of 
two consecutive poles). It varies from about 1 in. (2*64 cm.) for a 
pole-pitch of 6 in. (12-6 cm.) to about 1| in. (4'45 cm.) for a pole- 
pitch of 20 in. (60‘8 cm.). The number of slots per pole per phase 
is proportional to the pole-pitch, being at the rate of about 0’6 slot 
per pole per phase per mch of pole-pitoh.f 

Assuming a sine distribution of the magnetic flux in the air-gap, 
the Tnaxinnum gap induction generally lies between the limits of 
6000 and 6000. 

The (r.m.s.) ampere-conductors per cm. length of rotor periphery 
vwry from about 200 to about 300. 

^ In order to avoid difficulties when starting and excessive noise 
arising from vibration while running, the rotor slots should be fewer 
than the stator slots, and should difier from them by P if P is even, 
and by 2P if P is odd, where P is the number of pole-pairs.} 


§ 77. Dimensions, Weights, and Prices of 
Polyphase Induction Motors 

If we make use of the formula — 

brake horse-power = 

nular to that employed in § 66 in connection with alternators, I 
denoting the gross core-length (t.e. the length including ventilating 
ducts) and d the diameter of the rotor, and m the revolutions per 
minnte of the motor, we find that h has a value ranging from about 
16 X 10-® for a motor of 6 b.h.p, to about 40 x 10-® for a motor of 
1000 b.h.p. if I and d be expressed in inches (the corresponding 

* ZeitBchrift fUr Melcti oteohnik (Wien), vol. xxii. p. 727 (1904) 
t Macfariane and Burge, Jmmal of the Instiiution of Elertrioal Hhimneers, vol. xlii 
p. 249 (1908). . - 

t W Stiel, ZeH^ehr4ffi^Vereine8 Deutsclier\higenieure^ vol. Ixv. p. 152 (1921), 
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values for the cm. as the unit of length are about 1 X 10“® and 
2-6 X 10-»). 

The ratio Ijd is dependent on the number of poles, the core-length 
I being in most cases about equal to the pole-pitch. 

Since for a given size of motor frame the output will increase 
roughly in proportion to the speed, it is clear that both the weight 
and the cost of a motor of given output will depend not solely on 
the output, but on the ratio of the output to the speed. In the 
following table are given the approximate weights and prices of 

motors for various values of the ratio , 

revs, per min. 


bh.p. 

revs per mm. 
W’eignt, in 
owt. 

Price, in £ 


0 001 0-002 0'006 0-01 0-02 0'05 0-1 0 2 0*3 0 - 6 ', 0-75 1*0 1*2 1-4 1*6 

2-2 2 7 3-7 6-2 8*0 16 80 64 71 96 124 162 166 180 194 

16 22 31 39 63 86 133 220 284 372 460 616 647 670 600 


The weights and prices given in the above table are for motors 
with wound rotors, mounted on foundation rails. Squirrel-cage 
motors are from 25 to 10 per cent, cheaper, the difference of price 
decreasing with increase of output. 

If we consider merely the weight of the active materials, we find 
that the ratio of the weight of active iron to that of copper varies 
from about 3 to about 2, decreasing with increase of output. 
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§ 78. Alternator used as Motor. Synchronism 

A BiKaLB-PHASB altematoi is, like a continuoas-current dynamo, a 
reversible machine — i.e. it is capable of being dri/ven as a motor when 
supplied with alternating currents. The possibility of using a single- 
phase alternator as a motor is immediately obvious. For, during the 
rotation, each annattire conductor comes alternately under cover of 
poles of north and south polarity. If, then, we send cuirent impulses 
through the armature winding so timed that they always give rise 
to a driving torque, a series of impulses will be communicate to the 
rotor, and the effect will be the same as that of a steady driving 
torque whose value is equal to the mean value of the fluctuating 
torque due to the current impulses. Since these current impulses 
must obviously alternate in mrection, a reversal of current taking 
place in an armature conductor as it passes from a field of one 
polarity into a fid.d of opposite polarity, it is evident that they will 
constitute an alternating current. We thus see the possibility of 
communicating a driving torque to the machine by sendmg an alter- 
nating current of suitable frequency through its armature. The 
frequency of this cuixent must obviously be the same as that of the 
e.m.f. generated in the annature coils. Hence the frequency of 

the alternating cmrent which drives the machine is equal to P x 

oO 

where P = number of pairs of poles and m = revs, per min. The 
corresponding speed of the alternator is known as the syTichronous 
speed, or speed of syriehronism, and it is evident that an alternator 
is only capable of running as a motor at this particular speed. 

A polyphase alternator may also be used as a motor. This is 
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at once eyident from the fact that the polyphase alternating currents 
flo'wing in the armature mndings give rise to a rotating field, and 
if we imagine the magnet wheel to be rotating at the same speed — 
that of syTUilwonim — and to be suitably placed relatively to the field 
due to the armature currents, a driving torque will be exerted on it. 
As in the case of a single-phase machine, a polyphase synchronous 
motor is only capable of rnTniing at one particular spe^— that of 
synchronism. For otherwise we should get an irreguhtr succession 
of driving and retarding impulses, whose mean algebraic value 
is zero. 

Another way of regarding such a polj^hase motor is to consider 
each armature phase as actmg independently, and giving rise to a 
fluctuating driving torque, such as we get in a single-phase machine. 
The fluctuating torques due to all the phases become fused into a 
single steady driving torque. 

On account of the fact that alternators, whether single- or poly- 
phase, when used as motors are only capable of rnnning at one 
particular speed — that of synchronism — ^they are termed synchronous 
motors. 


^ 79. stability of Synchronous Motor 

We have assumed the alternating current to be so adjusted as 
to give rise to the necessary value of the driving torque required 
to overcome all the resistances to the motion. We shall now show 
that when a motor is so ruTmiTig, with a definite p.d across its 
terminals, it is in a condition of stability — i,e. any tendency on the 
part of the motor to run faster or slower, due to a decrease or increase 
of load, is automatically checked by a suitable change in the magnitude 
and phase of the current. 

It is obvious that in order to provide the necessary driving torque, 
the succession of impulses contributed by the current in any one 
phase need not necessarily be of the same sign ; we may, for example, 
have each large driving impulse succeeded by a smaller retarding 
impulse, so that there is, on the whole, a preponderance of driving 
impulses, and a resultant mean driving torque. Such a succession 
of alternate impulses will occur if the reversal of current does not 
take place at &e precise moment when an armature conductor is 
passing from a field of one polarity into a field of opposite polarity ; 
and corresponding to each wave of current there will be four- im- 
pulses — two large driving ones and two small retarding ones. 

Let us suppose that the p.d. across the armature of the synchronous 
motor and the exciting current supplied to its field are maintained 
constant. Let V = p.d., E = open-circuit e.m.f. corresponding to 
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given exciting current, and I = armature ciprent per phase. In 
what follows, we shall consider the action of one phase only, so that 
the reasoning wiU apply to both single- and poly-phase motors. 

Let, in Eig. 113, OV = Y denote the p.d., and OE = IJ the e.m.f. 
induced in the armature winding. The vector resultant of these two, 

OE, gives the e.m.f. available for over- 
coming the armature impedance. The 
current is represented by 01 = I, 
and lags behind OE by an angle 

, . , armature reaotaaice ^ 

togeat = 

If or = projection of 01 on OV, and 
or' = projection of 01 on OE produced 
backwards, then V X 01' ( = VI cos 
/lOV) represents the total electrical 
power supplied to the motor (exoitc^- 
tion not included, of course), while 
E X 0I"( = EI cos 0) represents that 
portion of the total power which 
undergoes conversion into mechanical 
power. 

If the load is suddenly decreased, 
acceleration begins to take place, and 
the vector OE swings forward (i.e, in 
a counter-clockwise direction) gradu- 
ily gaining in phase on OY. The effect of this is to reduce OR, 
and so to reduce the current 01 in the same ratio. The driving 
power t ® ^ 01 is thereby decreased, and this decrease will go on 
until the driving power becomes equal to that required to deal with 
the decreased load. 

The opposite effect takes place with a sudden increase of load. 
Ihus the cimeut taken by the motor automaticaUy adjusts itself, 
both as regards magnitude and phase, to the exact value required ; 
hence the motor is running under stable conditions. 


otor Diagram of 
ouB Motor. 
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§ 80. Magnitude and Phase of Current for 
Various Conditions of Load. Overload Capacity 


By assuming various positions for OE relatively to OV, we can 
determine the load with which the motor is capable of dealing for 
each position of OE^ and the magnitudes and phase relations of 0£ 
and 01 relatively to OV. This might be done graphically, but more 
accurate results may be obtained by calculation, as follows : — 

If 6 = angle by which the motor e.m.f. is in advance of the p.d., 
r e* resistance, and cSL « reactance of armature, then we have — 


OE = (V* + E» + 2VE cos 0)i 

j OE 

“ 

E . a 

sin a =5 ^ sm 0 

^ = tr — ^0 4* tan“^ ^ = tt — tan“^ ^ — (0 — a) 

driving power *= El cos ^ 


( 1 ) 

( 2 ) 

(3) 

.( 4 ) 

( 5 ) 


The above five equations enable us to find the values of I and 
the driving power for various values of 0 ; Y and E being maintained 
constant. 

For given values of V and E, the relations connecting 0 and I, 
and 0 and driving power, may be graphically exhibited by means 
of curves. Such curves have been plotted in Kgs. 114 and 116, for 
the case of a motor whose armature has a resistance of 0*2 ohm, and 
a reactance of 2 ohms, the p.d. being maintamed constant at 1000 
volts throughout. The different curves relate to different values of 
the motor e.m.f., i,e, to different excitations. The ascending portions 
(shown dotted) of the power curves in Fig. 116 correspond to a con- 
dition of instability. For, let us suppose that the motor is running 
under conditions corresponding to a point on the dotted branch of 
one of the power curves, and let there be a slight increase of load. 
This will cause a retardation of the rotor, i,e, a decrease of 0 — the 
angle by which the motor e.m.f. is in advance of the p.d. Now, along 
the dotted branch of a curve a decrease of 0 vrill be accompanied by 
a decrease of driving power, so that the retardation will go on, and 
the motor will drop out of step. On the other hand, if we suppose 
a slight decrease of load to take place, acceleration vrill result, 
0 increasing, and vrith it also the driving power, so that the accelera- 
tion will go on until the top of the curve is passed, and some point 
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on the stable descending branch is reached. Along any descendmg 
branch, the condition of stability is satisfied, a momentary retardation 



114.~yariaticm of Ourrent with Angie of Adyanoe of Motoz e.m.f. 

resulting in an increase of driving power, and a momentary accelera- 
tion in a decrease. The conditions represented by the dotted branches 



Pig. 115. — ^Belation oonneoiing Briying Power with Angle of Adyanoe of Motor e.m.f. 
of the power curves could therefore exist only momentarily — as, 
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when, owing to an extremely heavy overload, the motor is caused to 
drop out of step. The values of the armature current corresponding 
to unstable conditions of running are also shown dotted in the current 
curves of Fig. 114. 

The power curves of Fig, 116 show very clearly that corresponding 
to each excitation (or each value of the motor e.m.f.) there is a certain 
maximum load — ^represented by the top of the curve, where it becomes 



Fia. lie.^Ooimeotion between Exoltation and Oyerload Oapaoit^r. 

horizontal, and where the stable descending branch passes into the 
unstable ascending one — beyond which the motor will refuse to run. 
This maximum load is seen to increase with the excitation, and the 
relation connecting the maximum load with the motor e.m.f. is repre- 
sented graphically in Fig. 116. From this it will be seen that if a 
large overload capacity is desired, the motor e.m.f. should have a 
relatively large value.* 

* If the excitation is inoreased indefinitely, then beyond a certain yalue the over- 
load capacity demasea with further increase of excitation. Tho value of the excitation 
corresponding to this is, however, so great as to be practically unrealizable under 
ordinaij conations of working. 
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§ 8i. V-Curves of Synchronous Motor 

By asBtuning 6Uiy constant value for the load, and Rawing a 
straight line such as AB in Kg. 116 corresponding to this load, we 
can determine, &om the intersections of this Une with the consecutive 
power curves, the values of d corresponding to various motor e.m.f.a. 
By then referring to the curves of Fig. 114, we can find the values of 
the armature current corresponding to the different values of 0, and 
so obtain the relation connecting the armature current with the e.m.f, 
when the load is maintained constant. One such curve, correspond- 
ing to a load of 260 k,w., is shown in Fig. 117. It will be iiotioed 
fliat with this load the motor will not run at alj unless its excitation 
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is such that the e.m.£ exceeds about 600 volts. As the exciting 
current increases, the armature current decreases to a minimum value, 
and for still higher excitations again increases. This variation of the 
armature current with varying excitation is an important characteristic 
of the synchronous motor, &st pointed out by Mr. Mordey.* The 
variations in the armature current for a given range of variation in 
the excitation are greater at lighter loads, and the curve obtained 
when the motor is running light is more nearly V-shaped than that 

• Journal of the Institution of JEleetrioal Engineers^ Tol. xni. p 128. 
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ahown in Eig. 117. On account of their shape, these curves of a 
synchronous motor are frequently spoken of as its V-curves. The 
dotted branch represents conditions of instability. 


§82. Condenser Action of Over-excited Synchro- 
nous Motor. Use of Synchronous Motor as 
Compensator 

A reference to the vector diagram of Fig. 113 shows at once that 
when 9 and ^ are known, we can find the angle VOI ss since 
s= tt - (fl + ^). Now, ^ is the angle by which the armature 
current lags behind the p.d., so that cos \p gives us the power factor. 
By once more making use of the power curve of Fig. 116, and equations 
(1), (3) and (4) of § 80, we can determine the relation connecting motor 
e.ra.f. with the angle ip for a constant value of the load. We then 
find that for small values of the e.m.f., ip is positive — i e, the current 
lags behind the p.d.; as the excitation is increased, ip decreases, 
reaching a zero value (corresponding to a power factor of unity) 
when the armature current is at its minimum, and beyond tins 
point it assumes a negative value, corresponding to a leading current. 

A strongly excited synchronous motor thus behaves as if it possessed 
I capacity. 

The fact that by sufficiently increasing the excitation of a 
synchronous motor it may be made to take a large leading current, 
has been practically applied in a number of instances, notably in the 
United States. In cases of power transmission over long distances, 
the load has not unfrequently a comparatively low power factor, so 
that a large lagging current has to be transmitted along the line. 
Not only does tins reduce the eflSoienoy of transmission, but — a more 
important matter— it causes a large drop along the line, rendering 
satisfactory regulation very diflacult. The regulation might be im- 
proved by using larger generators at the generating station. But a 
cheaper solution of the problem has in some cases been fomd by 
installing a synchronous motor at the receiving end of the line, the . 
excitation of the motor being adjusted so that the leading current , 
which is taken by it exactly balances the lagging current taken by , 
the load. The wattless cuirent is thereby entirely confined to the 
local circuit formed by the synchronous motor and the load, while 
the line current is in phase with the p.d. at the receiving end of the 
line. The synchronous motor here plays the part of a compensator 
for the wattless current of the load. 
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§ 83 . Hunting of Synchronous Motor 

A troxible which sometimes arises in connection with STnchronous 
motors is that of hunting^ or phase-swingiTig, By this are meant the 
persistent periodic fluctuations in the speed and armature current of 
the motor which are observed under certain conditions. It is not 
difficult to see how such fluctuations may be started. Let ns suppose 
that the generator supplying the p.d. runs at an absolutely uniform 
speed, so that the vector OY of Fig. 113 has a perfectly constant speed. 
liOt the motor be also running at a steady speed under a constant 
load, the angle Q remaining constant. Suppose now that a sudden 
change of load takes place — say an increase. A momentary retarda- 
tion of the motor results, and thia retardation will go on until the 
increase in the driving torque (or the driving power), consequent on 
the decrease of fl (see power curves, Fig. 115), becomes equal to the 
increase in the resisting torque due to the larger load. When the 
retardation * ceases, however, the motor is running at a lower speed 
than that of synchronism. Hence 0 will go on decreasing ; the driving 
torque wffl accordingly increase above the value required to overcome 
the resisting torque, acceleration will take place, and the speed of the 
motor win increase ; when the speed of synchronism is readied, 6 will 
cease to ‘decrease, t and will then begin to increase, since acceleration 
is still taking place. ^ The vector OE (Fig. 113) now gains on OV. As 
fl increases, the driving torque decreases, and at a certain stage 
becomes equal to the resisting torque. Acceleration now ceases ; but 
at this point the motor is running at a speed above synchronism, so 
that fl will go on increasing, and the driving torque decreasing : 
retardation takes place and synchronous speed is reached, when fl' 
becomes a Tnfnrimum. Further retardation now takes place, fl begins 
to decrease, and so on. 

We see, then, that any sudden change of load will cause the speed 
Q and the current taken by it to undergo fluctuations. 

Such fluctuations would be indicated by an ammeter in the arma- 
ture circuit. The irregular motion of rotation which causes the 
Actuations may be regarded as consisting of a uniform motion 
of rotation at synchronous speed, combined with a to-and-fro or 
pend^ motion. The pendular motion is, m the vector diagram of 
F^. 113, represented by the swaying to and fro of the vector OE 
relaCely to the vector OV. Under ordinary circumstances, the 
pendular motion will die out after a time, owing to the resistances 

• Uetardation = rate of deoreafie of angular velooity. 
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encountered by it; these resistances are due to Motion, hysteresis, 
and eddies.* 

A sudden change of load is thus seen to start oscillations, which 
become superposed on the uniform rotation of the motor. There are, 
however, other ways in which such oscillations may be started. Let, 
for instance, the load remain quite constant, but let the speed of the 
generator supplying the p.d. undergo a sudden increase. This corre- 
sponds, in the vector diagram of Fig. 113, to a sudden advance of OV 
towards OE (i.«. to a decrease of 0), and it is evident, from what has 
already been said, that this will start oscillations. 

Again, a sudden change in the exciting current of either generator 
or motor will have a similar effect. 

It must be clearly understood that the oscillations under considera- 
tion are very slow in comparison with the frequency of the alternating 
current which drives the motor. The vector diagram of Fig. 113 has 
to revolve a considerable number of times before a single to-and-fro 
oscillation of OE relatively to OY is completed. Hence it is that such 
oscillations are readily observed on the ammeter, whose pointer sways 
to and fro in time with the oscillations. 

As already mentioned, oscillations started by any sudden disturb- 
ance, such as those we have considered, will gradually subside, their 
energy becoming dissipated by Motion, hysteresis, and eddy currents. 
If, however, before the oscillations have been damped out a fresh 
disturbance arises, of such a nature as to reinforce the already exist- 
ing oscillations, then their amplitude may be considerably increased. 
With a rapidly and suddenly fluctuating load on the motor, or a 
generator whose speed fluctuates regularly during each revolution, the 
disturbances will be repeated at intervals, a fresh disturbance starting 
new oscillations before those due to the previous disturbance have 
been damped out. Now, in general, the interval between two dis- 
turbances will not bear any definite relation to the natural period of 
the oscillations ; as a result, the disturbances will act in su^ a way 
that sometimes they re-inforce the existing oscillations, while at other 
times they weaken them. An ammeter in the circuit will show this 
effect very clearly ; its pointer sometimes swinging violently — showing 
that the disturbances are re-inforcing the natural oscillations — while 
at other times it remains nearly stationary. ^ 

A particularly troublesome condition arises when the disturbances 
have a definite period not differing greatly from the natural period of 

* The friotional, hyetereBia, and eddy-ourrent losaes here referred to are merely the 
additional losses brought alwnt by the oBoiUattons of the rotor, and must be carefully 
^tinguished from the ordinary losses of this nature which are due to the rotation at 
constant angnlar speed. Any change in 6 causes a shifting of the flux across the pole- 
face, BO that as 0 oscillates the magnetic flux sways to and fro across the pole-piooes, 
giring rise to additional hysteresis and eddies, over and above the normal loPiui« occurring 
when 0 has a constant value. 
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oscillations. The time during which a series of reinforcing 
disturbances is received may then become so considerable, and the 
amplitude of oscillation of 0 may increase to such an extent, as 
"ultimately to carry it beyond the top of the power curve (Fig. 116), 
into the region of instability, when the motor will “topple over,” 
dropping out of synchronism. 

One of the most troublesome consequences of the pendular motion 
"we have just considered, which is variously known as “ hunting,” 
** pumping ” “ surging,” or “ phase-swinging,” are the comparatively 
large fluctuations in the generator p.d. caused by the current 
fluofeations. If the generator supplying the motor is also used for 
feeding incandescent lamps, the hunting of the motor will cause the 
brightness of the lamps to vary periocScally, rendering the lighting 
extoemely unsatisfactory. 

§ 84. Prevention of Hunting: 

One method of reducing the amplitude of the oscillations is 
Immed^ely suggested by an inspection of the power curves of Fig. 
116. IrOm these power curves it is evident that a given change 
of torque will be obtamed with a smaller change of 0 when the field 
is strong than when it is weak. Thus the "use of strong fields is 
favourable in checking hunting. 

A, highly effective and largely used method of preventing hunting 



Fio. 118. — Damping Grids fitted to Alternator Poles. 


and its troublesome acoompammenta is that in which special devices 
known as “damping cofls” or “dampers,” are employed to dissipate 
the energy of the oscillations. 

One of the earliest forms of damper consisted of a solid band of 
copper closely sunuunding the top of the pole-piece. This device 
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was not very effective, as it is merely capable of resisting a change in 
the total flux — i.s. fluctuations in the demagnetizing effect of the 
armature current — ^but offers no resistance to the periodic distortion 
of the field, or the swaying of the flux inside the pole-piece 
(corresponding to fluctuations in the cross-magnetizing effect of the 
armature current). 

A more effective form of damper is that illustrated in Kg. 118. 
It consists of a regular grid of copper embedded in the pole-piece, the 
outer bars forming a closed band around the pole-piece. 

Leblanc’s damper (“ amortisseur ”) is shown in Fig. lli). A series 
of thick rods of copper is embedded in each pole-shoe, and these rods 
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Fig. 119.— Leblano’B “ Amortisfleur,” 

are connected at each end by heavy rings of copper. The system 
practically forma a squirrel-cage rotor ’vvinding like that used in 
induction motors, and any oscillations of the flnx relatively to the 
field-poles are damped so powerfully that the arrangement is capable 
of preventing hunting even in the most troublesome cases. 

§ 85. starting of Synchronous Motor 

In starting a single-phase synchronous motor, it is necessary to 
run the machine up to the speed of synchronism — ie, up to the 
speed at which the frequency of the motor e.m.f. equals that of the 
supply p.d. — and to adjust the phase of the motor e.m.f. so that it is 
in opposition to the p.d. The excitation is conveniently adjusted to 
such a value as to moke the e.m.f. equal to the p.d. At the instant 
of closing the armature switch, no current wiQ in tihat case^ pass 
through the armature. If the supply of power to the auxiliary 
motor used in sttulimg up the synchronous motor be now cut off, 
the motor will begiu to undergo retardation, and receive power 
as already explained (§ 79). The load may now be put on, and 
the excitation adjusted to correspond to minimum armature current — 
i,e, to Tnayimum power factor. 
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The auxiliary motor employed in. starting up the synchronous 
motor may be either an induction motor having a smaller number 
of poles than the synchronous motor, so that it is capable of running 
up to a speed slightly above the synchronous speed of the main 
motor, or it may be the exciter used as a continuous-current motor, 
and supplied with continuous current from any available source. 

^ The operation of running the motor up to synchronous speed 
and phase opposition of its e.m.f. relatively to the p.d. is termed 
symlironization. The operation of synchroniziug will be considered in 
detail in connection with the parallel running of alternators (§ 86). 

Polyphase synchronous motors may also be started and synchro- 
nized by means of suitable auxiliary motors, A polyphase synchronous 
motor may, however, be made self-starting by providing its field with 
a squirrel-cage winding,* as shown in Kg. 120. A number of copper 

bars are threaded through slots in 
the pole-shoes, and are on each side 
bolted to copper ringa The ar- 
rangement resembles the squirrel- 
cage winding of an ordinary in- 
duction motor, except that there 
are gaps (in the interpolar spaces) 
between the consecutive groups of 
conductors embedded in the pole- 
shoes. When an alternating p.d. 
is impressed on the armature, the 
motor starts as an induction motor, 
and gradually gains speed. As the 
polar regions of the armature core 
sweep past the pole-shoes of the 
field, the latter experiences an 
alternately accelerating and re- 
tarding torque, due to the fact 
that each field pole-shoe tends to 
approach the nearest armature pole.t Hence superposed on the 
driving torque due to the squirrel-cage vrinding we shall have an 
alternating torque caused by the fact that the field has well-defined 
projecting or salient poles. So long as the speed of the field falls 
considerably below that of synchronism, the effect of this alternating 
torque is slight, as each half-wave of torque is of comparatively short 
duration, and the corresponding impulse (mean torque x time) is 
insufficient to alter the speed materially. But as synchronism is 
approached, the impulses due to the alternating torques greatly 

♦ The Meotrio Journal, vol. vi p 347 (1909). 

^ t No fippreoiable effect of this kind would take place with a cylindrical typo 
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Bm. 120. — B^eld Oonstinctioii of Self- 
fltaiting Polyphase BynohronoiiB Motor. 
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inorease iu value, and oscillations are superposed on the uniform 
motion of rotation of the field. Finally, at a certain speed a driving 
impulse becomes powerful enough to pull the field into synchronism, 
after which synchronous rotation is maintained. The field current 
may then be switched on. 

In order to prevent the induction of a dangerously high e.m.f, in 
the field winding at starting, it is best to close this winding through 
a resistance. 

The sq[uiiTel-cage winding forms an excellent damping winding 
when the motor has run up to synchronism. 

A similar method of starting may be employed with polyphase 
synchronous motors which are not provided with any special starting 
winding, the starting torque being in this case due to eddy-currents 
and hysteresis, and being much feebler than in the case of a motor 
provided with a squirrel-cage starting winding. 

Since the polarity of the motor field after synchronism has been 
reached is uncertain, the field switch should be of the throw-over 
reversing type, and should be provided with auxiln^ or pilot contacts, 
so arranged that a sufiiciently high resistance is introduced into the 
field circuit when the pilot contacts are dosed. The effect on the 
armature current of closing these contacts is noticed ; if the armature 
current is increased by exciting the field through the pilot contacts, 
the field is excited the wrong way ; but if the armature current is 
decreased, the excitation is in the right direction, and the field switch 
may be pushed home so as to close the main contacts and cut out the 
resistance. 

A serious disadvantage of starting a motor in this m a nn er is the 
very large starting current required. In order to limit this, aut^ 
transformers are used, and in the case of large motors the p.d. is 
raised by several steps. 


§ 86, Paralleling: or Synchronization of 
Alternators * 


Alternators are capable of being run in parallel like continuous- 
current generators. In order to throw an additional alternator into 
parallel with a number of others, it is necessary to adjust^ its 
excitation, speed, and phase so that its e.m.f. is about equal to the 
bar p.d., is of the same frequency, and in phase ppposition to thep.d.T 


♦ See note at end of chapter. , , . 1. r j .'..of 

t I.«. 80 related to the p.d. that if the switch were closed ihe 
balance the p.d., and no onrrent wonld flow. Bnt since tte e m-f. md p d. both t a 
to send a current in the tame direction aronnd the eatemal arcuit, it “ 
of the p.d. and e m.f. as being in phase with each other (with iMpeot to t^ eit^al 
circuit); instead of in oppontion of phase (which they are when considered with 
referenoa to the local oirouit of the incoming machine). 
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This process of adjustment is known as paralleling or synch/roniza^ 
iion, and the instrument or coUaction of apparatus by means of which 
the proper phase relation is ascertained is termed a synchronizer. 

An arrangement of synchronizer connections suitable for a single- 
phase machine is shown in Eig. 121. The synchronizer consists of 
two small transformers and an incandescent lamp or voltmeter. The 
primary Pi of one transformer is across the 'bus bars, while that of 
the other — P 2 — ^is across the terminals of the incoming machine. The 
secondaries Si and S 2 axe connected in series with each other and 
with a lamp L (or voltmeter), the connections being so arranged that 



P10. 121. — Oonneotions of Synchronizer. 

when the e.m.f. of the incoming machine is in phase opposition to the 
’bus bar p.d., the e.m.f.s in the secondaries axe added, and the lamp 
L glows brightly.* The e.m.f. of the incoming machine is adjusted 
to the desired value by means of the voltmeter V. When the machine 
is first started, the e.m.f. in the Secondary Sa is very feeble and of low 
frequency, and the lamp L is barely aglow. As the amount and 
frequency of the e.m.f. in Sa gradually increase, very rapid fluctuations 
in the light of the lamp become noticeable, and as synchronous speed 
is approached, the frequency of the fluctuations is reduced, the lamp 
slowly passing from a brilliant glow to complete darkness, and then 
slowly lighting up again. These fluctuations ojoe easily explained by 
the fact that when the frequency of the e.m.f.s in Si and Sg is nearly, 
but not quite, the same, one of the e.m.f. vectors (in the vector 
diagr^ of e.m.f,s) slowly gains on the other, gradually passing from 
coincidence of phase to phase opposition, and then again to coincidence 

* In some instances, the oonneotions are arranged so that with phase opposition of 
the ’bns bar p.d. and the machine e.m.f. the secondary e.m.f.B oppose each other and 
the lamp L is dark. 
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of phase, and so on. The resultant e.m.f , represented by the diagonal 
of the parallelogram constructed on the two e.m.f. vectors as sides, 
will thus slowly fluctuate between a maximum and a zero value. 
When the pulsations are as slow as it is practicable to make them, 
and the lamp is at its maximum brilliancy, the main switch is 
closed. 

The lamp L forms a convenient visual signal for the engine-driver. 
In order to enable the switchboard attendant to ascertain more 
accurately the correct moment of closing the switch, a synchronizing 
voltmeter is frequently provided in addition to the lamp, the two 
being connected in parallel ; the switch is closed when the voltmeter 
gives its maximum reading. 

In Pig. 121 the primary Pi of the sychronizing transformer is 
shown permanently connected across the terminals of the incoming 
machine. In a large generating station it would not, of course, be 
necessary to provide a synchronizing transformer for each machine, 
as the same synchronizer could be used for several machines in 
succession as required, the transformer being switched off as soon as 
the main switch has been closed. In order to enable the same 
synchronizing transformer to be used for all the generators, a set of 
“ synchronizer *bus-bars ” is frequently provided. 

Such a synchronizer might ^so be used in connection with three- 
phase machines, the Primary Pi of the synchronizing transformer 
being connected across two of the 'bus bars, and the primary P2 across 
the two corresponding terminals of the incoming machine.^ 

A synchronizer of this form, although indicating any difference of 
frequency or phase, is incapable of showing whether the inco ming 
alternator is running above or below the speed of synchronism. 
Arrangements for doing this are provided in the more elaborate types 
of synchronizer. 


§ 87. Everett- Edgcumbe Rotary Synchronizer 

The principle underlying the action of this instrument is as 
follows. Imagine a small induction motor, whose stator and rotor 
are both provided with polyphase (two- or three-phase) windings, the 
rotor winding being connected to slip-rings. If polyphase currents 
of the savve frequency be supplied to stator and rotor, the magnetic 
fields due to them will revolve at the same speed, the rotor takiug up 
a position which gives coincidence of the two fields, and remaining 
stationary. It is evident that any relative displacement of the fields 
will result in a couple tending to turn the rotor one way or the other 
according to the direction of displacement. If, therefore, we suppose 
the frequency of the rotor currents to be reduced below that of the 
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stator ciirrents, the rotor field will tend to lag behind the stator 
field, and the rotor will be pulled round by the stator in the direction 
of rotation of the stator field, so that the two fields will keep in step 
as before, the speed of rotation of the rotor corresponding to the 
difFerence of the speeds of the stator and rotor fields. Similarly, if the 
frequency of the rotor currents be increased above that of the stator 
currents, the rotor field will tend to gain on the stator field, and the 
rotor will be pilled lack by the stator field, so as to make both fields 
keep in step a.s before. The arrangement, therefore, furnishes an 
extremely accurate method of comparing two nearly equal frequencies, 
the rotor rotating one way or the other according as the frequency of 
the rotor currents is below or above that of the stator currents, 
and its speed of rotation being directly proportional to the frequency 
difference. 

The stator and rotor cores of the Everett-Edgcumbe rotary 
synchronizer are shown at the top of Fig. 122. The two-phase 
currents for the four-pole rotor are obtained by adopting the arrange- 
ment of connections shown in Fig. 123. It will be seen that the two 
phases are connected in parallel across the mains,* the necessary 
phase difference being obtained by the insertion of a high non- 
inductive resistance (an incandescent lamp) in series with one phase, 
and a high reactance (a choking coil) in series with the other.f The 
core of the choking coil is shown in the middle of Fig. 122. The 
rotor runs in ball bearings, and a pointer attached to it, and arranged 
to move over the face of the dial-plate, as shown in Fig. 124, indicates 
by the direction and speed of its rotation whether, and by how much, 
the incoming machine is running fast or slow. The proper time of 
closing the main switch is when the pointer is vertical and stationary, 
or moving with extreme slowness. 

A very useful feature of this instrument is the ingenious visual 
engin^driver’s signal. In the upper part of the dial-plate, Fig. 124, 
is a circular oj^ning, behind which is placed an incandescent lamp. 
In front of this lamp, and immediately behind the dial-plate, is a 
pivoted vertical aluminium swing-plate of the shape shown in the 
lower part of Fig. 122. This plate is fitted with two coloured trans- 
parent screens, a red and a green one, and is free to swing to one side 
or the other, so as to place one or other of the screens in front of the 
lamp. A red light indicates to the engine-driver that his engine is 
running too fast, a green light that it is running too slowly. The 
motion of the plate is limited by means of a fl -shaped block of brass 

oonneotions are, however, niEide through two flynohrouizing tranBformera, oue 
for the 'bua bars and the other for the incoming maohine. 

t The four-pole stator is provided with a single-phase winding. The interaction 
between the rotor and stator will be readily nnderstood by snpposing the siDgle-phase 
or osoillating stator field replaced by two oppositely rotating fields (§ 21), 
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attaclied to the back of the plate (Fig. 122), whioh embraces a circular 
strip of brass (shown dotted in Fig. 122), whose ends are bent so as 



Fig. 128. — CIOBixeotioiis of Eotary Synchronizer. 


to form two stops. This strip is more clearly shown to a larger scale 
in Fig. 126 ; it is screwed to the heavy brass plate which contains 
the front ball bearing of the rotor. The mechanism which throws 



Fig. 124. — Dial-plate and Pointer of Botary Synchronizer. 

the swing-plate against one or other of its stops will be understood 
by reference to Fig. 125. Mounted loosely on the rotor spindle is a 
striker-plate (this is also shown dotted in the lower part of Fig. 122) 
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pawl is provided with a pin, which, in the extreme position of the 
Btriker-plate, comes into contact with a cam-plate, thereby lifting the 
pawl out of the notch in the disc and allowing the disc to revolve 
without carrying the striker-plate beyond that position. In Kg. 126 
the striker-plate is shown in the halfway position ; but as soon as the 
rotor begins to move, the striker-plate will be thrown to the right or 
left, according to the direction of rotation, and will communicate its 
motion to the swing-plate. 

When this synchronizer is used on a three-phase circuit, its stator 
is connected across two of the 'bus bars, and its rotor across two of 
the terminals of the incoming machine.* 

§ 88. Siemens and Halske Three-phase 
Synchronizer 

Messrs, Siemens and Halske have introduced a form of synchro- 
nizer for three-phase machines which is used very largely. The 
principle of this synchronizer will be understood by reference to Pig. 
126. Let OA, OB, 00 be the secondary windings of a transformer 
whose primaries are across the 'bus bars, and OA', O'B', O'O' the 
secondary windings of a transformer whose primaries are across the 
terminals of the incoming alternator; the connections being such 
that when the machine is ready to be switched in, the e.m.f.s in OA 
and O'A', OB and O'B', and 00 and O'O' respectively, are in phase 
with each other. In that case, it is evident, there will be no p.d, 
between A and A', B and B', and 0 and O', so that three lamps 
connected between these pairs of points would all remain dark. If 
the inconaing machine were running at a speed either slightly below 
or slightly above synchronism, the lamps would periodically and 
smuUamoibsly brighten up and grow dark. 

Let us ne^ suppose that one lamp is connected between A and 
A', another between B and O', and a third between 0 and B', as 
shown in Fig, 126. For the sake of simplicity, we may suppose the 
neutral points 0 and 0' of the two secondaries connected together. 
Let in each case the instantaneous value of the e.m.f. be reckoned 
positive when acting away from the neutral point. Then for any 
phase relation of the secondary e.m.f.s, the e.m.f. acting around the 
entire circuit which contains any lamp is clearly the vectorial 
difference of the e.m.f.s in the two phases of the star-connected 
windings on either side of the lamp; thus, the e,m.f. acting around 
OAA'0'0, the circuit which contains the lamp Li, is the vectorial 
difference of the e.m.f.s in OA and O'A' ; similarly for the remaining 
lamps L 2 and La. Consider now the instant at which all the e.m.f,s 

• See Appendix VII, for defloription of Weston Synch rosoope. 
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are in phase, as shown by the vector dia^ams (a) and (6) in Fig. 127. 
The vector diiBference of OA and OA' is clearly zero, so that Li is 
dark. The vectorial difference of OB and 0^0^ is OL 2 , as shown 



Fig. 126.— Three-phase Synchronizer. 

in the vector diagram (c), and the vectorial difference of 00 and O'B' 
is OLb in diagram (d). It is thus evident that since OL 2 = OLs, the 
lamps L 2 and Lg will be partly incandesced. Thus at the proper 
instant for closing the switch Li is dark, while Lg and La ar© eq^ually 
bright, but duller than when fully incandesced. 






Fig. 127. — To explain Principle of Three-phaso Synchronizer. 


Let us now consider the changes which take place when the 
incoming machine is running below the speed of synchronism, so 
that the three vectors of the diagram (b), Fig. 127, gradually lag 
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behind those of diagram (a). It is evident that as the lag increases * 
the vector difference of OA and OA' increases, the lamp Li beginning 
to glow. At the same time, the vector difference of OB and O'O' 
decreases, owing to the increase of the angle BOO' in diagram (c ) ; 
the lamp La therefore grows duller. Lastly, the vector difference of 
00 and O'B' increases, owing to the decrease in the angle 00 B' in 
diagram {d)y hence the lamp Ls ^ows brighter. Thus Li begins to 
glow, Lb approaches maximum brightness, while La grows less bright. 
This goes on until the vector O'B' in (6) comes into phase opposition 
with 00 in (a), corresponding to a lag of 60° ; at this instant, Lb is at 

its maximum brightness, while Li and La 
are both equally bright, but much below 
maximum brightness. After another in- 
crease of 60° in the lag, O'O' comes into 
phase coincidence with OB, and La is 
dark. A further increase of 120° in the 
lag will bring O'B' into phase coincidence 
with 00, and La wiU become dark. 

We thus see that when the machine is 
r unn ing too slowly, the lamps darken and 
brighten in the order Li, L 2 , La- Similarly, 
it may he shown that when it is running 
too fast, the order of brightening or extinction is Li, Lb, La. 

Hence, by noticing the order in which the lamps go out we can 
ascertain whether the speed is too low or too high. In order to 
make this observation as easy as possible, the lamps are in practice 
mounted at the comers of an equilateral triangle, as shown in Fig. 
128. The light wiU appear to travel round the triangle, counter- 
clockwise if^e speed is too low, clockwise if it is too high. 

In addition to the lamps, two voltmeters are generally provided : 
one for adjusting the e.ra.f. of the incoming machine to the required 
value, and the other for ascertaining the exact instant of phase 
opposition with greater accuracy than is afforded by the darkening of 
the top lamp. 

WTien synchronizing large alternators controlled by oU-insulated 
switches which are operated by solenoids or motors, it must be care- 
fully borne in mind that such switches do not act instantly, but have 
a certain time lag, and due allowanoe for this must be made in the 
process of synchronization. 

* The yeotors are supposed, as usual, to rovolre so that a lag of (h) 

relatively to (a) uuplies a olockvjise rotation of (&) rdativdy to (a). 


© 
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Fia. 128.— Showing Arrange- 
ment of Lamps of Three- 
phase Synchronizer. 
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§ 89. Parallel Running of Alternators. Starting 
of New Machines 

Let us suppose that an alternator has been duly synchronized and 
switched into parallel with other machines. By increasing the 
supply of power to the engine driving the alteiv 
nator, it may be made to take part of the load. 

The phase relation of the alternator e.m.f. to 
the curi'ent and the 'bus bar p.d. is determined 
by (1) the mechanical power suppKed to the 
alternator, and (2) the excitation. 

In Pig. 129 is given a vector diagram — 
similar to that of Pig. 113 — showing the connec- 
tion between the e.m.f., p.d., and current, and 
their phase relations. OV, as before, denotes 
the p.d., V ; OE the e.m.£, E ; OR the impe- 
dance drop in the alternator armature, and 
01 the current, which lags behind OR by an 

angle tan-^^—. The total electrical power j 

developed by the alternator is given by E x 01", 
while the useful power transmitted to the ’bus 
bars is V X 01', 

By assuming different values for the angle 0, 
and supposing E to be constant, we can find the 
relation connecting 0 with the useful or the 
total electrical power. This relation may be Fio. 129 .— Vector 
plotted in the form of a onrve. Corresponding 
to each value of tbe exciting current, or to 
each value of E, we can find such a power curve. By this means a 
series of power curves si m i l ar to those shown in Pig. 116 for a syn- 
chronous motor may he obtained. Prom these curves we see that, 
within the limits of stability, an increase of 0 results in an increase 
of power. If the torque exerted by the engine fluctuates during each 
revolution, it will tend to set up oscillations such as those we have 
already considered in connection with the running of synchronous 
motors. Any tendency towards hunting or phase-swinging may be 
counteracted by the use of damping circuits or of sufficiently heavy 
fly-wheels. 

In order to test the connections of the synchronizer and those of 
the armature coils of a newly installed alternator, a good plan is to 
couple this alternator in pardlel with another which is not running, 
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and to start both machines very slowly and simnltaneonsly. Any 
error in the coupling of the armature circuits of the new machine will 
cause the circuit-breakers between the machines to open, while an 
error in the synchronizer connections will cause this instrument 
to give wrong indications when the machines are running smoothly 
in parallel. 


Norm ON Stnohbonization of Labqbi Altbbnatobb. 

When alternators of large size are being syncbronizod, serious damage to the pro- 
jootlnp ends of the ooilB may be done if the paralleling switoh is not olosed at precisely 
the right moment; since the momentary interchange of current is sufficient to call 
into play enormous meohauical forces tending to bend and crush the projecting coil ends 
(even if these ore meohauioally supported). In order to obviate all risk, it is advisable 
to use the method proposed by M. Brooks and M. K. Akers.* This consists in inter- 
posing a (coreless) Poking or reactance coil between the ’bus bars and the incoming 
machine, the reactance of the coil being large enough to prevent serious damage 
should the switoh be closed at the wrong moment, but small enough to take sufficient 
current to pull the machine into phase. The choking coil may bo connected between 
the *buB bars and the incoming machine either directly or through transformers. The 
cost of such a ooU would not amount to more than about 1 per cent, of the cost of the 
alternator. 

I 

* Prooeedinga of ilie American Institute of Electrical EngincerB, yo]. xxv, p. 439 


CHAPTEE X 

90. Bef^ulation of alternators and transformers — § 91. Behn-Esohenbnrg and Kapp's 
* method — § 99. Kapp’s diagram—^ 98. Algebraical method of determining drop— 
§ 94. Ilothert*B ampere^tum method—^ 05. Analysis of armatnre self-indaot- 
anoe into two components— § 96. Experimental determination of two components 
of armature reactance — § 97. Potier’s method of predetermining the regulation 
of an alternator— § 98. Numerical values of regulation. Saturation factor. 

§ 90. Regulation of Alternators and 
Transformers 

Olo; of the most important problems connected with the behaviour 
of an alternator or transformer is that of regulation. By this is meant 
the ability of the apparatus to maintain a more or less constant 
terminal p.d. with varying load. In the case of an alternator, the 
exciting current is supposed to be constant ; in that of a transformer, 
the primary p.d. is supposed constant. The regulation is generally 
expressed as the percentage rise of voltage from full load to no load. 
This rise depends very largely, as we shall see, on the nature of the 
load, i.e. on its power factor. 

In the case of an alternator, two different methods of specifying 
the regulation have been used. According to one, the regulation is 
defined as the percentage drop of voltage when full load is switched 
on, the exciting current being adjusted to give the normal p.d. on 
open drcfuit ; while, according to the other, the regulation is given by 
the percentage rise of voltage when full load is switched off, the value 
of the exciting current being such as to give the normal p.d. at full 
load. The second method of specifying the regulation is the one 
which has now come into general use. 

The regulation of either an alternator or transformer may he 
determined by direct experiment if a suitable load and a sufficient 
amount of power be available for carrying out the test. In many 
cases, however, the power available is insufficient. Some indirect 
mode of arriving at the regulation thus becomes desirable. Again, 
the indirect method of determining the regulation leads to much more 
accurate results in the case of transformers than could be obtained, 
under ordinary testing conditions, by a direct test, numerous 
attempts have been made to devise such indirect methods in con- 
nection with alternators, which present much more difficulty than 
transformers. 
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§ gu Behn-Eschenburg and Kapp’s Method 




The earliest of these methods is one which is equally applicable 
to alternators and transformers. Its application to alternators we 
owe to Behn-Eschenburg,* while Kapp t devised a similar method for 
transformers. In this method it is assumed that the apparatus under 
test behaves as if it possessed a definite constant resistance, and ah 
definite constant self-inductance, under all possible conditions of load.| ' 
These assumptions are practically correct in the case of transformers, 
but by no means so in the case of alternators. 

The values of the resistance and seK-inductance are determined 
by the shorUdrcuit test This consists in short-circuiting the apparatus 
— ^the armature of the alternator in the one case, the secondary of the 
transformer in the other — through an ammeter of negligible resistance 
and self-inductance, and adjusting the exciting current in the one 
cose, and the primary p.d. in the other, until the full-load current is 
obtained4 A second test, the opeii-mGiiit test, is then carried out. 
The apparatus is open-circuited, and a voltmeter connected across 
the armature in the one case, the transformer secondary in the 
other. The reading of this voltmeter is noted when the exciting 
current in the one case, and the primaay p.d, in the other, has 
the same value, as it, had in the short-circuit test. Then the ratio 
voltmeter reading in open-circuit test . 

ammeter reading in short-circuit test ® impe ance o e ap- 

paratus, and in 5ie method about to be explained this impedance is 
assumed to remain constant under all conditions of load. 

We have next to analyze the impedance into its resistance and 
reactance components. The resistance of the alternator armature will 
be approximately equal to its resistance as measured by means of 
continuous currents (owing to eddy currents, an apparent increase of 
resistance may be produced amounting, perhaps, to 20 per cent, in 
extreme cases). In order to find the equivalent resistance r of the 
transformer, § due to the resistances ri and of its primary and 
secondary respectively, we notice that, since for a given winding 
space and given mean length of turn, the resistance varies as the 
sgua/re of the number of turns, a resistance Vi in the primary is 

equivalent to a resistance in the secondary, Si and Ss denoting 

^hepiimary and secondary turns respectively. Thus the total equivalent 

resistance component of the transformer impedance is r 2 + • 

Electrician, vol. xxxv. p. 424 (1896). 
t Elektrotechnieohc ZeiUchfift, vol. xvi. p. 260 (1895). 

■ t See, however, § 101. 

§ Referred to iLn secondary circuit. 
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The reactance component is given by \/ (impedance)® — (resistance)®. 
Since the resistance component seldom exceeds of the reactance 
component, its exact determination — ^involving the allowance to be 
made for eddy currents — is not a matter of very great importance,* 
51 The best method of determining the total equivalent resistance of a 
f transformer is to measure the totSL power taken by it during the short- 
[ circuit test, and to divide this by the square of the secondary current. 

“ Having determined the (equivalent) resistance and reactance of 
our apparatus as explained above, we may construct the vector 
diagram connecting the constant open-circuit p.d, corresponding to 
any constant excitation (i.e. any constant value of the exciting current 
in the cose of an alternator, and any constant primary p.d. in the 
case of a transformer) with the terminal p.d. for a given load current 
of known power factor. Let us provisionally assume the terminal 
p.d. to be known, and to be represented by OA in Fi§. 130. Let ^ 
be the angle of lag (cos 0 = power factor of load) of the current 



Fia ISO.— Vector Diagram of Loaded Alternator or Transformer. 

behind the terminal p.d., so that 01 gives the direction of the current 
vector. We obtain the open-circuit p.d. (e.m.f. in case of alternator) 
by adding 'oectorially to the terminal p.d. OA the resistance drop 
rl = AB (which is parallel to the current vector 01) and the 
reactance ^op cuLI =» BO (this is perpendicular to OI).t We thus 
get the open-circuit p.d. 00. Instead of considering the resistance 
and reactance drops separately, we may consider the impedance drop 

* It may be noted that the alternator reactance here oonsidered is practically the 
toUH reactance of the armature (not merely its ledkage reactance, § 95), i.e, it ib 
practically identical with the value of the reactance which would be obtained if the 
(synchronously rotating) field were opon-oirouited and an altematmg p.d. applied to 
the armature from some external source ; whereas, in the case of the transformer, the 
reactance here considered is merely its leakage reactance, winch is enormously smaller 
than the total reactance (or the reactance obtained by open-circuiting the primary and 
applying an alternating p.d. to the secondary). 

t r = equivalent resistance, L = equivalent inductance, I = load current. 
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AO, whioli makes an angle tan 


-1 


with the current vector. By 

reversing the construction, we can easily obtain the terminal p.d.8 
corresponding to various load currents, as follows. With 0 as centre, 
and radius = constant open-circuit p.d., describe an arc. Draw OA 
to represent the direction of the terminal p.d, vector, and 01 to 
represent the direction of the current vector. From 0 draw a line 

making an angle tan with 01, and along it lay off OD to 

represent the impedance drop corresponding to the given current. 
Through D draw DO parallel to OA, and through 0 draw OA parallel 
to DO. Then OA «= OE gives the required terminal p.d., while EO 
represents the drop corresponding to the given ciirreii#(the percentage 

drop is 100 0 q)- It is evident from the diagram that the value of 


EO will, for a* given load current, depend very largely on and that 
when ^ assumes a sufficiently large negatwe value — i.e. when the 
current becomes a leading one, such as might be obtained with a 
condenser or over-excited synchronous motor (§ 82) in circuit — 
EO may become negative, the dfop becoming added to the open- 
circuit p.d. to give the terminal p.d. This happens when the angle 
which OD makes with OA becomes sufficiently obtuse to cause OA 
to intersect OA outside the circle. 


§ 92. Kapp’s Diagram 

The variation of the drop with varying power factor for a given 
constant value of the load current is best studied by the aid of a 
very elegant construction due to Kapp,* 

If the value of the load current remains constant, the vector OD 
in lig. 130 will remain of constant length. Let us assume the 
directions of 01 and OD as the fixed lines of reference in our diagram. 
As the power factor varies, the point 0 moves along the circumference 
of a circle having its centre at 0. Now, the position of A is obtained 
by displacing 0 through a distance OA equal and parallel to DO. 
But since DO remains fixed in magnitude and direction, it follows 
that the locus of A may be derived from that of 0 by displacing the 
latter through a distance equal and parallel to DO. It is thus 
evident that the locus of A is a circle whose centre is at D', as shown 
in Kg. 131, where OD' = DO. The angle lOA is the angle of lag. 
The diagram shows very clearly the rapid mcrease in the drop with 
increasing angle of lag, the drop being represented by the intercept 
ietween the two circles of the radius vector drawn from 0 to A.t If 

* Loo, eiU 

t When speaking of the drop in oonneotion with voltage regulation, we mean 
simply the aHthmoHoal difference between the open-oirouit p.d. and the terminal p.d. 
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the ctirrent is a Uadmg one, i.e, if OA falls helm 01, the drop 
steadily decreases with inoreasing angle of lead, vanishes at the 



Of 
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riQ. 131. — Espp’s Oonstniotion for Variation of Drop with Power Factor of load. 


intersection 0^ of the two circles, and beyond this point changes sign, 
becoming a rise instead of a drop. 


§ 93. Algebraical Method of determining Drop^ 

Although the graphical methods explained above are’ useful in 
exhibiting the relations connecting the various quantities in a manner 
which enables them to be more easily remembered than would be 
the case with a purely algebraical method, yet for the purpose of 



Fio. 132. — To illuBtrate Algebraical Method of dotormining Drop 

actually determining the drop a purely algebraical method is pre- 
ferable. Purely graphical methods are, in fact, incapable of giving 
very accurate results, unless the diagrams are drawn to an incon- 
veniently large scale, and with extreme care. It may be mentioned 
in this connection that the drop in Figs. 130 and 131 is greatly 

of the loaded apparatus ; we do nof mean the vectorial drop AO, whioh represents the 
voltage required to overoome the impedance of the apparatus. 
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exaggerated for the purpose of making the diagram clear, and that 
in actual practice the angle AGO, in the case of transformers, may 
be less than 1®. The value of the terminal p.d. OA is easily cal- 
culated from the known values of GO and AO, as follows : — 

In the triangle OAO, reproduced for the sake of clearness in 
Kg. 132, we have — 

/3 = tan-i^- ^ 


AO . o 


and — 


OA = . 00 = A 00 

8in p sin p 

These three equations enable us to find OA, and so to determine 
the percentage drop 100 • 


§ 94. Rothert’s Ampere -turn Method 

The method just explained yields very satisfactory results mth 
transformers, but in the case of alternators it is unsatisfacto:^, and 
can only be depended on in cases where the alternator field is weU 
below saturation. With a strongly saturated field, it yields excessive 
values for the drop, so that it is, ax; all events, a sa/e method, and 
has, for this reason, been termed iJie pessimistio method by Behrend. 
' A different method, involving the vectorial composition of ampere-- 
iwms instead of e.m.f/s, has^ been proposed by Eothert.* For the 
purpose of applying this method, two curves, the (^en-drcuit and 
the short-circuit curves or characteristics, are required. The open- 
circuit curve is the curve connecting the field current (or field 
ampere-turns) with the e.m.f. or' open-circuit p.d., while the short- 
circuit curve is the curve connecting the fidd current with the 
Bhor^-cirouit current. In the construction, it is immaterial whether 
we use field current or field ampere-turns, since the latter are pro- 
> portional to the former. The armature ampere-turns corresponding 
. ^ to a given current are taken to denote that value of the field ampere- 
turns which is necessary in order to produce a short-circuit current 
equal to the given armature current ; the a/rmatwre amp&re-twrns are 
’ thus dbtainaUe from the short-evreuit curve. 

When the armature current is in phase with the e.m.f., aimature 
"'i,' reaction consists of a cross-magnetizing or distorting effect pure and 
I simple ; a lagging current gives, in addition to the cross-magnetizing 

• WMroUiihniKht Zeitidhrift^ Yol xx. p. 619 (1899). 
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effect, a demagnetiriiig one, while a leading current gives a mag- 
netizing effect (§ 64). Hence Eothert, regarding the actual or effective 
amperc-tums (to which the terminal p.d. is regarded as due) as the 
vectorial resultant of the field ampere-turns and the armature ampere- 
turns, compounds these two vectorially, making the angle between 
the resultant and the armature ampere-turns 90® for zero phase 
difference, and 90® + ^ for a phase difference of ^ degrees, the + sign 
being taken for a lagging current and the — sign for a leading one. 

In this construction, ^ should, strictly speaking, be taken as the 
angle of phase difference between the current and the But 

since this angle is not known, we may, as an approximation, assume 
it to be equd to the angle of phase difference between the current 
and the p.d. The actusd diagram is then constructed as follows. 
Lay off OE (Kg. 133) to represent the direction of the resultant or 



effective ompere-tums, and draw OA, making an angle 90® + ^ with 
OR, cos ^ being the given power factor of flie load (the current is 
assumed to lag; for a leading current, the angle AOE would he 
acute, and eqnal to 90® — <f). Knd from the short-circuit curve the 
value of the armature ampere-turns corresponding to the given load 
current, and lay off a length OA in the diagram to represent these 
ampere-turns. With A as centre, and radius AE equal to the given 
field ampere-turns, describe an arc cutting OE at E. Then OR is 
taken to correspond to the resultant ampere-tums. Now refer to 
the open-circuit curve, and find the e.m,f. corresponding to these 
resultant ampere-tums ; this e.m.f. is taken to be equal to the required 
terminal p.d. corresponding to the given load current, power factor, 
and excitation. 

Eothert’s method is only capable, like Behn-Eschenburg's, of 
giving approximately correct results so long as the field is well below 
saturation. Beyond a ccrtcdn value of the exciting current, it jdelcls 
values of the p d. which are for too high. In tins respect, it is an 
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extremely unsafe method, unlike Behn-Eschenbnrg’s, which yields 
wrong v^ues, but on the safe side, Behrend has termed Eothert's 
method the optimiatio method. 


§ 95. Analysis of Armature Self-inductance into 
Two Components 

Practical experience having shown that neither of the two methods 
described yields reliable results, numerous attempts have been made 
to establish some more satisfactory method. In many of these, the 
total armature self-inductance is regarded as made up of (1) that 
portion of the flux due to the armature current which penetrates the 
field and produces a weakening of it ; and (2) the remaining portion, 
which is made up of armature leakage Unes, is. lines Imked with 
the armature -windings, but not passing into the field cores, and hence 
incapable of affecting the main field strength. Where such a splitting 
up of the total armature self-inductance is adopted, the first portion 
of the self-inductance is generally spoken of as (mnatv/ire reaction^ 
while the second is termed armatwre sdf-^ndnctance (in reality, it is 
only the leakage self-inductance). 

Looking at the matter from this point of view, and considering 
the special case in which the armature current lags 90® behind the 
e.m.f.* — ^when the drop will have its greatest possible value — it is 
obvious that the leakage self-inductance e.m.f. will be simply sub- 
tracted arithmetically from the open-circuit e.mi. (the two being in 
direct opposition of phase), while armature reaction will be equivalent 
in its effect to a definite reduction in the field ampere-turns. So 
long as the armature current is constant, both these effects will 
remain independent of the exciting current. Hence it follows that 
if we plot, on the same sheet of paper — as in Fig, 134— the open- 
circuit curve OP and the curve LP' connecting the terminal p.d. with 
the exciting current when the wattless armature current is main- 
tained constant (by suitably adjusting the reactance which constitutes 
the load), the two curves will be so related that any point P' on iJie 
latter may be obtained from a certain point P on the former by 
the subtraction of a constant amoxmt PR (representing leakage self- 
inductance drop) from tbe e.m.f., and the addition of a constant 
amount EH to the field ampere-turns or exciting current (EP^ repre- 
senting the amount required to balance armature reaction). Now, 
this is equivalent to a bodily displacement of the open-circuit curve 
through a distance PF. Thus LF should simply represent OP 

• Tliifl, of oonrso, is an ideal case, as we can never got rid of resistance in the 
oirouit. But with a load of very low resistance and large self-induotanoe it may be 
closely approached in praotios. 
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displaced througli this distance, Fotier * found experimentally that 
such is the case. 

If I he taken to represent the constant wattless current correspond- 
ing to the curve LP', then we may write — 

PB = E,I ( 1 ) 

and— 

EP' = ArT ( 2 ) 

where E, and A, are two constants.t In order to find the values of 
these constants, we determine the curve LP' } for any convenient value 



Fig 131.— AnaljBiB of Armature Beaotauoe into Two Oomponeuts. 

of I, and, having made a tracing of LP' and the axis of exciting cnrrent, 
and marked the position of a convenient point P' on LP', we dis- 
place the tracing, keeping the axis of exciting current parallel to its 
oriMal direction, until a ^ition is found in which the tracing of 
LV exactly fits over OP. We then prick the position of P' through 
the tracing, thus obtaining the corresponding position of P on OP. 
Through P and F ILnea are drawn parallel to the two axes, and the 
lengths PE and P'E thus obtained enable us, by using equations (1) 
and ( 2 ), to find E, and A,.. 

* Jlelairage Aedrique, Yol. xziY. p 133 (1900) 

t E« = reaocanoa oorrespondlng to leakage solf-induotance, A,, s armitore reaction 
oonetant. 

t LP' ifl frequently termed the load oharaeteristie corresponding to a giyon armature 
current and power factor. 
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§ 9<S. Experimental Determination of Two 
Components of Armature Reactance 

The method just explained of finding E» and A, involves the com- 
pete determination of the “ load curve ” LP'. Blondol * and Eischer- 
Hhonen f have, however, indicated methods by means of ■which E, and 
Ar may be found from a single point on LP', invol-ving the taking of 
a single reading instead of the determination of the entire curve. 

Let in Fig. 136 PBA be the open-circuit curve, P'A gi'ving the 
value of the ewm.f. which corresponds to the exdtation OP', and let us 
provisionally assume that we know the position of P, where P is that 
point on the open-oircuit curve which corresponds to P' on the load 
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curve for a wattless armature current equal to the armature short- 
circuit current at excitation OP'. If the position of P were actually 
known, Ej and Ar could be found at once.J Let I, =» short-circuit 
armature current at excitation OF ; this may he found from the short- 
circuit curve. Further, let V = the experimentally determined p.d. 
corresponding to excitation OF and any convenient wattless armature 
current I (this is the single additional reading required for determining 
Ei and A^ besides the open and short-circuit curves). Corresponding 
to a wattless armature current I, the reduction in the ampere-tuins 

is P'S == i . P'E, and the leakage self-inductance voltage drop is 


* JEldetrotechnUcSie Zeittokriflf toL xxii. p. 474 (1901). 
t toL xxii. p, 1061 (1901). 

PR HP' 

X B, = , and Ar = , by equations (1) and (2) of § 95 ; I, being tho sbort- 

-If 

eironit onrront at excitation OF'. 
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ST = HP. Hence the p.d. is equal to SB — ST = TB, so that the 

point T obviously lies on a curve CTD, obtained by subtracting firom 
each of the ordmates of the open-circuit curve tiie constant value 

TB as V. Again, since PT » i • FP, it follows that T also lies on a 

cxurve ETF, similar to PBA, the centre of similarity being at F, and 

the radii drawn from P' to ETF being in tibe constant ratio^to those 

drawn to PBA. It is now obvious that the position of T may be 
obtained by the following construction. Draw the curve OTD, by 
lowering the open-circuit curve through a vertical distance = V, Next, 
draw ETF similar to the open-circuit curve, the centre of similarity 
being at P', and the ratio of the radii vectorea drawn from P' to the 

two curves being-. The intersection of CTD and ETF gives T, and 

^ 'sT . SF 
we then find E, = y-, = -y. 

The method given by Fischer-Hinnen is os follows. In Fig. 136, 
let P'V = V be the p.d. corresponding to a wattless current I afe 



Tio 130.— S'iBclior-Hiimen’s Method of determining the Two Compononta of 
Armature Beaotanoe. 


excitation OP'. Lay off OB to represent the excitation (obtained from 
the short-circuit curve) required to produce a short-circuit current 1. 
Join BV.and displace the open-circuit curve (by using a tracing) parallel 
to itself along BY until B coincides with Y. The intersection L of 
the original and the displaced curve enables us to find the direction 
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LY (corresponding to PP' in Fig. 134), and we have E, = -j-, 

a-MZ** 

In the case of a three-phase armature whose neutral point is 
accessible, the following method, due to Kapp,t of analyzing armature 
reactance into its two components may be employed. The open- 
oirouit characteristic is JBrst determined, and then two short-circuit 
characteristics, one being taken with only one phase of thestar winding 
short-cironited (by connecting an ammeter between the neutral point 
and one of the terminals), and the other with all three phases short- 
circuited, Let I be any value of the short-circuit current, and let Xi 
and Xa denote the values of the ampere-tums (or of the exciting 
currents) required to produce this current when the short-circuit is 
(a) limited to one phase and (6) extended to all three phases respec- 
tively. ^en, since in case (h) the demagnetizing effect is thrice as 
great as in case (d), we have, if A* denote the ampere-tums (or the 
exciting current, as the case may be) required to generate the e.m.f. 
E,I necessary to balance the leakage reactance e.m.f. of the armature, 

Xi = A,.! -h A, 

Xg = 3A,.I -1- A* 


whence A,. = 


Xs — Xi 


Either of the above equations then gives 


A„ and by referring to the open-circuit curve we find the value V of 
the e.m.f. corresponding to A*. Since V = E, I, we have E, = V/I, 
which gives the leakage reactance of the armature. 


§ 97. Potier’s Method of Predetermining the 
Regulation of an Alternator 

Potieit determines the p.d. corresponding to given excitation, 
armature onrrent, and external power factor cos A as follows! 
Eotiert’s method (Fig. 133) is first used to determine the effective 
excitation, and from the open-circuit curve the e.m.f. corresponding to 
this excitation is found. From this e.m.f. is next subtracted 
veotorially the combined drop coixesponding to armature resistance 
and leakage self-inductance, as in Behn-Eschenburg’s metbod.§ 

t • In order to secure noouraoy, the point A must (in either method) ho well 

above the knee of the o^n-ouoult curve, otherwise the interseotion (T in Fig. 136 
js and L in Fig. 136) vrm take place at a very acute angle, and accuracy will be impoBsiblo ' 
t Journal of the Inetitution of Electrical Engineers^ vol. xlu. p. 703 (1909) 
j MeJdrotechnUche Zeitsohrift, vol. xxli p, 1061 (1901). ^ 

§ TjBing, however, the leakage self-induotanoe drop instead of the total self-induotanoe 
drop. 



NUMERICAL VALUES OF REGULATION 191 

This gives a rough value for the p.d., and also for the angle of phase 
difference 0 between the and the ourrent. If 0 differs appreci- 
ably from the entire construction is repeated, using 6 in place of 
0, and a more accurate value of the p.d. is obtained. 

Potier’s method has been found to give much better results than 
either Behn-Eschenburg’s or Eotherb's. This is due to the fact that 
the variation in the reluctance of the magnetic circuit is taken into 
account. 

Where accuracy is required, it is advisable to calculate the drop, 
making use of the diagram only for the purpose of deducing the 
necessary simple fonnulsa* 


§ 98. Numerical Values of Regulation. Saturation 

Factor 

In the case of transformers, the regulation on a non-inductive 
load is very largely dependent on the output of the transformer, and 
varies from about 3 per cent, for a 1 k.w. transformer to about 1‘6 
for a 100 k.w. transformer. For very large transformers, it may be 
below 1 per cent If the load is an inductive one, the drop is 
largely influenced by the exact arrangement and subdivision of the 
windings. 

The following limits are assigned by Klosst to the regulation of 
large low-speed alternators working at different power factors : — 

Power factor 1 0*9 0*8 0*7 

Regulation, per cent 3 to 3*6 8 to 9 11 to 12 * 6 1 13 '6 to 16 

The corresponding figures for turbo-alternators are : — 

Power factor 1 0*9 0*8 0*7 

Regulation, per cent 6 to 7 12 to 16*6 16 to 18 20‘5 to 22*6 

The ratio of the short-circuit current at full-load excitation to 
the normal fuU-load current is generally of the order of 3 in low-speed 
alternators, and about 2 to 3 in turbo-altemators. 

It is easy to see that the regulation — i.e., the percentage voltage 
rise on switching off full-load — will depend on the degree of satura- 
tion of the magnetic circuit, i,e, on the steepness of the open-circuit 
characteristic. The less the steepness of this curve (or the higher the 
saturation), the less will be the voltage rise. In order to take tMs 
fact into account, Kloss has proposed the use of the term saturation 

* See Appendix VIII. 

t Journal of the Imtituiion of Meotrical Engineers, vol, xlii. p. 15C (1908). 
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factor, Trhioh he defines as follows. Let 3 tangent be drawn to 
the open-circuit characteristic at the point corresponding to the 



Fig. 137 — Conetrnolion for Satoiatiou Factor, 

normal Toltage, Then the ratio of the length cut ofif by this tangent 
along the axis of ordinates, to the normal voltage, is the saturation 
factor (Kg. 137). Its value generally lies between 0*6 and O'fi. 


CHAPTEE XI 


§ 99. Besifitanoe measnrementB of alternating-OTirrent maohiiiery— § 100. Insulation 
tests — § 101. Experimental determination of equivalent impedance of transformer 
— § 109 Diieot experimental meiliod of determining transformer regulation — 
J 108. Transformer effloienoy test— § 104. Separation of core losses— § 106. Heat- 
ing test of transrormer— § 106. Ag^g of transformer core— § 107. Alternator 
efficient tests — 6 108. Heating test of alternator. Goldsohmidt’s method — 
§ 109. Hobart ana Punga^s method— § 110. Current rushes at instant of srritohing 
on transformers— § 111. Sudden short-oirouit of large generator. 


§ 99. Resistance Measurements of Alternating:- 
current Machinery 

Some of the tests which have to be carried out in connection with 
alternators and transformers are common to almost every class of 
electrical machinery. Thus we have to determine the resistances of 
the windings and the insulation resistances, and to test for dielectric 
strength We have, further, to find the maximum temperature rise 
under normal working conditions. 

The conductor resistances are most conveniently determined by 
sending a suitable current from a battery of second^ cells through 
the con or coils under test, and measuring the drop of potential. In 
the case of three-phase apparatus, we may have either a mesh or a 
star connection of the windings. With the former arrangement of 
circuits, the resistance of each phase (i.s. of each side of the triangle 
formed by the windings) is clearly eq^ to IJ times the measured 
resistance between two termiufllq, while with a star connection the 
resistance of each phase is one-Kdlf of the measured resistance between 
two terminals.* 

The voltage absorbed by the resistance of the windings if expressed 
as a percentage of the total voltage may, in the cose of a Icdmced 

* Let X = reelstanoe of each phase of a A system The resistance between any two 
terminals is then the joint resistanoe of one phase connected m parallel with the other 

two joined in series. It is, therefore, — ! = |b, so that « = § x measured resistance. 

X *T’ 

In the case of a siar-oonneoted system, it is obvious that between any two terminals 
there are two phases in serios with each other, so that the measured rosistauoe is twice 
that of one phase. 
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be oaloulated from the measured resistance between two 
terminals and the current in each line wire, without any knowledge 
of how the windings are connected. For if V = voltage between line 
wires, I = current in each line wire, and r = measured resistance 
between any two terminals, then in a mesh-connected system we 


have for the resistance per phase for the current per phase 
and for. the voltage per phase V, so that the percentage drop is 

100 sa 100 . III a star-connected ^stem, the resistance 


per phase is ^r, the current per phase is I, and the voltage per phase 
the percentage drop amounting to 100-^ = 100 . 1-2, rl — 


IS 


an expression identical with that obtained for a mesh-oonnected 
system. 

It must be remembered, in dealing with alternating-current 
machine]^, that the resistance as measured by means of a continuous 
current is always less than the true resistance corresponding to an 
alternating current, on account of eddy-current loss. With conductors 
of small cross-section, the difTerence is inappreciable ; but with large 
conductors the eddy-current loss may be considerable, amounting to 
as much as 20 per cent, of the loss calculated from the resistance as 
determined by means of continuous currents. 


§ loo. Insulation Tests 

A considerable amount of importance was formerly attributed to 
insulation resistance teats. Such tests are now, however, regarded as 
of little value. The insulation resistance is an extremdly variable 
quantity, and measurements of it are liable to be misleading, both 
when the results are very high and somewhat low.* A much more 
important test is that for dielectric strength. By means of a suitable 
testing transformer, a voltage consideraWy in excess of the normal 
working voltage is applied to the winding for one minute, and 
the test may be regarded as satisfactory if no breakdown takes place 
during that time. The dielectric strength test is applied to the insu- 
lation between the winding and the core, and also to the insulation 

* Aocordisg to the rules of the Bnti^ Engineering Standards Oommittee, the 

insulation resistance, in megohms, should not be less than voltage 

1000 + rated kva 
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between different windings if there are several on the same core. The 
teat should be applied to the machine when after a load run of 
several hours’ duration. 

The value of the testing voltage should, according to the British 
Engineering Standards Committee^ be equal to the rated 

mltage + 1000. 


§ loi. Experimental Determination of Equivalent 
Impedance of Transformer 


For the purpose of determining the regulation * of a transformer, 
we have to find its equivalent reactaim. This may be done by short- 
circuiting the secondary, and applying a p.d. to the primary sufiScient 
to produce the full-load currents in the windings. In order to 
eliminate any error due to the resistance and reactance of the 
ammeter, it is preferable to place this in the primary circuit. If 
V, = primary p.d. required to produce the full-load current Ij in the 

V 

primary of the short-circuited transformer, then ~ gives us the 
equivalent impedance of the short-circuited transformer, the equiva- 
lent resistance being ri + r 2 , where n, are the resistances, 

and Si, S 2 the turns in the primary and secondary respectively. The 
transformer behaves as if there were no magnetic leakage and no 
resistance in its coils, but as if connected in series with its primary 

there were an impedance j-*> resistance component of this 

/S ^ 

impedance being Or, if we prefer to refer every- 

’ thing to the secondary circuit, t the transformer behaves as if 
magnetic leakage and coil resistance were absent, and as if in series 

with the secondary there were connected an impedance 

li 

( S 

When the transformer is short-circuited, the induction in its core 
^ is very small, and hence the magnetic leakage is not quite the sapae 
Jas that occurring at full load. In order to overcome this objection 
\ to the method of measuring leakage reactance just explained, Berry 


* See §S 9(K93. 


t As was done in § 91. 
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recommenda ♦ measuring the impedance which corresponds to 
normal working conditions, the arrangement of connections being as 
shown in Eig. 138. The method can only be used if two similar 
transformers are available. The secondaries Si and Sa are connected 
in series with each other, the connections being so arranged that the 
am.f.s induced in them oppose each other. One of the primaries, Pq, 
is connected directly across mains between which the normiil work- 
ing primary p.d. is maintained. If the primary Pi of the other 
transformer were similarly connected, the secondary e.m.f.s would 
exactly balance each other, there would be no secondary current, and 
each primary would take only its small magnetizing current ; the 
transformers would, in fact, behave as if their secondaries were open- 
circuited. In order to cause the fuU-load currents to flow in the 



Fig. 188. — ^Beny’s Hetliod of determining the Equivalent Impedance of a 
■ Transformer. 

transformer windings, a small auxiliary transformer is used, whose 
primary P is connected in series with an adjustable resistance R, 
while its secondary S is connected in series with Pj, the e.m.f. 
induced in S being added to the p.d. which exists across the mains. 
Half the reading of the voltmeter across S gives the impedance 
drop in <me transformer. 

Another method of measuring the equivalent impedance, and of 
determining its two components — the equivalent resistance and the 
leakage reactance'— of a transformer under normal load conditions 
has been given by A. Shane.t The method involves the use of two 
similar transformers. The connections are arranged as shown in 
Eig. 139. The primaries of the transformers are across the mains, 
and one of the secondaries is loaded, the load current being measured 
by the ammeter AM. The secondaries are connected on one side in 

♦ « Modem Electric Practice,'* vol. ii. p. 89. 

t Proceedings of the American Institute of Electrical Engineers^ vol, xxix. p. 1089 
(1910). A direct experimental method of finding the equivalent refliatanoe and leakage 
reaotancse of a loaded transformer has also been devised by Dr. 0. V. Drvsdale (The 
EUotrioiani voL Ixv. p. 648 (1910)). 



197 


IMPEDANCE OF TRANSFORMER 

such a manner as to oppose each other, so that the voltmeter VM 
connected across their remaining ends gives the vector drop due to 
the impedance of the loaded transformer; by dividing this drop by 
the load current, we obtain the impedance. In order to find the 
equivalent resistance, we divide the wattmeter reading by the square 
of the load current. The current coil of the wattmeter is, it will be 


MAIN 



Fig. 139. — OonnoctioiiB for Shane’s Method of finding Impedanoo 
and EquiTolent Eesistunoe of Tranaformer. 

noticed, traversed by the load current, while its fine-wire coil and 
non-inductive resistance are across the same ends of the secondaries 
as VM, so that the instrument measures the power spent in main- 
taining the load current through the impedance of the transformer. 
The equivalent impedance and resistance being known, the impedance 
triangle of the transformer is completely determined, and so its 
regulation may be calculated by the method of § 93. 

§ 102. Direct Experimental Method of Deter- 
mining Transformer Regulation 

The following ingenious method of directly measuring the regula- 
tion drop of a transformer is due to A. Shane.* The principle of the 
method will be best understood by considering the diagram of Fig. 130, 
the portion OAC of which is reproduced in Fig. 140. In this diagram, 
00 is the secondary e.m.f., OA the secondary terminal p.d., AO the 
vector impedance drop, and EC the regulation drop (A E ± OC), 
Suppose now that we have the means of opposing to the e.m.f. OC a 
variable e.m.f. CM which is in direct opposition of phase to 00, and 

• Loe, cU, 
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that we are able to meastire both CM and the vector difference AM 
between OM and OA. As the magnitude of OM is gradually increased 
the point M in the diagram moves along CO, and AM decreases 



Fifl. 140.— Vector Diagram to illnatrate Shane*B Method of determining Drop. 

xmtil the point E is reached, beyond which it increases. Let ns 
suppose that CM has been adjusted so as to make a lomimum 
(i.A so as to make AM coincide with AE) ; then MO (which becomes 
EC) gives the regulation drop (the percentage regulation drop is 

In order to carry out this test, we require two similar trans- 
formers, and an auxfliary transformer of special construction which 

MAIN. 



MAIN 

Fio. 141, — Oonneodons for Shane’e Method of determining Begnlation. 

enables US to obtain the variable e.m.f, CM. The arrangement of 
connections is^ shown in Eig, 141. The auxiliary transformer has 
a secondary with a variable number of turns, and exact adjustment 
of the e.m.f. OM of Fig. 140 is obtained by the aid of a slide-wire 
connected across the last section of the secondary. The e.m.f, OM of 
Fig. 140 m measimed by the voltmeter Vi in Fig. 141. The vector 
OA of Fig. 140 is in Fig. 141 represented by the p.d. across the 
secondary of the loaded transformer, while 00 corresponds to the p.d. 
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across the secondary of the unloaded transformer. The voltmeter Vj 
measures AM. The reading of Vi when Va gives a Tnininnim reading ^ 
is the regulation drop. ^ 

It may be noted that it is not permissible to alter the magaifade 
of OM {i.e. the reading of Vi) by the aid of a variable resisl^nde in-' 
series with the primary of the auxiliary transformer (as in 138)^-- 
as this would have the effect of altering the phase of OM j lije latteitno 
must be directly opposed to the p.d. 00 across the (kfajoaded^ 
transformer. ' ' ^ 


' I 

§ 103. Transformer Efficiency Test V\ 

Although the efficiency of a transformer might be deternime<^by _ 
measuring the useful power across its secondary terminals, and the 
total power supplied to the primary, and dividing the former by the 
latter, this method is neither so exact nor so convenient as methods in 
which the lost power is measured directly. A very simple method of 
carrying out the efficiency test, originally suggested by Dr. Sumpner, 
consists in finding, by means of a wattmeter, (1) the core loss and (2) 
the copper loss at full load. Since the core loss remains sensibly 
constant at all loads,* its value at full load may be taken to be the 
same as on open circuit. Hence the core loss is ec[ual to the power 
supplied to the primary when the secondary is open-circuited.t The 
moat satisfactory method of measuring the copper loss is that already 
explained in § 101 in connection with the determination of the 
equivalent resistance of the transformer. The sum of the core and 
copper losses being known, the efficiency is easily calculated. 


§ 104. Separation of Core Losses 

In many cases, it is interesting to separate the core losses into 
their hysteresis and eddy-current components. Such a separation 
may be effected by a method due to Oarhart.| The principle of the 
method is based on the fact that, for a given constant value of the 
maximum induction B, the eddy-current loss varies as the square of 
the frequency (see § 61), while the hysteresis loss varies in simple 
proportion to the frequency. Hence the total core loss at any 
frequency / may be written — 

10 = E/* -1- H/ 

w denoting the total watts lost in the core, E/^ the eddy-current 
* See S 61. 

t strictly speaking, this power also inoludea the (extremely small) copper loss in 
the primary due to the ma^etusing or no*load current 
1 Sleetrioal Worlds vol. xxxi d. 806 ^'1898). 
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watts, and H/ the hysteresis watts ; E and H being two constants for 
a constant value of B. 

If, then, we carefully determine w at two different frequencies, fi 
and /a, using the same value of B, the two equations — 


= E/i^ + H/i 

^2 = E/a^ + H/a 

enable us to find E and H, and thus to calculate separately the 
hysteresis and eddy-current losses occurring' at any frequency — 
always assuming B to remain constant. 

Lastead of determining only two values — Wi and — of w at two 
different frequencies, it is advisable to take an entire series of 
readings connecting w and /, to plot the results on squared paper, 
and select two weU-defined points on the curve for the purpose of 
finding E and BL 

A practically constant value of B with varying frequency is easUy 
secured by keeping the exciting current of the alternator used in the 
experiment constant, and running the machine at different speeds, so 
as to obtain different frequencies. 


§ 105. Heating* Test of Transformer 

An important test — which applies to all classes of electrical 
machinery — ^is the heating test. This is carried out for the purpose 
of ascertaining the temperature to which the windings of a trans- 
former will ultimately rise when the transformer is kept fully loaded. 
The importance of this test is due to the fact that when the 
temperature exceeds a certain limit, the insulation of the windings 
undergoes rapid deterioration, and frequent renewals will be neces- 
sary. The safe temperature limit for the windings may be taken as 
96° C. Since the temperature of the surroundings may at times be 
as high as 40°, it follows that 65° 0. must he regarded as the 
maximum permissible rise of temperature for any portion of the 
windings. 

The most reliable method of determining the temperature of a coil 
is the increase of resistance method. The resistance is measured 
before commencing the test, and is then periodically measured as the 
test proceeds. If tc = temperature of the coil just before the com- 
mencement of the test ; = measured resistance at this tempera- 

ture ; a = temperature coefficient at the same temperature and 


* See Note at end of chapter for Talnes of a. 
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T = measured resistance at some higher unknown temperature, then 

fp 

the temperature rise is given by 

off* 

The most convenient method of determining the resistance of the 
transformer windings as the heating test proceeds is that explained 
in § 101 in connection with the determination of the equivalent 
resistance of the transformer. By using this method, the heating 
test is allowed to proceed uninterruptedly, whereas if the ordin^ 
continuous current method were employed, a temporary interruption 
of the heating test would be necessary each time the resistance was 
measured. 



Fiu. 142. — Showing Temperature Elae in Transformer. 

In Fig. 142 are shown the results of a heating test for an oil- 
cooled transformer, the upper or full-line curve giving the tempera- 
ture rise of the“ windings as determined by the increase of resistance 
method, and the dotted curve giving the temperature rise of the oil 
as measured by a thermometer. 

In carrying out this test, the most economical method — where 
two sunilar transformers are available — is to employ the arrangement 
of connections shown in Fig. 138. 

§ io6. Ageing of Transformer Core 

It was originally noticed by Mr. Partridge that the core loss of 
certain transformers gradually increased in course of tame. The 
effect has since been dealt with by a large number of investigators.* 
The slow increase in the core loss, or the agemg of the core stamp- 
ings, has been shown to he due to the maintenance of the core at a 

• The most complete investigation of the ageing efieot is that carried out by Boget 
see ThA mtotncian, voL xli. p. 182 (1898), also Boy. Soo Proo., vol. Ixiv.p. 160(1899).’ 
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moderately high temperature hy the losses taking place in it, and a 
precisely similar effect, it was found, could be brought about by 
simply baking the core in an oven maintained at the proper 
temperature. 

Manufacturers of transformer sheets have now succeeded in pro- 
ducing a nm-agdiig material, Le. one whose hysteresis loss is im- 
affeoted by long-continued bakiug. The only method of applying the 
ageing test is to go on measuring the core loss periodically for some 
I time after the transformer has been installed. If after a few months’ 

use no appreciable increase has taken place in the core loss, the 
I transformer may be regarded bw fulfilling the non-ageing requirement.* 

§ 107. Alternator Efficiency Tests 

As in the case of dynamos, the efficiency test of an alternator is 
j most economically and conveniently carried out hy the use of an 

I indirect method, the power lost in the alternator being measured 

directly. 

I Where two similar alternators are available, the Hopkinson test 

may be used. ^ The shafts of the alternators are coupled to each other 
^ and to a continuous-current motor, which is large enough to supply 

i power corresponding to the losses. This motor is first carefully 

j tested for efficiency, so that the exact amount of mechanical power 

i transmitted hy it to the alternators is known for any given values of 

f the p.d. and current supplied to the motor. By weakening the field 

j of one of the alternators, any desired current may be made to circulate 

. in the local circuit of the two armatures, which are short-circuited on 

■ each other through an ammeter ; the machine with the stronger field 

acting as a generator, while that with the weaker field acts as a motor. 

In cases where only a single machine is available, the most 
generally used method for determining the efficiency is the separate^ 
loss method. In this the losses are measured directly, and on adding 

: them to the output we obtain the input. The ratio then gives 

the efficiency. The losses consist of (a) JErictional losses ; (6) core 
losses ; and (^) copper losses, (oj) may be determined by driving the 
machine under test unexcited hy means of a standardized motor; 

I the sim of (a) and (5) is similarly found by driving the machine 

, excited with a current corresponding to the normal magnetic flux 

' under load; wMe (c) may be determined by calculation. The first 

I test (a) is obviously only required if it is desired to separate the 

[ finotional from the core losses, 

* Bee Appendix IV. for magnetic properties of core sheets. 
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The efficiency so determined is not the true eflicienoy, as no 
account is taken of the so-called stray load losses. These are addi- 
tional losses arising under actual load conditions due to field dis- 
tortion and eddy currents in the copper conductors. An approximate 
value for these may be obtained by driving the machine on short- 
circuit with the full-load current flowing through the armature. 
On subtracting from the total power the frictional losses and the 
calculated copper losses, we obtain, roughly, the stray load losses. ♦ 

§ 108. Heating Test of Alternator* Goldschmidt’s 

Method 

In order to determine the temperature rise of an alternator, the 
machine must be kept running under normal full-load conditions 
until the temperature approaches a steady value. Since the period 
during which an alternator of large output would have to be run for 
this purpose is very considerable, such a heat test would prove 
expensive if the machine were actually run on a dead load. Numerous 
methods have, therefore, been devised by means of which the heat 
teat may be carried out with the expenditure of only a relatively 
small amount of energy. One method of carrying out this test 
economically consists in combining it with the Hopkinson efficiency 
test described in § 107. 

A very ingenious method has been devised by Goldschmidt.t 
The alternator is run at normal full-load excitation, so that the iron 
and field copper losses are approximately the same as those occurring 
at full-load. The armature copper loss is supplied by sending a 
contimmis ctirrcnt from a battery or dynamo around the armature 
winding, the continuous current being made equal to the r.m.8. value 
of the full-load armature current. It need hardly be pointed out 
that the connections must be arranged so as to prevent the high 
e.m.f. of the alternator armature from reaching the source of con- 
tinuous current. Various ways of securing this result are available. 
In the case of a singlo-phase machine, the armature coils may ba 
divided into two equal groups, connected so as to oppose each other ; 
the rosultuxit alternating e.m.f. will then be zero, and the armature 
circuit will form a simple resistance so far as the source of con- 
tinuous current i.s concorned. In a two-phase machine, each phase 
may bo eiiuilarly treated, a separate source of continuous e.m.f. 
being used, for each phase. With three-phase machines having a 
A“Oonuectud armature, the A may be opened at one corner to allow 

♦ This nujtliod (jf atnvy IcHid Iohb dotominatiou applioh \xi>pohjplme machinos only; 
it 18 iiicapnhhi of j'lviiij; reliable rcHultu with tthujJe'pTiu^a niiichines 

t EUktrnteahniiohe Zeiinchpyt, vol. xxii. p. 082 (1901). For Intor developments of 
this method, aoe Appendix TX 
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of the introduction of the continuous current. If the windings are 
star-connected, they may be temporarily altered to a A connection 
for the purposes of the test. Another method may also, however, be 
used. A suitable star-connected three-phase transformer is joined 
across the alternator terminals, and the continuous current led into 
the system at the neutral point of the transformer windings, and out 
of it at the neutral point of the armature winding— each phase carry- 
ing in this case a current equal to J of the continuous current. In 
order to balance the magnetic effect of the continuous current on the 
transformer core, a continuous current producing an equal and opposite 
number of ampere-turns must be sent through 9ie secondary windings 
of the transformer.* 


§ 109. Hobart and Punga's Method 

A convenient method of carrying out the heat test of a large 
generator has been described by Hobart and Punga.t The method 
consists essentially in running the machine alternately on open 
circuit and on short circuit, the periods of the two sets of runs and the 
values of the exciting current corresponding to them being so chosen 
that the mean values of the various losses during the entire time of 
the test are equal to the actual values of these losses at full load. 

The losses may be regarded as made up of (1) mechanical friction 
losses; (2) armature copper loss, Wa; (3) iron loss, Wt; (4) field 
copper loss, or excitation loss We. 

The friction losses are independent of the excitation, and their 
value may be determined by dnving the unexcited alternator at its 
normal speed by means of an angary standardized motor. The 
armature copper loss is easily calculated, as is also the field copper 
loss, for a given value of the current. The iron loss is found by 
driving the alternator on open circuit by means of a standardized 
motor, the exciting current having its normal full-load value; if 
from the total power employed in driving the alternator we sub- 
tract the friction losses as previously determined, we obtain the 
iron loss. For the purposes of the heat test under consideration, 
it is necessary to know the relation connecting the iron loss with 
the excitation loss, so that a set of readings must be obtained 
connecting these two, and the results plotted in the form of a 
curve as in Fig. 143. { 

* GoldHohmidt's method is, with suitable modifications, applicable to larp trans- 
formers (single- and polyphase), provided two similar transformers are available. 

t Electrical World and Engineer^ vol xlv. p. 759 (1906). 

t On aooonnt of armature reaction, which produces a distortion of the field, the fnll- 
load iron loss tct will generally bo m excess of the open-oirouit iron loss with the same 
exciting current. 
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Leb the alternator be run for minutes on open oircuit with 
certain excitation, then for minutes on short oircuit with a different 
ccitation,then again for h minutes on open circuit, for minutes on 
lort circuit, and so on, the open-circuit and short-circuit runs 
tematine with each other. During the open-circuit runs, there 
■e only frictional, excitation, and iron losses talring place in the 
lachine, while during the short-circuit runs we have only frictional 
ccitation, and armature copper losses, the iron loss being negligible! 
he machine running at its normal speed, it is evident that the 
ictional loss is identical, all the time, with the full-load frictional 
>8S, The other losses will depend on the excitation, and the problem 
80 to choose the values of the exciting current corresponding to the 
>en-circuit and short-circuit runs, and the relative values of and h, 

I to make the average values of all the losses equal to those which 
tour at full load. 

Let w„ Wt, and Wa stand for the excitation, iron, and armature 
)pp6r losses respectively under normal full-load conditions, and let 
= duration of a cycle, so that T « Further, let and 

3 the excitation and iron losses respectively during the open-circuit 
ins, and vij', Wa the excitation and armature copper losses respec- 

vely during the short-circuit run. Then in order to make the 

/orage values of all the losses equal to those which occur at full 
lud, we must have 

iCih = w<T (1) 

Wa'ta « WaT (2) 

w,'ti -f Wf'ta «*= w,T (3) 

Using tlie values of and given by (1) and (2) respectively in 
I), wc find 


v>t X + w," X = Wt 


v.\ 


Wa 


U't _ Wt ^ 






«)/ ( 0 , 


Wa 


( 4 ) 


The short-cirouit curve of the machine (assumed to be known) 
ling a straight lino, the ratio of the exciting current to the short- 
rciut current i.s constant, and the square of this ratio is therefore 
so constant. Lot the square of the ratio be denoted by A. Then 

tt 

js /.•, and (4) lu'comes • 


. . ( 6 ) 
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Let the alternator be run for ii minutes on open circuit with 
a certain excitation, then for (2 minutes on short circuit with a different 
excitation, then again for ti minutes on open circuit, for ^ minutes on 
short circuit, and so on, the open-circuit and ^ort-oircuit runs 
alternating with each other. During the open-circuit runs, there 
are only Motional, excitation, and iron losses tnlring place in 
machine, while during the short-circuit runs we have only frintinn al 
excitation, and armature copper losses, the iron loss being negligible’ 
The machine running at its normal speed, it is evidmt the 
frictional loss is identical, all the time, with the full-load Motional 
loss. The other losses will depend on the excitation, and the problem 
is so to choose the values of the exciting current corresponding to the 
open-cirouit and short-circuit runs, and the relative values of ti and to, 
as to make the average values of all the losses equal to those which 
occur at full load. 

Let Wt, w* and w® stand for the excitation, iron, and armature 
copper losses respectively under normal full-load conditions, and let 
T = duration of a cycle, so that T = -f- Further, let w) and wt 

be the excitation and iron losses respectively during the open-circuit 
runs, and w,'', wd the excitation and armature copper losses respec- 
tively during the short-circuit run. Then in order to make the 

average values of all the losses equal to those which occur at full 
load, we must have 

Wih = WfT (1) 

wdt2 ~ wd£ ( 2 ) 

wdk + = WjT (3) 

Using the values of-^and-^ given by (1) and (2) respectively in 
(3), we find 


or 


w,' X — , -b wj’ 

w. 



= 


_ W» Wj" ^ Wg 

W{ w, w, wd 


• (4) 


The short-circuit curve of the machine (assumed to be known) 
being a straight line, the ratio of the exciting current to the short- 
circmt current is constant, and the squeure of this ratio is therefore 
also constant. Let the square of the ratio be denoted by k. Then 
w 

= k, and (4) becomes .< 

wd 

^ _ w —kWa 

^ ~ Wt~ Wf 


( 6 ) 
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The quantities on the right-hand side of (6) being all known, the 

value of — ^ becomes known.. In order to determine and wi 

separately, we make use of the curve of Kg. 143 which connects 
these two quantities. From the origin let a straight line be drawn 
making an angle with the horizontal axis whose tangent is equal to 

then the point of intersection with the curve gives and Wi, 

Wi 

By means of (1) we next find ^ and hence also which latter 

is equal to 1 — Equation (2) then yields Wa, and a reference to 

the short-circuit curve gives w”. Thus all the data required for 
oarryicg out the test become known. 



Fig 148, — Belation oonnooting Irou with Szoitation Loss. 

As regards the actual values of ti and we may make h -f 
anything between 10 and 20 minutes, say. If, for example, we 

^ = 0‘6, and we make -f- = 15, the duration of each open-circuit 

run will be 9 minutes, and that of each short-circuit run 6 minutes. 

As in other heat tests, the moat reliable method of ascertaining 
the rise of temperature is the increase of resistance method (§ 105). 

§ no. Current Rushes at Instant of Switching 
on Transformers. 

It has been known for a long time that when the primary of an 
unloaded transformer is first connected to the supply mains, a very 
large rush of current may frequently take place at the instant of 
connection. The effect is easily observed by including an ammeter 
in the primary, and repeatedly closing and opening the switch, when 
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the ammeter will sometimes give a violent swing, indioating the 
presence of a momentary current which is many times the normal 
no-load current of the transformer. This effect was ftrat studied 
by J. A. Fleming,* and subsequently investigated in groat detail 
by A, Hay.t 

The theory of such initial current rushes will be best understood 
by considering the ideal case of a resistanoeless inductive circuit. In 
such a circuit, the induced e.m.f. must at every instant be equal and 
opposite to the impressed e.m.f. Hence if s =5 instamtaneous value 
of impressed e.m.£, and / = instantaneous value of total flux linked 
with circuit, we must have — 


•=“-1 


« being measured in volts, and / in ag.s. units. K we take the 
instant of closing the circuit for our era of reckoning, then the 
value of the at time t is given by — 


and it is obvious that the value of / will go on increasing numerically 
with t so long as e retains the algebraic^ sign which it had at the 
instant of switching on. The highest value of/— and hence also the 
highest value of the current — wQl be reached when « passes through 
its first zero value. The actual value of / at this instant will be 
determined by the initial value of e (i.e. the value of e at f = 0), and 

it is clear that the integral j will have its ma ximum possible value 

if e is initially zero, the upper limit of integration for the maximum 
value of / becoming in this case iT (haK the period), and the 
integral representing tlie area of a complete half-wave of e.m.f, — 
which is the largest numerical value of the area of the e.m.f. curve 
that it is possible to obtain between any two limits. For this case, 
then, we have — 

f*T 

/ = 10® I edt. 

Let us now compare this maximum value reached by the flux 
during the first half-wave of flux with the normal or steady ma^um 
value to which it settles down after the irregular waves charaotenstio 


• TLo possibility of largo initlol ®«wont nisboB was first 
Sumpner (mi Mag , June, 1888> Dr. Flumlng s paper wUl be fimnd in the Jourwu 

of tliA Jn^Utution of ^ociricoX vol xxi /'iqqry 

i -rn FAttlriJm, vol. xsxiil. (1894) and r/w hUetiioal Sevieic, vol. xhil. (1898> 
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of the stftges have died away. TSTe know that after a steady 

state has been reached, the current in a oLrcuit whose resistance is 
negligible in comparison with its reactance lags nearly 90° behind 
the e,m.f. (§ 6). Hence the zero value of/ occurs when e is at its 
maximum value, and / will go on increasing numerically only during 

iT, the highest numerical value reached by the integral jedt thus 

cozTOspondiQg to the area of a of e.in.f., instead of the 



AaT^-wave which it may reach during the first abnormal half-wave of 
flux. We thus arrive at the result that (in a circuit of negligible 
resistance) the maximvm cha/)}ge of flux which can omur during the 
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iivUial stciffes is egtial to tvdce the normal maairn/mi value of the flux 
after a steady state has been reached. 

If the circuit contains no iron cores, the current is proportional to 
the flux, and it follows that the maximum value reached by the 
current during the initial stages under the most favourable conditions 
(i.6. when the switch happens to be closed at zero value of the e,nLf.) 
can never exceed ttoice &e normal maximum. But it is otherwise in 
the case of a magnetic circuit of variable permeability, such as a 
transformer core. For if the normal maximum induction bo fairly 
high, then in order to double this induction, the current may require 
to be increased many times, and so a very powerful initial ru^ of 
current may take place. There is, in addition to this, another 
important factor which very materially affects the initial current 
rush in a transformer — viz. the residual induction in the core. If 
the transformer has previously been switched off at an instant such 
as to leave the core strongly magnetized, and if on again closing the 
circuit (at zero value of the e.mi.) the initial current tends to 
magnetize the core in the saTiie direction, the first abnormal maximum 
of f may rise to nearly three times its normal value, and owing to 
the greatly reduced permeability at high inductions an enormous 
initial current-rush may take place. 

The nature of such abnormal current rushes is shown in Fig. 144, 
in which both the steady or normal and the initial or abnormal waves 
of current are drawn. The abnormal initial waves consist of a large 
positive half-wave followed by a small negative half-wave, the large 
half-waves gradually decreasing, and the small ones increasing, until 
complete equalization takes place, corresponding to the strictly 
periodic or steady state. 

It is to be particularly noted that these initial current rushes are 
not accompanied by any voltage rises, and do not endanger the 
insulation of the transformer. Danger to the insulation at the 
instant of switching on arises from a totally different cause — viz. 
the great concentration of p.d. over the end turns (§ 69). But a 
very violent rush of current in the case of very large transformers 
might prove dangerous on account of the severe me(^iiic6d stresses 
on the coils to which it would give rise. 


§ III. Sudden Short-circuit of Large 
Generator 

When an alternator which is running under normal conditions 
is suddenly short-circuited, the transition from the steady state of 
normal load to the steady state of normal short-circuit takes place 

p 
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by a series of abnormal or non-periodic current waves during which 
the current may run up to values which are many times the maxi- 
mum value corresponding to the steady state of short -circlut. The 
existence of such abnormal transition waves of current wns not 
suspected for a long time, until their disastrous effects on generators 
of large output became known. In order to guard against the 
destructive effects of the large mechanical stresses to which the 
abnormal waves give rise, the coil ends of large generators are now 
provided with strong mechanical supports (§ 47). 

The existence of the large abnormal current waves during the 
period of transition from the steady state of normal load to the steady 
state of short-circnib is easily accounted for. In the steady state 
of normal load, the alternator field is strong : in the steady state of 
short-circuit, it is weak — in spite of the fact that the field current 
has the same value in each case. The great weakening of the field 
which takes place under normal short-circuit conditions is due to 
the demagnetizing action of the armature ampere-tums. When a 
sudden short-circuit takes place, the field is initially several times as 
strong as after the steady short-circuit state has been reached. 
Hence the first few abnormal current waves will have amplitudes 
greatly in excess of the normal short-oirouit^ waves. It might be 
thought that the powerful demagnetizing action of these abnormal 
waves would immediately pull down the field to its normal short- 
circuit value ; but it must be remembered that the magnetic circuit 
of an alternator consists largely of solid masses of iron or steel, in 
which powerful eddy currents are induced by any change of flux, 
and the magnetizing effect due to such eddy currents largely 
neutraUzes the strong demagnetizing action of the armature ampere- 
tums. Even if the whole of the magnetic circuit were laminated, 
no sudden change of flux could take place, owing to the fact that the 
circuit is surrounded by the field coils, in which a powerful e.m.f, 
would be induced, giving rise to a very large temporary increase in 
the exciting current. The field flux therefore decreases more or less 
gradually, and so long as its decrease continues, we get the abnormal 
waves of large but steadily decreasing amplitude, until normal short- 
oirouit conditions are reached. 

Nom — ^The following table gives the values of the temperature ooeffloient a and of 
its reoiprooal for various temperatures : — 


Temperature, 0 

0 1 

5 

10 

15 

20 

25 

SO 

85 

40 

a 

00427 

00418 

00409 

>00401 

■00893 

•00385 

•00378 

•00371 

00364 

a 

284 

289 

244 

249 

254 

260 

265 

270 

275 
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f 113. AfiBmnptioiiB nnderlyliig approximate theory of indnotion motora— § IIS. Leakage 
ooefiQoieixtB— § 114 Behayiour of motor independent of number of turns in rotor 
winding. Botor slip— § 116. Indnotion motor replaced by equivalent transformer — 

§ 116. Torque of induction motor — § 11 V. Study of transformer equiyalent of 
induction motor. Vector diagram-^ 118. lYansformation of vector diagram. 
Deduction of oirole diagram — § 119, Oonstruotion for slip and torque— § 130. Case 
of negligible primary resistance. Heyland’s circle dlEigram— % 131. IBffeot of 
resistance in (1) stator and (2) rotor— § 133. Use of starting resiBtanoes — { 138. 
Effect of stator core loss. Efficiency of motor. 

§ 1 12. Assumptions underlylns^ Approximate 
Theory of Induction Motors 

In dealing with the theory of induction motors, it is convenient 
to maie certain assumptions which, though not corresponding exactly 
to the actually existing conditions, lead to results suificiently near 
the truth for all practical purposes. We shall assume the stator and 
rotor windings to be identical in^very respect, each consisting of the 
same number of conductors arranged in the same number of similar 
slots.* We shall, further, assume that the reluctance of the iron path 
is negligible in comparison with that of the air-gap ; this assumption! 
is equivalent to supposing the flux to be proportional to the current. K 
As in § 20, we shall assume the rotating waves of magnetic flux 
produced by the stator and rotor currents to be distributed in space 
according to the simple sine law, and we may also conveniently 
assume £3l the p.d.s, e.m.f.s, and currents to follow the same law wim 
respect to time. 

Since (apart from the question of phase difference) the phases of 
an induction motor may be regarded as practically identical, we shall 
confine our attention to one phase, and study the changes taking 
place in the current, power factor, etc., of that phase as the load 
changes. A precisely similar series of changes will take place in the 
remaining phases. 

When an induction motor is running, we may regard the systems 
of polyphase currents in the stator and rotor windings as each giving 

* In praotloe, tbe number of slots in the stator is always different from that in the 
rotor ; oilierwise the torque corresponding to different relative positions of stator and 
rotor would fluctuate very considerably. See § 76. 
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rise to its own wave of magnetic flux, the actually existing wave 
being obtained by the superposition of the two hypothetical waves 
corresponding to the stator*and rotor currents. In considering the 
theory of induction motors, we may either deal with the hypothetical 
waves which the currents in each winding would produce if those in 
the other winding were non-existent, or we may t^e as the basis of 
our investigation the actually existing flux due to the superposition 
of the hypothetical fluxes (§ 11). Both modes of investigation have 
been employed, and according to the method adopted dij9ferent writers 
on the subject have defined and used various so-called "leakage 
factors " or " leakage coefficients,” whose meaning and mutual relation- 
ship we now proceed to explain. 


§ 113. Leakag:e Coefficients 

Let the secondary winding be open, and let polyphase ouirents 
be supplied to the primary, the maximum value of the current 
in each phase being Ii. Let Fi stand for the maximum value of the 
' total flux linked with the windings of each phase. Then, according 
to our assumption, Fi is proportional to Ii, so that we may write — 

and in addition the instantaneous values of these two quantities are 
in phase with each other. We may term Li the virtual self-indiictaTice 
of each phase of the winding, since it represents the maximum value 
of the total flux hnked with one phase of the winding when all the 
phases m traversed by currents of unit amplitude.* 

Similarly, if we suppose the primary open-circuited, and poly- 
phase currents supplied to the secondary, we may write — 

Fa = L2la 

^%here Fj is the Tnaxiunnin value of the flux linked with one phase of 
the secondary when all its phases are supplied with (polyphase) 
currents of amplitude Ig. The constant Lg we may term the virtual 
self-inductance of one phase of the secondary. 

In dealing, in § 22, with the stationary or alternating flux waves 
produced around the rotor periphery by ^e alternating currents in 

* til® case of a two-pliase windinff, L, is Identical with the trae Belf-indnotanoe 
of rfther phase, ^ 0 . with the flm which heoomes linked with that phase when supplied 
with nnit current; for, as has been shown in § 22, the amplitude of the resultant 
rotatog wave is the same as that of the oscillating ware due to one phase only ; but in 
^ *?™®-phas 0 motor Lj is greater than the true self-mductance, and includes, in 
addition to the true self-mduotanoe, the effect of the mutual inductance of the 
noighbouting phases (§ 22\ 
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the various phases — ^waves whose superposition gives rise, as we have 
seen (§ 22), to a rotating wave of magnetic flux in the air-gap — ^we 
considered only those lines of induction which actually cross the gap 
and penetrate into the rotor core, there becoming linked witii the rotor 
conductors. In addition to such effective or useful lines, however, 
there will be others which simply become linked with the stator 
windings, without undergoing any linkage with the rotor windings. 
All such lines, which do not contribute anything towards the 
magnetic link connecting the two sets of windings, axe spoken of 
as leakage lines, and the corresponding flux as leak^e flux. Out of 
the total maximum flux Lili linked with the primary, a certain 
proportion, will become linked with the seconda^, and the 
remainder will form the primary leakage flux. WV may term M the 
virtual mutual iTiductame of the two windings. 

The currents circulating in the secondary similarly give rise to a 
flux L2I2 in each phase, an amount Ally becoming linked with the 
^msjy, and the remainder forming the secondary leakage flux.* 

The ratios ^ ^ ^ termed the Hopkinson leakage 

coefElcients. They were first introduced by A. BlondeLt 

The reciprocals of the Hopkinson leakage coefficients, viz. 

=3 A B- - and Vo = ^ are known as Behrend’s leakage 

coefficients. 

The ratios n = ^ ^ ’"a “ ^ M ^ leakage flux to 

the useful flux in the two windings are known as Heyland^s leakage 
coefficients. 

Lastly, a very important coefficient, which has been used by 
Hoyland, Behrend, Blondel, Hobart, and many other writers, and 
which is known as the dispersion coe£icient, is the ratio — 

" “ ^ = T’l + ’■a + nra “ - 1 = — - 1 1 

In the special case under consideration, in which the stator and 


♦ la the Bpeoial case nuder oonaideration, in which the primary and eecondary 
windings are supposed, to be identical in every respect, Lj = Ls ; this, however, would 
not hold generally. ^ ^ 

t It must be clearly understood that the definitions Vj = andc, = ^are based 

on the assumption of equal fiumhers of tume in the stator and rotor windings. If the 
tnms axe dtSerent, wo must imagine the rotor winding replaced by one having the same 
number of turns as the stator winding. 

. IjiL. — M /-r 1 

t Behn-Esoheuhurg uses ir in a slightly different sense, viz tr = — 
of the Iwtitution of Eleetrical Engineers, vol. xxxiU. p. 239). 
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rotor windings ars snpposod to bo idontical, it is ovidont that Li = Lj, 
ri = Ta, = Va* so that— 

» = - Mf— «2r + ra='y»-l«-a 




Since in a well-designed motor the difference between L and M 
would always be small, we may write, approximately, L + M = 2M, 
so that — 


§ 114. Behaviour of Motor Independent of Number 
of Turns in Rotor Winding. Rotor Slip 

We sliall next show that, so long as the number and shape of bhe 
slots in the rotor core, and the total cross-section of copper in each 
slot, remain unaltered, no difference whatever is produced as regards 
the behaviour of the motor by altering the number of turns in the 
rotor winding. 

For, let us suppose that the turns have been increased _»i-fold. 
This wiU have the effect of an m-fold increase in the e.m.f. induced 
in the secondary winding. But the resistance and self-inductance of 
this winding having both been increased times, the impedance 
will be increased in the same ratio, while the angle of log, whose 

rBftCt/ftUCB 

tangent is given by . , wiU remain unaltered. Thus the 

r6S13t£LIlC0 

current will be reduced in the ratio — , but its phase will remain 

unaltered. The ampere-turns on the rotor, and the rotating field due 
to them, will obviously be the same as before, for while the current 

has been reduced to -th of its original value, the turns have been 

increased m-fold; the phase of the current having undergone no 
ohange. 

On account of the rotation of the rotor, the frequency of the rotor 
currents is much less, under normal rrmniTig conditions, than that of 
the stator currents. Let fi be the primary frequency, and the 
seoondary.y The slip a (§ 70) is defined by the equation — 

and is frequently expressed as a percentage, in the form 100 

Ji 
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§ 115. Induction Motor replaced by Equivalent 
Transformer 

Let U8 now suppose that the motor is running with a slip s, 
exerting a definite towiue, and that while the torque remains unaltered, ‘ 
resistance is introduced into the rotor windings, the slip increasing 1 
until ultimately the rotor comes to rest — still ofSrHng its nTigin^ j 
torque. Lot rj be the resistance of each phase of the rotor winding, 
and let r be the additional resistance which must be introduced into 
each phase in order to reduce the rotor to rest. Then the total resist- 
ance Ra of each phase, when the rotor has been reduced to rest, is 
Ej — ra 4- If A denote the original frequency of the rotor currents, 
then it is clear that by reducing the rotor to rest wo have increased! 
the o,m.f, induced in its windings (by the hypothetical field duo to! 

the stator currents) in the ratio the frequency and reactance of the 

rotor windings have each been increased in the same ratio. It is, 
therefore, clear that in order that the secondary current and its phase 
i-olativoly to the induced secondary o.m.f. may remain unaltered, the 
total rcsistuiico of the rotor windings must also be increased in the 

same ratio Le. wo must have — 

J2 


1 —s 


The primary and secondary currents, thoir phase relations, and 
the total power supplied to the primary, remain unaltered. But the 
rotor is now at rest, and although still exerting its original torque, 
does not develop any niechanical power. It is evident that the power 
whieh foiTiierly corresponded to mechanical power is now employed 
in producing heat in the additional or extoriial resistance r, and is 
represented liy rlj® per phase, Jj being the secondary current in each 

pliatio. 

We have thu.<» reduced our imluclion motor to an equivalent three- 
phiuse transformer, the total muclmnical power developed by the motor 
corresponding to tlio jiow'er absorbed by the resistances r external to 
tlio rotor windings, and the slip s of tho motor corresponding, according 
to equation (1), to — 


r + n 
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§ ii6. Torque of Induction Motor 

If T a= torque exerted by motor,* in tb.-feet, oaA. P = number of 
pairs of poles in motor, then corresponding to a slip s the speed of the 

rotor is revs, per sec., and the total mechanical power is — 


2;r(l-s)A X horse-- 
P -660 ^”“ 


power, or ^ X 746 watts. 


But if N = number of phases in rotor -winding, we must have- 


P ‘ SSO'*' - 


whence — 


or, using (1) — 


T = 0-737/1 V . Nrla* 
(1 — s)&» 


T = 0-737^^ . — . . 

(o S 

where o) = 2ir X primary frequency. 


( 3 ) 


§ 117. Study of Transformer Equivalent of Induc- 
tion Motor. Vector Diag*ram 


We may now study the beha-viour of the motor by substituting 
for it the equivalent transformer shown in Fig. 146, which replaces 
each phase of the winding ; Xi and Xj denoting those portions of tibe 
piimaiy and secondary self-inductances which do not contribute 
anything towards the mutual induotance.t The non-inductive resist- 
ance i, shown as a shunt across T'T", is intended to represent a load 
eqmvalent to the hysteresis and eddy-current loss in the stator core. 
This loss will not be quite constant, for with increasing load the p.d.' 
across T'T" will decrease, and with it also the hysteresis and eddy- 
current loss. As an approximation, however, we may suppose this 
loss to remain constant at all loads, which is equivalent to supposing 
h connected across TT. ^ “ 

ProvisionaUy, however, we shall neglect the iron loss entirely. 


•t ^ termed the Uahi^t tAf-induclanee* of the vindinitB • bv mem 

vnters they ere, lucorreotly, called the Belf-iadnetanoea of the wlni^ aSplyf 
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and investigate the la^ according to which the primary and secondary 
currents, the power factor, etc., vary with increasing load when the 
primary p.d. across the terminals of the transformer is kept constant. 



Fig. 14S. — Tranaformer EquiTalent of Induction Motor. 


The method which we shall follow is one originally given by F. Bedell,* 
and subsequently applied to the induction motor by J. Bethenod.t 
Let Ii be the (r.m.s.) primary current, and n the primary resist- 
ance (per phase). The primary phase p.d., f which we shall denote 
by V, may be regarded as made up of the following components : — 

(1) The resistance component, rjli, in phase with Ii. 

(2) The primary self-inductance component, aiLiIi, 90® ahead of Ii. 

(3) The component corresponding to the mutual inductance of 

the two circuits. In order to find the value of this, let us assume / 
the instantaneous value of the secondary' current to be ia = lo^ sin y 
The hypothetical flux through the primary, due to this secondary ' 
current, is and the e.nLf. induced by it in the primary is 
given by — 

— =ss — cuMIot cos tot 

In order to balance this, the primary phase p.d, nmat provide a com- 
ponent + (oMJm cos oyt, a component whose r.m.s. value is, say, 
C 0 MI 2 , and which is 90° ahead of I 2 . 

Considering next the secondary circuit, we have in it — 

(1) The e.m.£ induced by ttie hypothetical field through the 

• Proceedingi ofihe Physical Booiety of London, vol. xiF. p. 827 (1896> 
t L'&lairagc Meeiriq^ vol. xL p. 263 (1904). 

t Z.fl. tlie p.d. per phaae, or x line p.d. 
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secondary due to the current Ii in the primary. The magmtude 
of this e.m.f. iswMIi, and it is 90® behind the primary current. We 
may regard it as an e.iii.£ impressed on the secondary, and as made 

6 



up of (2) the E 4 I 2 component, in phase mth I 2 , and (3) the a>L 2 la 
component, 90® ahead of Iq. 

These relations are graphically exhibited in Fig. 146, in which 
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we take the primary current Ij as our vector of reference in a hori- 
zontal direction. The resultant of OA = rjli, AB *= cuLiTi, and 
BO = CDMI 2 in the primary circuit gives ns V, the primary phase 
p.d., the angle AGO = 0i being the angle of lag of the primary 
current behind the p,d., so that cos 61 = power factor of motor. In 
the secondary, the resultant of OD = E 2 T 2 and DE = C 0 L 2 T 2 gives 
us the e.m.f. mMIj, while the angle EOD = is the angle by which 
I 2 lags behind wMT|. From 0 let OF be drawn parallel to OD. 
Then angle BFO = while BCF is a right mglt. 


§ 118. Transformation of Vector Diagram, 
Deduction of Circle Diagram 

Let ns now transform our vector diagrtm by dividing the length 
of each vector in it by Ii. We then obtain the diagram of Fig. 147. 
A, B, and E now become points (OA = ri, AB=wI^ and 
OE = wM being constant). Hence, since, as the load varies, D 
describes a semicircle on OE as diameter, and since BO is paw^el 
and proportional to ED, it follows that 0 is constrained to move along 
a cvrde described on BF as diameter. 

Since 0 is fixed with respect to the circle, it follows by a well- 
known geometrical proposition that OP X 00 = constant for all 
possible positions of C. Hence — 

OP = = constant X Ix 

sines V is by supposition maintained constant. OP is, therefore, 
proportional to the primary current, and we have the important 
result that as the load chan^ the extremity of the primary ewrrent 
vector mma cUorty a (Arde. Since the angle which this vector malres 
with the horizontal is Oi, we may, in our new diagram, take the 
horizontal direction to be that of the primary phase p.d. vector. 

Let the line OB be drawn, intersecting the circle at Q. Then 

we have OQ . OB = OP . 00, or Hence, the triangles 

QP BO- 

OQP'and OCB are similar, and ^ oi>— 

QP a ^ . BO s= constant x la (^)> 

since OB, w, and M are all constant. Thus, QP is proportional to 
the secondary current. 
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We may now wTite— 


B 



where Ki and Kjj are constants. We proceed to determine their 
values. 

The value of ti being, in any well-designed motor, extremely 


11 = Ki . OP 

12 = EI3 . QP 



TRANSFORMED VECTOR DIAGRAM 


221 


small in comparison "witli wLi, we may asatime that 0 is practically 
at the same distance from the centre of the circle as A, so that 
OP . 00 = AF . AB. 

Now — 

• wLala Lj 

and — 

AF = AB - FB »a,(Li =^(LiLj - M®) 

Thns— 

AF.AB=(o^2(LiLa» Mi) 

-*-9 

and — 

„p_AF.AB jLi LiLa-M® ^ 

00 V ' 

On oompaiing this witli (6), we find — 

■jr ^ ^ yjjv 

^ ~ «u»Li(LiLs - M®) 

Considenng next equation (4), and putting, approximately, 
OB = wLi, and utilizing (7), we find — 



and on comparing this with (6) wo get — 



The scales according to which the two currents are to be measured 
are thus different, the ratio of the corresponding constants being — 

Ki^M* 

Kg hi 

* Always supposing the secondary winding to contain the same number of turns as 
the primary. 
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§ I IQ. Construction for Slip and Torque 

We slmll now bIlow that the slip and torgus may also bo repre- 
sented by a very simple graphical oonstmotion, shown in Fig. 148. 

If, in Fig. 147, we join BP, then the angle BPO, which stands 
on the same arc as EFG, is equal to this latter, to 0a. Thus, 
the angle between the primary current vector and the line PB is 
equal to 0a 

In Fig. 148 part of the diagram of Fig. 147 has been reproduced^ 


B 



Fio. 118. — Oonstruotion for Slip and Torqne of Ind notion Motor. 

Eeferring once more fco Kg. 147, we see tliat tan fla = But 

since (§ 116) Ea *= — , we have — 

8 
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tan 02 


AuLa 


or — 


s =s . tan 0a .••••• • (1^) 

wLa 


SO that the slip is proportional to tan 02. 

In lig. 148, join OF, and draw OSxOF. Join BP, and produce 
it until it intersects OS at S. Since the angle FPS is a right angle, 
both the triangles FSP and FSO wO be right-angled, and hen^ a 
circle described on FS as diameter will pass through P and 0. Since 
the angle OFS stands on the same arc of this circle as OPS, it follows 

° OS 

that /OFS = 0a, hence tan 0a = and by (11) — 


« 


Jl nq 

wLa* 0F’°® 


• • 



but OF being constant, it follows that the slip is j^opo?^tio7ial to OS. 

We may notice that the point K where OF int^ects the circle 
corresponds to an infinite value of the slip, BK being parallel to OS, 
i,e, intersecting it at an infinite distance. 

We shall next explain the graphical construction for the'torque. 
On OB as diameter, describe a semicircle intersecting BS in Z, 
and from Z let fall the perpendicular ZT on OK. 

Equation (3), § 116, given above may be written — 

T = K8^* (13) 


Kb being a constant \rho3e value (if the torque is expressed in 
Ib.-feet) is given by — 


Ks = 0-737 


PKra 

0* 


Now in the triangle QPB — ■ 

QP sin QBP 
QB ^ sin QPB 


so that-— 


I, = K..QP = K,^''“p3.«aOBZ 
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or — 


TT 9? ^ OZ • 

^»OB* Bin QPJ3 • 

Ki.OZ 


QB . 

where K 4 is a'constant whose valtie is K 4 = ^*OB sin QPB‘ ^ 

Hence— . ^ „ 

V = K** . OZ* 

Again, by (12), « « Hs • OS, where Ks Substituting 

these Talues for la* and s in (13), we find — 

_ K 8 .K 4 * OZ* T^oz* 

JftJ'here K* is the cmatant • Since ^ ^ oS “ 


cos ZOS « OZ cos OZT 


K* 

ZT, we have — 
T = Ke . ZT . 


(14) 

i.e. the torq^ue is proportional to the length of the perpendioidar let fall 

from, Z on OK. . • vi 

It is evident that the maximum torque which the motor is capable 
of exerting is given by the length ZY of the perpendicular erected 
at the middle point X of OK. 

BO wM* 


Since (Fig. 147) FB 

M*N 


. ^ and AF = AB-FB 

sm ua La 


;ct* 


^ la * ^ I we see that—^ 


and— 


AF 

FB“ 

AB 

AF' 


LiLa - M* 

' M* 


.<T,by§113 (16) 


1 + g 
a 


(16) 


So long, therefore, as Lj, La, and M remain unaltered, AF and 
and the circle described’ on FB as diameter, remain unchanged. We 

* The straight line joining 0 and Z is, for the sake of oleamees, not ehoTO in the 

diagr^^ reBBins constant, beoanse QB is a fixed chord of the oiiole 

described bv Pr 
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IN 

HEYLAND’S CIRCLE DIAGRAM 

may now investigate — assuming Li, 1% and M to remain constant — 
what effect is produced by a change in the primajy {or stator) 
resistance. 

§120. Case of Negligible Primary Resistance. 
Heyland’s Circle Diagram 

We shall in the first place consider the ideal case of a motor 
whose stator winding is of absolutely negligible resistance. The point 
0 (Mg. 148) in tl^ case moves up to A, K moves up to B, the 
diameters BE and BO of the two circles coincide, and flie diagram 
assumes the simple form shown in Eig. 149, U and X being the 


B 



centres of the two circles. We can easily express the nrmTininm 
value of the power factor in this ideal case in terms of the dispersion 
coefficient o. The maximum power factor cos do is obtained when 
the primary current vector OP becomes tangential to the sm^er 
circle. We have in this case — 


Q 
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power factor cos 0o = cos POS « cos PUO * 
UP UQ 
“ UO “ UQ + QO 
1 

1 + 2ff 


( 17 ) 


since - 2 <r, by (16). 

Ag^, the point K (Kg. 148) being now at B (Fig. 149), tbe 
perpendicular XY of Fig. 149, wMob is a measnxe of tbe maximiun 
tco^ue, has become equal to tbe radius of tbe larger circle. Hence — 


maximum torque XZ 1 _ 1 + 2 (t 

t^ue at' Tuaximum power factor “ HZ “ sin 0o ~ 2 -\/(t(1 + <t) ^ ^ 

It must be understood that (17) and (18) only bold in tbe ideal 
^e of a motor whose stator winding is quite negligible. 

Tbe construction shown in Fig. 149 was first given by Heyland, 
and is known as Heyland’s Circle Diagram. It only applies, however, 
to tbe ideal case of a motor tbe resistance of whose stator windings 
is negligible. 


§ I3I. Effect of Resistance in (i) Stator and 
(a) Rotor 


Let us next suppose that tbe resistance of tbe stator winding is 
BteadUy increased while Li, Ig, and M remain unaltered. Then in 
Kg. 148 the point 0 will travel away from A, the line OFK will 
swing round, the point K gradually moving away from B. Tbe most 
important effect of this change is to reduce the masdmum torque, for 
as K moves away from B, XY shortens. And since in every well- 
AF . 

designed motor «r = is very small, a comparatively small increase 


in the stator resistance (the length OA) may produce a relatively 
large reduction in the maximum torque (t.«. the overload capacity) 
of the motor. 

In § 119, we obtained an expression for the torque of the form 

T = Ks . ZT, where E[e = • Now, of the three constants Els, 

Kfc and Es, one— K 4 — does not involve rj at all, while Kg and Kj 
both contain rj as a factor. Thus Ks is independent of rg, that is, 
the torque scale in our diagram does not depend on the resistance 


• I POB - complement of | POTJ = [ PUO . 


USE OF STARTING RESISTANCES 


of the rotor windiags; so that a given stator onirent will produce 
a definite torque, no matter what the resistance of the rotor may 
be. Increasing the rotor resistance does not, therefore, affect the 
value of the torque corresponding to a given vcdue of the stator 
current. 

Again, on referring to equation (12) for the slip, we notice that 
corresponding to a given value of OS, and hence also OP (t.s. a given 
value of the stator current), the slip is directly proportional to the 
rotor resistance. For a given value of the stator current, therefore, 
an increase in the rotor resistance has the effect of increasing the slip. 

The introduction of resistance into the motor windings has thus 
a totally different effect, according as the resistance is introduced 
into the stator or the rotor windings. For a given value of the 
stator current, the introduction of resistance into the stator windings 
reduces the torque and lowers the efficiency; whereas its introduction 
into the rotor windings leaves the torque unaltered, but increases the 
slip and lowers the efficiency.* 


§ 122. Use of Starting Resistances 

Let us next consider the effect of introducing resistance into the 
rotor windings at the moment of staxting, when the slip is unity. 
By equation (12), § 119, we have, putting s = 1— 

fa X OS = constant 

Hence OS will vary inversely as r%. Now, in order to secure high 
efficiency, it is desirable to make the rotor windings of very low 
resistance. If, therefore, we simply short-oirouit the rotor at staging, 
ra being very small, OS will be veiy large, and hence the point P 
in our circle diagram (Fig. 148) will lie in the neighbourhood of 
K. As a result, the length of the perpendicular let fall from Z 
on OK will be small, i.e, the starting torque will be small, in spite 
of the fact that the current OP taken by the motor is very large. 
Let us now suppose that is momeutanly increased by the intro- 
duction of staiting resistances (§ 72) into the rotor windings. In- 
creasing ra will cause OS to shorten, the point P travelling downwar^ 
from its original position in the neighbourhood of K. This will 
obviously increase the torque, while at the same time the current 
is reduced. If necessary, the maximum torque, corresponding to 
Xy, may be obtained at starting by giving to ra a value such that 

the point Z falls on T. i j v 

We thus see that large starting torque can only be obtamed by 

♦ Sinoo there is a decreaso of speed without any change of turqae. 
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temporarily introducing resistances into the rotor windings, and that 
incidentally we there% gain the advantage of a smaller starting 
current. 

In the case of rotors having permanently short-circuited windings, 
of which the best-known and most widely used type is the squirrel- 
cage winding (§ 70), the introduction of starting resistances into the 
rotor windings is, of course, impossible. Such motors are, therefore, 
incapable of starting against a heavy load. Porther, if the output 
of such a motor is large, the starting current would reach a dangerous 
value if the full p.d. were applied to the stator windings. Hence 
it becomes necessary to introduce resistances into the stator windings, 
or to use an auto-transformer (§ 65) in order to limit the current ; 
but this, as we have seen, reduces the torque still further. The 
squirrel-cage type of winding is, therefore, totally unsuitable for 
motors which are required to start under load. 


§ 123. Effect of Stator Core Loss. Efficiency 

of Motor 

We have hitherto neglected the stator core loss. In the diagram 
(Eig. 145) of the equivfdent transformer, this is represented by the 
power absorbed by the shunting non-inductive resistance Ti, The 
presence of this resistance has the effect of adding to the primary 
current a component Ij^ which is in phase with the p.d. The addition 
of this to the primary current vector in Fig. 148 wonld displace all 
points on the primary current locus a distance representing to the 
right. It is simpler, however, to leave the diagram unaltered, and 
to measure the primary current not from 0, but from a point O' 
to the left of 0, such that O'O represents, on the scale of primary 
current, Ia. The primary angle of phase difference will be PO'A 
instead of POA- 

The total TnecJianical power is easily calculated from the known 
value of the torque and the speed. This latter is easily determined 
from the slip, as it is equal to (1 — s) X speed of synchronism. If 
we express the total me^anical power in watts, then its ratio to the 
total watts supplied to the primary gives us the dectrioal eMdmcy 
of the motor. The useful power is obtained by subtracting the rotor 
friction loss from the totfil mechanical power, and the ratio of the 
useful power to the total power supplied to the primary gives us 
the commercial effidsTicy, 
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§ 124. Experimental Data required for Construc- 
tion of Circle Diagram. Determination of 
Stator Iron Loss 


The ottcle diagram furnishes us with an easy method of completely 
investigating the properties of an induction motor, without req^uiring 
any very elaborate tests. In order to be able to construct the 
diagram, we have to carry out the following measurements. 

The motor is supplied at the normal p.d. and frequency, and is 
allowed to run light. The current lo and total power W, are care- 
fully measured. If Vi = normal line p.d., then phase p.d. for a 

three-phase star winding * = -"^1- * V (§ 17). Tho power per phase 

V 

is JWo, and hence tho power factor at no load is — 


rt Wo 

cos Oo = \r T /:t 
Vj . Io\/3 


( 1 ) 


We may now commonco tbe construction of our diiigitini by draw- 
ing a horizontal line O'V (Fig. 161), and from O' drawing a line 
O'Po = lo. making an angel Oo with O'V, Oo being given by (1) ; Po 
will obviously be a point on the circle. 

Tlio next stop consists in dotermining tho position of the point 0 
in Pig. 148. Since O'O is that part of tho power cuiiiponent of the 
current which corresponds to the stutor core loss, we m\i3t measure 
this loss. Now, when the motor i.s running light, the power taken 


* In what follnwfl, BujipoBO that we arc dealing with a tlirec-phaflo motor; the 
noooPiary niodiileatioiifi in tho torutuliu for a Iwn-phobc motor arc quite obvious 
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by it is not all absorbed by tbe core loss, a certain amount going 
towards overcoming tbe Motional losses. If Wj = oore loss, and 
W/ sa frictional loss, we have — 

Wk = Wo ~ W/ 

This equation enables us to find W* if W/ is known. In order to 
determine W/, we toie a set of readings connecting the power 
absorbed by the motor (when running light) with the Ene p.d. As 
the p.d. is steadily decreased, the power decreases, on account of the 
decrease in the hysteresis and eddy-current losses in the stator core. 
By producing the curve connecting power with p.d. backwards until 
it intersects the axis of power, we obtain the power corresponding to 
zero p.d., i,e. the power when the core loss is vanishingly small.* 
This power will then simply represent W/. 

The distance O'O is now given by — 


0'0 = 


_Wo- W> 

V,.v/3 


and on laying this off homontally from O' we obtain the point 0 in 
OUT diagram. 

The following alternative method of finding Wh, due to W. Linke,t 
nay be used in the case of motors provided with womd rotors. The 
notor to be tested is coupled to an auxiliary motor, and is run at 
various speeds, the stator of the motor under test being supplied at the 
normal p.d., and its rotor being kept open-circuited. The power 
taken by the stator at the various speeds is measured, and a curve is 

f lotted as shown in Fig. 150, connecting this power with the speed, 
t will he found that the curve exhibits a discontinuity at the speed 
of synchronism, at which a sudden drop, represented by AB, takes 
place in the power. This discontinuity is due to the change in sign 
of the hysteresis couple exerted by the stator on the rotor. Below 
synchronism, the couple due to hysteresis is a driving couple, and 
the stator transmits power to the rotor; above synchronism, this 
couple becomes a reta/rding couple, and the rotor begins to transmit 
power to the stator. At exact synchronism, there is no interchange 
of power between stator and rotor, so that the whole of the power 
supplied to the stator (and corresponding to the middle point 0 of 
AB) is dissipated in it, and thus represents the stator loss. This 
power when corrected for the stator copper loss gives us Wa. 

We next measure the resistance ri of one phase of the primary. 
The effect due to eddy currents in the stator windings is equivalent 
to an increase in the resistance of the windings. It is difficult to 

* See Appendix X. 

t EleMroUohnUclM Zeitsohrift, vol. xivlu. p. 964: (1907). 
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estimate this equivalent increase of resistance,* bnt as a rough value 
we may, in order to be on the safe side, take it to amount to 30 per 
cent. We shall suppose n to be a resistance which is 30 per cent, 
greater than the resistance of one stator phase as measured by using 
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Fia. 150. — ^Method of finding Stator lion Loss. 

a continuous current (§ 99). Then rilo gives us the resistance drop 
at no load. 

Now, on referring to the diagram of Eg. 147, we notice that OB 
makes an angle a with the vertical such that — 

. ri nlo _ resistance drop at no load 

® “ Vn* + Io\/n“ + oj'Ta® ~ primary phase p.d. 

Ketuming now to Eg. 161, we erect a perpendicular at 0, 
and draw OB making an angle a with the vertical, such that 

sin o = Along OB lay off a length OQ =* sin do equal to the 

•73 

wattless component of To, and from Q draw a line QT ma king an 
angle a with OB (2a with the vertical). On again referring to 
Eg. 147, we see that the centre of the circle must he on QT. 

* Bee, on tliia subject, a paper by M. B. Field in the Journal of the iMtituiion of 
"Eleotrioal Engineers, toL xxxyiL p. 88 (1906). 
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§ 135. Short-circuit Test 

We now liave one point on the circle — P q — and the line QT, 
which must contain the centre of the circle. The circle could be 
drawn if we knew another point on it. Such a point is obtained by 
determining the magnitude and phase of the short-drcwit mrrmt^ 
i.s. the current which would be obtained by clamping the short- 
circuited rotor and applying the normal p.d. to the stator. 

In this form, however, 3ie experiment could only be carried out 
with extremely small motors, as the currents woidd be excessive, 
and a dangerous rise of temperature would result in a very short 
time. Eurbher, the value so obtained would not be quite correct, as 
the permeability of the cores would be different from that correspond- 
ing to normal working conditions. Hence the plan generally adopted 
consists in applying to the stator a p.d. of amount Yj which is 
sufficient to give rise to a short-circuit current I', about equal to the 
normal full-load current of the motor, the power Wi being measured 
at the same time. If 00 s 0 denote the corresponding power factor, 
we have — 

® 

V standing for the line p.d. during the short-circuit test. The 
short-circuit current It, which would have been obtained at the full 
line p.d. of Yj volts, is then calculated by means of the equation — 



the assumption being made that the short-circuit current is directly 
proportion^ to the p.d. 

As it is found that the value of the short-circuit current depends 
on the position of the rotor relatively to the stator, it is best to allow 
the rotor to run very slowly during this test. 

We can now construct the vector of short-circuit current in oui 
diagram, by laying off OT, = I, (Pig. 161), making an angle 0„ given 
by equation (2), with the horizontal. This determines a second 
point Pi on the cicole. The construction is then completed by joining 
PoPi, and at the middle point of PqPi erecting a .perpendicular to it. 
The intersection of this perpendicular with QY gives the centre U of 
the circle, and the circle may now be drawn. 

In determining the no-load and short-circuit current vectors, it is 
best to find a number of points on the curve connecting p.d. with 
current, and to read off the required value from the curve, rather 
than rely on an isolated reading. This procedure is in any case 
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^33 

nec^wary, in the no-load test, for the purpose of deteimining the 
Mctionid loss as already explained. 



Pig. 151. — Oonatmotion of Oirole Diagram from Experlmontal Data. 

By dramng a vertical line throngli IT, we ore able to determine 
the dispersion coefficient a of the motor, given by (§ 119) — 

AF 


§ 126. Construction of Torque Circle and Slip 
Line. Scales for Torque and Slip 

We next describe the torque circle on OB as diameter, join OF 
and produce it to meet the circles in K. The torque is, to a certain 
scale, given by the length of the perpendicular let fall on OK from 
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tet on the torque circle where it is intersected by the line 
drawn from B to the extremity of the primary current vector (ZT in 
Eig. 148). If we wish to measure tiie torque in Ib.-feet — i.e. in 
terms of the pull which the motor would exert at the circumference 
of a pulley one foot in radius — then we may fix the scale of torque 
very simply, as follows. Assuming, for the moment, that there are 
no losses at all in the stator, we must have the power transmitted to 
the rotor equal to that supplied to the stator. Now the former is, in 

- — 746 


terms of the torque T,* equal to 


watts, 0 ) being 


2rr X firequency and P = number of pairs of poles ; while the latter 
is, for a three-phase motor, cos 0\/3 (I being primary current 
and cos 0 = power factor). Thus — 


(u T 

P‘ 660 •746 


= Vjl cos fl\/3 


or— 


5v,vs.i«o.(i 

= 41 cos 0 (3) 


4 beiug the constant , Vj\/3. Now when, as we have 

momentarily assumed, there are no losses in the stator, the points O', 
0, and A in our diagram become coincident, and the maximum torque 
Tm is represented by ^AB, We may thus write — 

T„, = ^c.ABt 

e being the required constant of proportionality, so that— 



The value of may be determined by means of (3) ; in this, 4 
has a known value, and I and cos 0 may be found by describing a 
cirole on AB as diameter, from its centre drawing a horizontal radius, 
and joining its extremity to B. The point in which this line inter- 
sects the current circle determines I and cos 0 in equation (3). 

The slip might be found as in Fig. 148, but if we wish to consider 
large values of the slip, the line OS there shown would correspond 
to an inconveniently large scale for the slip. It is, therefore, more 
convenient to choose a point R in OB nearer B, and to draw RS 
parallel to BK. Since P, corresponds to the short-circuit current 
when the slip is unity (or 100 per cent.), the point of intersection S of 

♦ In lb.-feet t -AJB being mcasnred on the scale of currenii. 
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BP, produced witli ES fixes the slip scale, the length ES representing 
a slip of 100 per cenw The sEp corresponding to any other value of 
the current is, on the same scale, equal to the distance from E of the 
point of intersection of the line drawn from B to the extremity of the 
current vector. 


§ 127. Applications of Circle Diagram 

Having constmcted our diagram, we may use it to find the relation 
connecting any two out of the various quantities which we have to 
consider — current, power factor, slip, torque, mechanical power, and 
electrical efficiency. These relations are conveniently represented in 



POWER, absorbed B'1 MOTOR 

Fia, 152.— CuTYefl derived from Olrole Diagram. 


the usual way by curves, and a very large number of different modes 
of representation may be adopted. Two of the most commonly 
employed are those in which the electrical power supplied to the 
motor, and the mechanical power developed by it, are taken as 
abscissae, the remaining quantities being plotted as ordinates. An 
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example of this mode of representation is shown in Kg. 162, wher< 
the current, torq^ue, and slip are plotted against the power supplied tc 
the motor. 


§ 128. Load Tests. Measurement of Slip and 
of Friction Loss 

The experiments required for finding the constants which 
determine the circle diagram may all be carried out with the ex- 
penditure of a comparatively sm^ amount of power, and hence the 
method of testing which depends on the use of the circle diagram is 
of particular value in connection with motors of large size, when the 
power necessary for carrying out brake tests becomes a seriona 
consideration. When dealing with motors of small size, it may be 
desirable to supplement the no-load and short-circuit tests by testa 
under load and measurements of the slip, which furnish additional 
checks on the accuracy of the circle diagram. We shall now consider 
some of these supplementaiy testa. For testing the motor under 
load, and measuring the br^e-h.p. corresponding to various stator 
currents, any one of the numerous forms of absorption dynamometer * 
may be employed, A very convenient method is to couple the motor 
to a standardized continuous-current generator. 

We shall next consider the measurement of slip. For the sake 
of securing high efiBciency, the slip is arranged to be small at all 
ordinary loads, not exceeding, as a rule, some 6 per cent, at full load 
even in small motors, and being much less in larger motors (§ 76). 
Hence its measurement by a dnect comparison of the actual speed 
with the speed of synchronism is incapable of yielding accurate 
results, as the error involved in the speed measurement ia quite 
comparable with the slip, and may even exceed it considerably at 
light loads. Specid methods have, therefore, been devised for 
measuring small values of the slip. 

In one of these, the shaft of the motor carries a cardboard disc 
divided into a number of sectors, alternately black and white, the 
total number of sectors being equal to twice the number of poles. 
The disc ,i3 illuminated by means of an arc lamp, which derives 
its current from the same source as the motor. Now, an alternating- 
current arc is extinguished twice during each complete wave of 
current, so that the light coming from it will in reality consist of a 
succession of flashes. If we suppose that the motor is being driven 
at synchronous speed, then since the time taken by a white sector to 

Dofioriptions of the Soamea brake and the eddy-onrrent brake will be fonnd in the 
autbor’a Inirodtictory CJoursd 0/ Oontinuoui Current Engineering (Cbnatable k Go.). 
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move into the positjjp. of the white sector next in advance of it is 
equal to a haJf-penod, it follows that as each flash reaches its 
maximum brightness the white and black sectors are in the same ' 
relative positions, and thus the disc appears to be stationar 7 . If slip 
is allowed to take place, the positions of the sectors will be retarded 
relatively to the flashes, and the disc will appear to rotate.* By 
counting the number of apparent revolutions of the disc during any 
convenient interval of time, we obtain the number of slip revolutions. 

If we at the same time determine the number of revolutions of the 
motor (during the same interval of time, while counting the slip 
revolutions), then the slip is given by- 

slip revolutions 

motor revolutions + slip revolutions 

Instead of a cardboard disc divided into white and black sectors, 
a simple radial chalk line drawn across the web of the pulley is 
sufficient, provided the pulley is illuminated mainly by the light of 
the arc. The experiment may be conducted in daylight. 

A disadvantage connected with the use of the arc is that as it 
draws a fairly heavy current from the mains, it is liable to unbalance 
the three-phase system, so that the phase p.d's across the stator 
windings are not alike, and the motor is not running under entirely 
normal conditions. 

Samojlofft has, however, found that if the rotating disc be in 
darkness, an incandescent lamp (whose periodic partial extinctions, 
due to alternate heating and cooling of the filament, are ordinarily 
quite imperceptible to the ^e) may be successfully employed for the 
same purpose. With an incandescent lamp, which only takes a 
small current, no serious unbalancing can, of course, take place. 

Although by the above means small values of the slip are 
easily determined with a high degree of accuracy, the method 
fails when the slip is considerable, since it then becomes impossible 
to count the rapid revolutions of the stroboscopic disc. The range of 
the stroboscopic method may, however, be greatly extended by 
various special devices, one of the most successM of which is that 
embodied in the direct-reading slip indicator devised by Dr. C. V. 
Drysdale,t and shown in Fig. 153. The instrument consists of a 
boxwood' cone mounted on a spindle whose end may be applied to 
the motor shaft, so that the cone ^ be driven at the speed of the 
motor. Resting on the cone is a pivoted disc mounted at the end of 


* In a dirootion opposed to the direction of rotation of the motor. 

I Annolen der Physik^ 3 2. p. 358 (1900). » ui i ko xi. xv i 

t The EUctrioian, Yol. 1 y. p. 734 (1905) For the nae of Fig. the rathor is 
indebted to Dr. Drysdale and The Electrician Printing and Publishing Co., who 
kindly supplied the block for this lUnstration. 
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fork, 'wliicli is pivoted in a slider. The position of the slider 
nay he varied by means of a screw, and may be read off on a scale 
• which gives the corresponding value of the slip directly. Attached 
to the surface of the disc is a stroboscopic disc of paper, the number 
of black or white sectors being equal to the number of poles 
in the motor. The disc is illuminated as usual by a source of light 
connected to the same mains as those supplying the motor. If the 
position of the disc is such that its diameter is equal to that of the 
ooi^e, then disc and cone will revolve at the same speed, and if this 



1 



Fio. 163. — ^Dryedale Direct-reading Slip Indicator.* 


4 

I 


speed were that of synchronism, the disc would appear to be 
stationary. This position gives the zero of the scale. Since the 
speed of the motor is, however, below that of synchronism, the disc 
will appear to rotate if placed at the zero of the scale. But its speed 
may be increased by traversing it towards the thicker end of the 
cone, until it appears stationary ; the method is thus a zero method. 
In constructing the direct-reading scale, the value of the slip 
corresponding to a given displacement of the disc from the zero 
position is easily calculated from the angle of the cone. 


MEASUREMENT OF SLIP 


239 


Another method of determining the slip is the intermittent 
contact method. Several varieties of this have been devised. In its 
earliest form, the method is due to G, Seibt.* Mounted on the motor 
shaft is a disc of insulating material, which carries a complete 
metallic ring of width equal to half that of the disc ; this ring has a 
projection which is let into the uncovered portion of the disc, as shown 
in Fig. 164 (a). Two brushes are arranged to press, one against the 
metal ring, the other against the uncovered portion of the disc, so that 
during rotation the circuit between the brushes is closed once in each 
revolution, and is maintained closed for a time depending on the 
width of the metal tongue or segment let into the uncovered portion 
of the disc. The stator terminals are connected through a suitable 




MOTOR 

SHAFT 


(a) (i) 

Fig. 154. — Intermittent Oontaot Methods of measuring Slip. 




resistance or transformer, and a moving-coil instrument (with per- 
manent magnet, as used for continuous currents), to the brushes. 
Now, if the rotor were running synchronously, it is evident that 
contact would each time be made and broken at the same points of the 
stator p.d. wave, such as the points a and 6 in Fig. 166. Hence the 
moving-coil instrument would receive the same impulse during each 
revolution (the quantity discharged through it being proportional to 
the area of the curve included between the ordinates at a and 6), and 
these impulses would blend to produce a steady deflection, whose 
value would depend on the position of the brush bearing on the un- 
covered portion of the disc. For a certain brush position, the deflec- 
tion would vanish, vri:. for that corresponding to make at c and break 
at in Fig, 155, since in this case the instrument would receive two 
equal impulses in opposite directions during each revolution. By 
moving the brush along steadily we could continuously change the 
amount and direction of the deflection, and cause the pointer of 
the indicating instrument to oscillate to and fro. It is evident, 

• EUktroteohniicihe ZeiUckrift, vol. xxii. p. 194 (1901). 
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however, that the same result would be obtained if — as is actually 
the case — ^the brush were fixed and the rotor were running asynchrony 
ously. Thus, if during a certain revolution contact is made at a 
(Fig. 166), then during the next revolution it will be made at a point 
in advcme of a, since the time of a revolution is longer than that 
corresponding to a revolution of the stator field. Thus the points a 
^d h travel along the base line, and the pointer of the indicating 
instrument oscillates with a frequency equal to that of the rotor 
currents, so that by counting the oscillations during any convenient 
• interval of time we can directly determine the bUd frequency. As 
regards the length of the contact segment, which determines the 
distance apart of the points a and 6, this may have any convenient 
value, provided the amplitude of the oscillations of the indicating 



instrument is sufficiently large. The greatest amplitude is obviously 
obtained by making the points a and h include half a wave-length — 
t.s. by maTang the angular span of the contact segment equal to the 
angular pole-pitch of the motor. 

Instead of a polarized indicating instrument, a hot-wire instru- 
ment or an incandescent lamp of suitable voltage may be employed. 
Since the indicating device in this case does not discriminate between 
positive and negative impulses, its indications will oscillate between 
a certain maximum and minimum, and the frequency of the oscilla- 
tions will be twice the slip frequency. From this it will be seen that 
for the measurement of large slips a polarized instrument is more 
suitable. 

In some oases, the motor shaft may not be long enough to allow 
of the attachment of the contact-disc, and for such cases the following 
extremely simple device, due to 0. F. Gmlbert,* and illustrated in 
♦ La Lumihe Sleotriquet Tol. It. p. 297 (1908), 
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Fig. 154 (i), may be used. A disc of paper with a sector of suitable 
angle cut out of it is stuck on the end of the shaft (or the boss of the 
pulley), and a contact brush — which may be either held by hand or 
suitably supported in a fixed holder — ^is pressed against it. The 
brush forms one contact of the intermittent contact circuit, while the 
other is formed by the shaft, permanent connection with which may 
be obtained by means of another brush.* 

We have already, in considering the circle diagram, eifplained 
one method of finding the friction loss in a motor. Another very 
convenient method, which may be used as a check on the former, is ^ 
to take one set of wattmeter readings when the motor is running 
light at the normal p.d. with its rotor short-circuited as usual, and 
another set when the rotor has been suddenly open-cirouited, the 
second set of readings being obtained as quickly as possible after 
open-circuiting the rotor. The difference of power in file two cases 
practically represents the frictional loss.t 

F. Blmc X fii^ds that for weU-constructed motors of 300 h.p. 
the friction loss may be represented by the formula — 

friction loss = Ov/h.p. x D 

D being the rotor diameter in cms., and 0 a constant whose value 
ranges from 20 to 30. 


§ 129. Efficiency Tests. Methods of Meunier, 
Sumpner, and Weekes 

A very accurate method of determining the efficiency of two 
motors of about the same output is the following modification of the 
well-known Hopkinson test for dynamos, which appears to have 
been first suggested by M. P. Meunier,§ and independently by Dr. 
Sumpner and Mr. E. W. Weekes, || who have tested the method 
practically with very satisfactory results. The arrangement of con- 
nections is shown in Fig. 166. The two motors are belted together, 
the sizes of the pulleys being different, so that while one of the 
machines — which has the larger pulley — is running as a motor, the 
other — which has the smaller pulley — is being driven mechanically 
above the speed of synchronism. It will be shown 0 132) that 
when the rotor of an induction motor whose stator is connected 
across the supply mains is driven alove the speed of synchronism, 
the motor will act as a generator, supplying power to the mains. 

• See Appendix XI. 

t See Appendix X. 

X ElehtrotechmacUie Zeitschrift, yol. zxi. p 131 (1900). 

] jSolairage J^lectrique, vol. xxxiy. p 228 (1908). 

H Eleokioal Engineer, vol. xxxiii. p. 918; see vol xxxiv. p. 310 (1904) 

R 
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Thus one of the machines shown in Fig. 166 will act as a motor, 
receiving power partly from the mains, partly (the greater amount) 
from the second machine, which acts as a generator. The stator 
terminala of the generator axe marked Gi, Gj, Gs, those of the motor, 
Ml, Ma, Ms. The difference in the diameters of the pulleys must 
be sufficient to give slips corresponding to the maximum load 
when the rotors are short-circuited. Smaller loads may be obtained 
by introducing suitable resistances into the rotor circuits.* Let 
w fi= power supplied from mains (algebraical sum of readings of 
wattmeters Wi and Wa in Fig. 166). This power is required to 
make up for the total losses. Now, one source of loss is that 
represented by the power required to bend the belt and drive it 



Pig. 156.— Effioienoy Test of Two Similar Induction Motors. 


against air friction. In order to find Wb, the wattmeters Wi and Wa 
are read (1) when both stators axe across the mains, and the rotor of 
the motor is short-circuited, driving the open-circuited rotor of the 
generator by belt ; and ^2) when both machines are running light 
with the belt off. The difference in the power drawn from the mains 
in the two oases gives Wb. Thus w Wb gives us the power actually 
wasted in ihs miMnes, Part of this waste will occur in the motor, 
the remainder in the generator. Now, since the motor is necessarily 
more heavily loaded tian the generator, it will waste a larger amount 
of power; the power wasted in each machine may be taken to be 

* An allowance con easily be made for tlie power wasted in the reRnlatinir 
resistanoes ® ^ 
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proportional to the slip. Thus, if Sm, Sg stand for the sUps of motor 
and generator respectively, the power lost is — 

V) ^ Wb 
Sm 4 “ ' 

and — 


. 8m in the motor 


W Wh 
Sm 4 ' ' 


. 5 ^ in the generator 


Now, M Wg = power developed by generator (algebraical sum of 
readings of Wa and W 4 in Fig. 166) and transmitted to motor, the 
total power received by motor is Wg + w — wi. On subtracting 
from this the power wasted in the motor, we obtain the useM 
power transmitted to the generator, and on dividing this latter by 
Wg + w --- v)hy obtain the motor efidcienoy. Similarly, the gene- 
rator efficiency is obtained by diHding its useful output Wg by the 
power transmitted to it by the motor.* 

There is, however, an additional source of loss due to the belt 
drive which we have so far left out of consideration. This is due 
to the slipping of the belt on both pulleys. So long as the machines 
are lightly loaded, the belt slip is inappreciable, and wi represents 
the o^y loss taking place outside the machines. But with a heavy 
load, the rate of heat production at the pulleys due to slipping of 
the belt over their surfaces may represent an appreciable fraction 
of the brake-power of the motor. A correction thus becomes neces- 
sary. If dm = dia. of motor pulley, dg s= dia. of generator pulley, 
and t = thickness of belt, aU measured in terms of the same unit 
of length, then the effective diameters of the pulleys are ^ and 
dg -f t, and if the belt did not slip, the ratio of the speed of the 

generator to that of the motor would be By reason of 

(Lg 4 “ & 

slipping, however, this is reduced in a certain ratio, say —j—, where 

6 may be termed the hdt sli^. Thus — 

speed of generator pulley ^ dvi 4 - ^ . 
speed of motor pulley ^ dg + r ^ 

But this ratio may be measured directly. For if Sm = slip of motor 
rotor relatively to its stator field, and sg = slip of generator rotor,t 
we have — 

speed of generator rotor 1 + % 
speed of motor rotor 1 — Sw 

• Having aubtraoted ws from the power drawn from the mains, we deal with the 
maoliines as if they were connected by means of a perfectly pliable belt which 
encounters no resistance in its motion through the air 

t Numerical values of the slip being considered (jilgthraicaXiyt the generator slip 
is negative) 
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Equating the two expressions for this ratio, we find- 

1 4" (Zm + i 


l-& = 


1 ““ ^7/1 t 

Now, if by reason of belt slip the speed of the generator is 

reduced in the ratio ^ it is obvious that the power transmitted 

to it by the motor is reduced in the same ratio. Thus of the total 
power * developed by the motor a fraction & is lost in producing 
heat at the pulleys. If i]^ = motor efficiency, approximately calcu- 
lated as already explained, then in order to balance the loss due 
^ belt slip we have to draw from the mains an amount of power 

We have now to recalculate both efficiencies, assuming that 

no losses whatever are occasioned by the belt drive, and that the 
total waste of power in the machines is — 




hWm 

Vm 


Although we have explained in detail how to apply the correction 
due to belt slip, we may state that in most cases this correction is 
extremely small, and need only be taken account of at heavy loads 
and where the highest possible degree of accuracy is required. 


§ 130. Alexanderson’s Method 

The folloTOng approximate method of testing induction motors 
has been devised by Mr. E. Alexanderson,t and is used by the General 
Mectric Co. of America. The principle of the method is based on 
the fact that for ordinary loads the sUp is practically proportional 
to the torque. The load consists of a separately excited continuous- 
current generator belted to the motor. The useful output of the 
generator is measured by means of a voltmeter and ammeter, and 
IS ^ual (V being the p.d. and i the current); its total output 
IB Y^ + n , r being the armature resistance. The slip 5 of the motor 
corresponding to this load is measured (by the stroboscopic method 
of panting a number of white sectors on the pulley equal to the 
number of poles, and illuminating the pulley by an alternating arc 
supplied from the same circuit as the motor). Let w; = total 

P, Engineer, vol. xliv. p. 212 at The Eleatrioian, vol. Uii. 
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mechanical power of motor, and Wi = power required to balance 
losses due to rotor bearing friction and windage, belt losses, and 
frictional and core losses of generator ; and let T and Ti be the 
torques corresponding ^to the total power w and the losses wi 
respectively. Then obviously — 


T 

wi “ Ti 


(1) 


The ratio is determined by switching off the load from the 

oontiauous-current generator, but maintaining its excitation, and 
finding the new value Si of the slip — which corresponds to the 

1-rr T a 

torque Ti. We then have rfr * — approximately, and (1) becomes 

J-l Si 

W Wi _^S Si 
Wi iT” 

or — 


^ p Subtracting unity from each side, we get 


w -- Wi Wi w , , , . .8 

5 = — = — , so that w = (w ^ Wi) 

s — ai 81 8 ^ a — ai 


But since w wi=: total output of generator = Yi + ri\ we 
have — 

( 2 ) 

Thus w, the total mechanical power of the motor, becomes known. 
In order to find its useful or brake-power, we have to determine 
the power w/ corresponding to the rotor frictional loss at the speed 
for which the total mechanical power of the motor is w. Let T/ be 

w T 

the corresponding torque. Then we have “ 

latter ratio, we remove the belt, allow the motor to run light, and 

measure its slip s/. Then ^ so that ^ Proceeding as 

^ ' Xf Sf Wf 8 

before, we find — 

10 *iv 

brake-power of motor = w — = (5 — 5/) — = (s — 5/)j 

or, using (2) — 

brake-power = ^ -(Vi ■+■ ri^) 

The brake-power being known, the efficiency is at once obtained 
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by dividing it by the total power supplied to the motor, as measured 
by the two-wattmeter method. 

Now, in rough measurements, it would not be necessary to 
measure the slip corresponding to any otl^ value of the load in 
order to find the brake-power. Eor, using the same method as 
before, we find — 


losses of generator with belt =» — w/ = 


^^(Vi + n“). (3) 


and hence — 


brake-power = total output of generator + losses in belt and generator. 

Thus the brake-power is obtained by simply adding to the total 
generator output the value of the losses as given by (3), the assump- 
tion being made (which is obviously not quite correct) that these 
losses are constant within the working range of the motor speed. 


§ 131* Induction Motors with Large Starting 

Torque 

In an induction motor having permanently short-cirouited 
windings, high efficiency (which involves low rotor resistance) is 
incompatible with large starting torque. Such motors are, therefore, 
incapable of starting against a heavy load, and it is usual to provide 
a fast and loose pmley, the motor being first allowed to run up to 
speed on the loose pidley, and the driving belt being then shifted 
to the fast pulley. Instead of this arrangement, various forms of 
friction clutch may be used. In a device patented by De 

Ligniferes,* the stator as well as the rotor is capable of rotating, 

and the stator is provided with a suitable brake, by means of which 
it may be gradually reduced to rest. In starting, the stator is 

allowed to run up to full speed, and the brake is then gradually 

applied to it, the torque increasiog as the speed decreases, until the 
rotor is started ; the stator being then gradually reduced to rest, and 
the rotor gaining speed. 

The follovring arrangement for obtaining high starting torque in 
squirrel-cage motors is used by the Oerlikon Oo.f The rotor con- 
ductors consist of steel tubes, connected on one side to a short- 
circuiting ring of copper. On the other side of the rotor is arranged 
a sleeve capajble of sliding along the shaft. This sleeve carries the 
second short-circuiting ring, from which there project, in a direction 

• Western HUotriaian, Tol, zxziii. p. 228 (1903). This arrangement has also been 
independently inyented by Messrs. Maror and Ooulson. 
t Mektroteohniiohe ZeiUchri/t, vol. zxzi. p. 699 (1910). 
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parallel to the shaft, a number of split copper rods whose ends enter 
the steel tubes. At starting, the high resistance of the steel tubes 
gives a powerful torque ; when the motor has run up to speed, the 
sleeve is slid along tlm shaft, and the copper rods are pushed more 
and more deeply into tne steel tubes, until they completely fill them, 
thereby making the rotor winding of low resistance. 

M. D&i has devised an extremely ingenious method of securing 
large starting torque with high efficiency in motors having per- 
manently short-circuited rotors.* This consists essentially in halving 
the number of poles at starting, and in using a special form of short- 
circuited rotor winding, such that while under normal running 
conditions, with the fall number of poles in use, the resistance of the 
rotor winding is low, its resistance when only half the number of 
poles is used is considerable, thereby enabling the rotor to develop a 



Fio. 157. — Diagram of D€ri Winding for Rotors. 


powerful starting torque. The change in the number of stator poles 
is effected by means of a switcfau The arrangement of the rotor 
winding is shown in Fig. 167. The four conductors shown arranged 
on the rotor periphery form one element of the winding. The 
zig-zag lines Ei and Eg are high resistances bridged across the end- 
connections of the winding as shown. It will be easily seen that 
with a rotating two-pole field (starting position of switch) the total 
e.m.f. induced around the closed circuit formed by the four conductors 
always vanishes (Fig. 167 {a)), and that the only paths open to the 
currents are those through Hi and Eg (which come into play 
alternately, the currents flowing through them being in quadrature 
with each other), i,e. the circuit of the winding is of high resistance, 
enabling the rotor to exert a large starting torque. But as soon 
as the switch is thrown over into the running position, corresponding 
to a four-pole field — Fig. 157 (6) — the e.m.f.8 around the circuit formed 
by the four conductors are added together, the currents flowing 

* Zeiiadkrift fUr EUktrotechnih, yol. xyi. p. 285 (1898), also MektroteehnUche 
RundichaUj vol. xxi. p. 24 (1903). 
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around a low-resistance circuit (corresponding to high efSciency) 
witlwut traversing Ei and Eg. 

The most commonly adopted method for limiting the starting 
current and securing a large starting torque consists in using wound 
rotors provided with sUp-rings, by means of which starting resistances - 
may be introduced into the rotor circuits. In some cases, these 
resistances are mounted inside the rotor itself, and an automatic 
switch, controlled by a centiifugal governor, gradually cuts them out 
as the motor gains speed. 


Noth on TJbh or Eleotbio Valve in oonnbotion with Stbobosooko Methods 
OF Meabubino Slip. 

When the slip Ib large, the ordinary strobosoopio methods become rather tronble- 
Bome. A great improvement may then, as pointed out by A. Brilokmann,* be effeoted 
by indnding an tUetriG valve (§ 144) m the oirouit of the arc lamp used for illuminating 
the pnlley or strobosoopio duo. Snob a valve may ooneut of electrodes of aluminium 
and lead in a saturated eolution of Bodium bicarbonate. The number of flasboB of light 
coming from the arc Is thereby halved, and the difference between the maxima and 
minima of illumination is rendered more pronounced. The effects of these two changes 
are (1) a reduction of the number of mail or sectors in the strobosoopio figure to half 
its original amount, and (2) greater contrast and consequent clearness m the strobosoopio 
pattern. 


Noth on Induction Type Mhasueino Instbuments. 

The principles underlying the action of induction motors are also applied in the 
oonstmo^on of certain classes of measuring instruments. An account of the more 
important of these is given in Appendix V, 


* jElMrotechni%(^e ZeUBohrift^ vol. xxxu. p. 219 (1911). 
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§ 132. Generator Action of Induction Motor at 
Hypersynchronous Speed. Phase Relation of 
Stator and Rotor Currents 

A POLTPHASB induction motor in many respects resembles an ordinaiy 
shunt-wound, continuous-current motor. Each runs at a speed which 
decreases but little with increase of load, so that practically we may 
regard each type as a constant-speed motor. Each develops a torque 
which increases, for ordinary load conditions, practically in propor- 
tion to the decrease of speed (slip) from no-load speed. Further, 
each, if driven mechanically at a sufficient speed above the no-load 
speed, is capable of acting as a generator. We are thus led to con- 
sider the generator action of an induction motor when its rotor is 
mechanically driven above the speed of synchronism. An induotion 
motor when so used forms an induction generator., 

In order to bring out as clearly as possible the relation connecting 
the phase differences between the primary and secondary currents in 
the two cases when the speed is a certain amount below and above 
that of synchronism, we may consider the four diagrams (a), (6), ( 0 ), 
and {d) of Fig. 158. The stator field is supposed to move from left 
to nght in each case. The arrows drawn at right angles to the 
face of the stator core indicate the polarity of the stator field, 
and are drawn at the points where the induction due to the stator 
current alone reaches a maximum value. Diagrams (a) and (c) refer 
to the case of a motor running with positive slip, i.e, below the speed 
of synchronism. The sine wave of magnetic flux due to the stator 
current in sweeping past the rotor conductors induces e.m.f,s in them. 
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80 that there will be a siae wave of e.m.f. trayellmg along the rotor 
conductors, and this sine wave of e.ni.f. will give rise to a sine wave 
of current. Now, if the rotor current were exactly in .phase with the 
hypothetical rotor e.ni.f., a simple application of the rule for finding 
the direction of an induced current would show that the field due to 
the rotor currents would be as shown by the arrows drawn at intervals 
along the surface of the rotor core in diagram (a). (This would be 
approximately the case for very small values of the slip, when the 
frequency of the rotor currents is so low that they lag by a relatively 
small amount behind the hypothetical e.m.f. producing them.) Owing, 
however, to the lag of the rotor currents behind their e.m.f.s, the 
hypothetical field due to the rotor currents will be as shown in 
diagram (c), where the current is supposed to lag by an angle a 
behind the e.DLf. Similar reasoning will show that if the motor be 
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Fig. 158. — To Ulufitrate Phase Belatlon of Stator and Botor Onrrenta in Induction 
Motor and Generator. 


driven above the speed of synchronism, so as to have a negative 
in which case the sine wave of the stator fiuz is reversed in its 
motion relatively to the conductors, the distribution of the hypo- 
thetical rotor field in the ideal case of no lag is as in ( J), while the 
actual distribution is as in (d). The amount of lag, it is to be noted, 
depends solely on the slip,* and will have the same numerical value 
a whether the slip be positive or negative, provided the numerical 
viQue of the slip is the same. 

On comparing diagrams {c) and {d), we notice that in passing 
from any positive value of the slip to an equal negative value, we 
change the phase difference between the wave of hypothetical rotor 
flux and that of hypothetical stator flux by an amount tt 4 - 2a. 

* Which determinea the pequcTicy of the rator ourrents, and hence the angle 
of lag. 


VECTOR DIAGRAM OF GENERATOR 


251 




§ ■33* Vector Diagram of e.m.f.s and its Trans- 
formation 

We may next^ in order to reduce the stator and rotor currents to 
the same froquency (§ 115)^ imagine the negative slip increased, and 
at the same time resistances introduced into the rotor circuits so as 
to maintain the current and phase difference unaltered, until the slip 
becomes numerically equal to unity, i.e. until the speed is double 
that of synchronism. If the 
original slip was numerically 
eqi^ to s, then, denoting the 
original resistance of one phase 
of the rotor circuit — i,e. the re- 
sistance of tlie short-circuited 
phase — and the required 
equivalent resistance for a 
negative sKp of unity, we must 

have Ea =» For, by increas- 
ing the slip in the ratio 1 : s, 
we have increased the hypo- 
thetical rotor e.m.f. and the 
rotor reactance in this ratio, so 
that in order to have the current 
and its phase relatively to the C 
e.nL£ unaltered, the toM resist- 
ance must also be increased in 
the same ratio. If, as before, r 
denote the external resistance 
added to each rotor phase, r =5 Eg 

- ^9 = (<5/ § 115). 

The currents in the two 
windings having by this artifice 

been reduced to the same fre- 159.— Vector Diagram of induction 

quency, we may proceed to Generator, 

construct the vector diagram 

of e.m.f.s similar to the motor diagram shown in Fig. 146. The 
lines OA = nli and AB 5 = coLiTi remain unaltered in phase. But 
the vector oiMIg of the secondary drop must, in accordance with 
diagrams (c) and (d) of Fig. 158, be shifted forward (i,e. in the 
counter-clockwise direction) by an amount tt -H 2 a, so as to occupy 
the position BO shown in Fig. 169, We may now complete the 
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primary vector diagram by joining 0 and 0. The vector 00 corre- 
sponds to the constant stator phase p.d. Y. 

Having thus obtained our vector diagram, we proceed to trans- 
form it just as we did in dealing with a motor (§ 118), and so 
establish the drcle diagram for an induoiion generator. 


§ 134. Generalized Circle Diagram 

The circle representing the locus of the extremity of the primary 



current vector is identical with the circle obtained for the machine 
when used as a motor; and the constructions for electrical power 
slip, and torque remain unaltered (§ 119). 

Such a complete circle diagram, embracing every possible conditioi 
of operation of the machine, whether as generator or motor, is showi 
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in Kg. 160.* Thus, O'P represents a certain value of the stator 
current. Its projection OT' on the line of phase p.d. is proportional 
to the useful output of the generator outside its tenninals.f If we 
draw BT, the intercept RV on the line of slip represents the negative 
aUp of the generator to the same scale as that to which ES represents 
a slip of unity for the motor. Again, the perpendicular TT' gives 
the value of the torq[ue which is actually instrumental in generating 



electrical energy, excluding the additional torque which must be 
provided to compensate for rotor friction. The power factor is given 
by the cosine of the angle FOT. 

If, using such a complete circle diagram, we determine the 
relations connecting power supplied to terminals of motor, or power 
delivered at terminals of generator, with stator current, slip, and 

* The exporlmental data required for the oouBtruotlon of the diagram have already 
been folly considered in Chapter XIII. 

t Total useful output = OT' x phase p d. x number of stator phases. 
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torque, 'we obtain the elegant graphical representation shown in Eig. 
161. The ordinates of the three ourves drawn correspond to stator 
current, slip, and torque respectively, the abscissas representing power 
absorbed from, or supplied to, the mains. 

Between the regions of generator and motor action — the generator 
action extending, in the circle diagram of Fig. 160, to a point a little 
to the left of B (vertically over O'), and the motor action to — ^we 
have a region, oorrespon(hng roughly to the arc P^B, but extending 
slightly beyond B, within which the machine is giving out neither 
electrical nor mechanical energy, but is absorbing both, acting as a 
sink of energy pure and simple. This region, it need Wdly be 
pointed out, is of purely theoretical interest, not only because for 
obvious reasons it would never be used in practice, but because, even 
if we did attempt to reach it,* the insulation of the ooUs would be 
rapidly destroyed by the excessive currents. This portion of the 
diagram is marked "heat radiator,” as the only function then 
performed by the machine is to absorb energy and convert it 
into heat. 


§ 135. Characteristic Features of Induction 
Generator 

It must be carefully noted that the generator action of an induc- 
tion motor depends wholly on the fact of its stator terminals being 
in connection mth a polyphase generator which supplies the necessary 
exciting current required to maintain the rotating field. An induction 
generator is thus not a self-exciting machine ; it can only be run in 
parallel with a polyphase generator of ordinary construction. A 
remarkable future of the induction generator is the fact that its 
frequency is independent of the speed, and ^at for small values of 
the slip its output is roughly proportional to the slip — as is immedi- 
ately evident from the “ slip ” curve of Pig. 161. 

^ Since an induction generator does not run at synchronous speed, 
it is frequently termed an asynohronous generator. 

If we suppose the induction generator to be working on a non- 
inductive load, then the current supplied to the load v^ be repre- 
sented by the component OT' in the ding rHm of Kg. 160. The 

• The point E is, in any ease, inaooeesible for purely mechanical rcaeons corre- 
spondmg, as it doee, to an in:fluite speed. 
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wattless component of the current, obtained by taking the projection 
of O'F on the vertical, must be supplied by some external source, 
which may consist of an ordinary synchronous generator working in 
parallel with the asynchronous machine, or of a synchronous motor 
running light, or of a rotary converter (Chap. XV). A generating 
plant consisting of Zarya induction or asynchronous generators 
deriving their exciting currents from high-speed synchronous motors 
running light (a high speed being adopted to cheapen the cost) would 
be lower in cost than a plant of synchronous machines, and would 
possess some important advantages, such as greater simplicity of 
switch-gear and absence of syncluronizmg or hunting troubles. On 
account of these advantages, induction generators have come into use 
to a limited extent.* 

The fact that an induction motor when driven above synchronous 
speed is capable of acting as a generator is turned to useful account 
in connection with railways employing such motors, the motors in 
descending a steep greidient being made to return power to the line 
by their generator action; the pow^r is thereby saved, instead of 
being dissipated by the use of orjimary brakes. 


§ 136. Speed Control of Induction Motors. 
Rheostatic Control 

The induction motor is, as we have seen, practically a constwnt 
spee^ motor, its slip at full load amounting to not more than 6 per 
cent, even in the caae of small motors, and to much less in larger 
motors. Now, for many practical purposes — such as traction or 
crane work — it is essential to have a motor whose speed may be 
varied within much wider limits. We shall now consider some of 
the methods of speed control which are used in practice. 

The method most commonly employed consists in introducing 
resistances into the rotor windings. We have already seen (§ 121) 
that the introduction of non-inductive resistances into the rotor 
circuits has the effect of reducing the speed while leaving the torque, 
the currents, and their phase relations unaltered. The total power 

* Leblano bas devised an mteresting form of exoiter for use with an induction 
generator (^olairage £leotrique, vol xvlii. pp. 161, 376 (1899)). McAllister has found 
that the wattless current may be supplied by oondensers (JEUctriodl WoM and Engineer^ 
vol. xli. p 109). Tor an interesting account of induction generators by W L. Waters, 
see Proceedings of the Amerioan Inetitute of Mectriaal Sngineers, vol. xxvii. p. 169 
(1908). 
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drawn from the mains is obviously also unaltered, and the loss of 
mechanical power due to speed reduction (at constant torque) is 
accounted for by the power dissipated in the external resistance. 
The method, although giving any desired range of speed variation, 
is obviously very wasteful, especially at the lower speeds. Hence it 
can only be tolerated when the periods of variable speed are 
comparatively short, and when during the greater portion of the 
time the motor is running at its normal speed. It is, however, even 
in other cases, used in combination with the methods described 
below. 


§ 137* Speed Control by Change in Number of 

Poles 


The speed of synchronism of an induction motor being given, in 
revs, per sec., by / being the frequency of the stator currents and 


P the number of pairs of poles, it is evident that doubling the 
number of poles will halve IJie speed. By suitably arranging the 
stator winding,* and providing a pole-changing switch, it is possible 
to run at two different speeds, the lower of which is about half the 
higher. This method of speed control has been used by the Oerlikon 
Co. since 18 93. In some motors, two independent windings, 
corresponding normally to different numbers of poles, each of which 
may be halved by a pole-changing switch, are provided, so that four 
different speeds are available. Thus, a motor wound for 12 and 
6 poles, and 8 and 4 poles, will give (synchronous) speeds, at a 
frequency of 60, of 600, 1000, 760, and 1600 revs, per min. 


§ 138. Tandem Control. Multiple Motor Method 

Another method which has been used is that known as the 
ccLScade or tandem or coTicatenation method of coupling induction 
motors. In its simplest form, it consists in using two motors 

* With a fiqnirrel-oage rotor, no speoial device is required in the rotor when the 
number of stator poles is changed. But ujornd rotors must be of special construction — 
Buoh as that illustrated in Fig. 157, in order to enable them to run when the number 
of poles is altered. 
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mechanically coupled (the coupling may be direct, as when the 
motors are mounted on the same shaft ; or indirect, as in the case of 
the two motors of a tramcar or railway carriage ; or some form of 
mechanical gearing having any desired speed ratio may be used) so 
as to run at the same speed, tie stator of the first motor, which we 
may call motor I, being connected to the mains, and the rotor of this 
motor being connected to the stator of the second motor (motor II), 
whose rotor circuits axe closed, either by being short-circuited or 
through suitable resistances, as at starting. Let us suppose that 
rotor II has been short-circuited, and that stator I is switched on. 
The motors start, their torques at first increasing as they gain speed. 
But as the speed increases, the frequency of the currents in stator II 
(which is the same as that of the currents in rotor I) steadily 
decreases, and if we suppose that the speed has nearly reached half 
the speed of synchronism (for motor I) then motor II will be running 
at nearly i^chronons speed. Hence at this speed the torque 
exerted Dy it will be very small, the cuftent being also small and 
nearly wattless. The current in stator II wiU, therefore, also be 
small and nearly wattless, and so will the current in rotor I. The 
torque exerted by motor I will thus also be small. We therefore 
find that as half the speed of synchronism is approached the 
combined torque decreases, so that two motors mounted on the 
same shaft and coupled in cascade will run at approximately half 
the speed of symhronismj^ If both motors are connected in parallel 
across the mains, they will run at nearly synchronous speed, 
with the result that the speed will be doubled. Thus by ohangiug 
from the parallel to the cascade grouping we are able to halve the 
speed. 

It may be pointed out that m the cascade arrangement motor I 
performs two functions; it acts as a motor, and also as B,fregvmay 
transformer, practically reducing the frequency of supply to half its 
value. The rotor winding of motor I must, of course, be wound for 
the voltage of the supply mains, if thj> change from the tandem to 
the parallel grouping is to be feasible. 

Various modifications of this arrangement may be used. Thus, 
motor II may have a diflPerent number of poles from motor I, so as 
to give a speed greater or less than half the speed synchronism ; 
and a third speed will be obtainable by fitting motor II with a pole- 
changing switoh.t 


* SiCii far as motor II is concerned, this speed is, of course, its speed of 
synohronism. 

t A large motor of this type, designed by Mr. B. Danielson, has been installed 
at tho iron- works at Sandviken, Sweden (Bleletvotechiisohe ZeiUolvfiHi yol. wv. p. 43 
(1904)). 

S 
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Closely allied to the cascade method is what we may descadbe 
as the mrdtiple motor method.* This is used by Messrs. 0. Wiist & 
Co., of Switzerland, and consists in mounting several rotors (in 
practice, from 2 to 4) on the same shaft, each rotor being surrounded 
by a corresponding stator. By choosing suitable numbers of poles 
for the different stators, as many different speeds as there are motors 
may be obtained by using each motor singly. Other speeds axe 
obtainable by using two or more motors simultaneously, and the 
speeds will be different according as the torques developed by the 
motors all act in the same direction or oppose each other. 


§ 139. Scherbius Method of Speed Control 

One of the main disadvantages of the cascade method of control 
is the comparatively poor power-factor, especially in the case of large 
motors when running at a low speed. This disadvantage is largely 
overcome in a method of speed control devised by Scherbius and used 
by Brown, Boveri & Co.f 

Consider an induction motor whose rotor is connected across a non- 
inductive resistance, so that the speed is below the normal. It is 
evident that the action of the motor will not in any way be disturbed 
if for the non-inductive resistance we substitute a source of e.m.f., 
the value of the latter being equal to the drop over the resistance, 
and its phase being directly opposed to the current. Now, by using 
a suitable source of e.mi., the power which was formerly dissipated 
in the resistance may be usefully employed. In the Scherbius method 
of control, the source of counter-e.m.f. consists of a three-phase 
commutator motor (Chap. XVI), which may be either mounted on 
the same shaft as the main motor, or coupled to a generator by means 
of which it can return po#er to the mains. By weakening or 
strengthening the excitation of the auxiliary motor, its oounter-e.m.f. 
may be varied, and with it the speed of the main motor. Where the 
auxiliary motor^^ coupled to a generator, this latter is of the induction 
type (§ 135). 


* Elektrotechnisohe Zeilsohrift, vol xiiv. p. 694 (1903). 
t 77ie Meetriciaiiy vol, Ixv. p. 512 (1910). 
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§ 140. Single-phase Induction Motors. Theory of 
Motor at Rest 

Indaction motors are also used ou single-phase circuits. The 
stator -winding in such motors consists of a single-phase winding, 
while the rotor has a winding of precisely the same type as in 
polyphase motors. A two-phase induction motor may be run as a 
single-phase motor by using only one of the phases in the stator 
winding. 

We shall suppose the stator and rotor windings to be so arranged 
as to give rise to a sine wave of magnetic induction in the air- 
gap. The stationary or simple alternating sine wave of induction so 
produced may be written in the form (§ 20) — 

t =3 B sin 0 )^ . sin ^£0 . . . . « , , (1) 

where J is the magnetic induction at time if at a point distant x from 
the origin, the latter being taken at a point where the induction is 
always zero; r stands for the pole-pitch or half the wave-length 
(cf. § 20). 



Fia. 162.— -To lllastrate Theory of Single-phase Indaction Alotor. 


In order to simplify the treatment as much as possible, we shall 
suppose the rotor winding to consist of isolated coils, each short- 
circuited on itself, the width of a coil being equal to the pole-pitch r. 
One such coil is sho-wn in Fig. 162, the left-hand side of the coil 
being at a distance x from the origin. The sine curve shows the dis- 
tribution of the induction at time t, so that the space maximum of the 
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induction at this instant is B sin cat. At a distance z from the origin, 
the induction has the value B sin <at . sin -z, so that if I = length of 

T 

coil (in oms.) measured parallel to the shaft, the flux through a 
narrow strip of width dz is BZ sin a)^ , sin ^ . d%, and hence the total 

T 

flux through the coil in the position shown is — 




a + T 

= 1 BZ sin coZ sin 

J 

0 

0 + T 

r . 7T 
I \ sin - 2 ; 

J ^ 


BZ sin cot 


2tZ^ . TT 

=s= — B sin ayt . 00 s -x 

TT T 


Assuming the rotor to be at rest, and hence x constant, we may 
write for the e.m.f. induced in the coil shown in Fig. 162 — 


e 


dt 


2cOtZt3 TT . T^ A 

B cos -£c . cos cuZ = — E cos -x . cos toZ 

TT T T 


where E = Hence if r, X stand for the resistance and leakage 

TT 

self-inductance respectively of the coil, the current is — 


i = — . ® ^ cos -a? . cos (wt — 6) t 


where tan & = — . 


r 

This sl^ows (a result which is also otherwise obvious from an 
inspection of Eig. 162) that, so long as the rotor is at rest (i.s. so long 
as cc is not a function of the time), there are different currents circu- 
lating in different portions of the rotor winding ; the greatest current 
circulating in the coil which faces a pole-piece, and for which a; = 0, 

and cos -£c = 1, and zero current in the coil whose sides are in line 
r 


with the centre lines of the pole-pieces {x = cos -x = 0). 

* The negative sign being taken in accordance vlth Lenz’e Law (§ 4). It is to be 
particularly noted that ^here Btande for the resultant actually ezistirig OBOiUutiog liui 
cflwwnon to the stator and rotor, and due to the combined action of their windings ; it 
IB not the hypothetical flux due to the stator winding alone. 

t The current being expressed, for the Bake of simplicity, in O.G.S. units. 
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Tima, when the rbtor is at rest, and the stator supplied with 
cnrrent, excessive heating wiU take place in some of the rotor coils, 
while others will remain quite cool. This behaviour of a single-phase 
motor at rest is in striking contrast to that of a polyphase motor, in 
whose rotor coils uniform heating would take place. 

It will be noticed that the coU in which the induced current has 
a maximum value has its sides placed in a field of zero intensity, and 
is thus unable to exert any torque, while the coU whose sides are in 
the region of maximuna field intensity conveys no current, and is thus 
also unable to develop any torque. Any coU in an intermediate 
position, such as the coU shown in Fig 162, wUl, however, be sub- 
jected to a definite tangential pull, which will obviously be equal to 
twice the tangential force on one side of it ; * this latter force is given 
by the product of length of conductor, current, and field intensity. 
We thus get for the total tangential puU T on the coil in the position 
shown in Fig. 162 — 

T = 2Uh 

or, using the values for h and i obtained above — 

T = - To . sin . 2 sino ^ . cos (a>^ — ff) 


where — 


m _ 

® 2 


Since 2 sin cut . cos (cut — = sin (2(ot — fl) -f sin 6, the above 

may be written — 

o— 

T = - Tq sin -;^{sin (2aj^ - 0) + sin 6} 

Now, since the mean value of sin (2ct)t — 6) over any complete 
number of periods vanishes, we see that the mean value of the 
tangential pull on the coU is given by — 

T«t =* - To sin 0 . sin —x 

T 

In order to find out the direction of the pull, let us imagine a 
positive current sent round the coU in Fig. 162, Le. a current tending 
to produce a magnetic field in the same (upward) direction as the 
given field. Since both field and current axe positive, their product 
will be positive; but an application of Dr. Flemings rule easily 

* We are aasunung the ooiIb to be placed on the surface of the rotor core, bo that 
the pull IS exerted on the coils; in reauty, the coils vrould be embedded in ike core, 
and the pull would come mainly on the core Since, however, the total pnll would 
remain unaltered, it is immaterial, so far as calculation goes, whether we assume the 
coils to be placed on the burfaoe or in sluts 
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shows ns that in this case the coil will tend to move to the le/t. 
Thus a negative value of Tm corresponds to a force acting from left 
to right, or in the positive direction. 

IVom this it will be at once seen that any coil for which ® ^ 

experiences a pull in the j?ositive direction (from left to right), while 
any coil for which T>x>ir experiences a puU in the ne^a^ive diiec- 
tion (from right to left), -^d since corresponding to every coil at a 
distance x from the origin there is another at a distance a; + ^, it 
foUowB that the tangential pulls acting on the various coils will 
balance each other, so that the resultant torque on the rotor of a si/ngle-^ 
phase motor which is at rest vanishes. A single-phase induction motor 
is, therefore, not self-staiting. 


§ 141. Torque Exerted by Singfle-phase Induction 
Motor when Running^ 

Let US next investigate the relations which obtain when the motor 
is running. Oonsidering any one coil, we must now regard x as 
variable, and we may write x ^vt,v being the peripheral velocity of 
the rotor. The positive direction of aj in Kg. 162 being from left to 
right, this would correspond to a displacement of the coil from left 
to right The magnetic flux <f) at any time t is now given by (§ 140) — 

d} = — B Bin wt cos — t 

TT T 

= —{sin (co + oji)i + sin (co — 

7T * 


ttv 

oij standing for — . The e.m.f. induced by this flux is— 

e = — ^ ~ {(tt) + cci) cos (o) + (oi)t + (oi — (Oi) cos (o 

while the current is given by — 

tZB( O) + r/ I 

• - - + (» + 

+ - *>1} 

61 and 0g being given by the equations — 

+ ... ( 2 ) 
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Since sin =s ,aiidsindo= (ca — a)i)A 

\/r»+(ft»+wi)2A* V»'® + (a» — 

the expression for the current may be written in the form 

tZB 

i=~ "^{sin 61 . 00s [(&) + — ^i] + sin dj cos [(« — caj)/ — flj} 


In order to find the value of the total tangential pull T on the 
coil, we have, as before, to form the product T »= 2 lib. How 6 mav 
be written in the form — equation (1) of § 140 ’ ' 

^ =* iB{cos (<a — <t)i)t — cos (ea + 

In determining the mean value T„ of T, we need only consider 
the products of terms of the same frequency, since the mean value of 
the product of two terms of different frequency vanishes.* Now 
since — ’ ' 


cos [(ta + cos (<a + eai)f = i{oos [ 2 (<o + wi)# — ffj] + cos ^l} 

the mean value of which is cos 0i, and since similarly the mean value 
of cos [<a — cai)< — ^ cos (o) — ti)i)t is cos 021 it follows that — 

Tm = — — sin 01 . cos 0i + sin 02 . cos 0 #) 

=» — "2^ (sin 20a — sin 20i) 


§ 142. Effect of Varying Resistance of Rotor 

Circuits 

Remembering (§ 140 ) that when Tm is negative the pull is from 
left to right, i.e. in the direction of motion, we see that the motor will 
exert a driving torque if sin 20a > sin 20i, and an opposing torque if 
sin 20 a < sin 20 i. The angles 0 i and 0 a are given by the equations ( 2 ). 
At standstill, 0 i = 0 a, and the torque vanishes — which confirms oui 

previous result. If, as is always the case, is a large quantity, then 

fur a small value of tui, i.fi. at a low speed, both 0i and 02 will be very 
large angles, and 20 i, 202 will both exceed 90 °, 0 i being the greater of 
the two, so that sin 20a > sin 20i, as is evident from an inspection of 
Fig. 1 G 3 ; the motor will, therefore, exert a driving torque. By plot- 
ting sin 20a — sin 20i as a function of the speed, we obtain a curve 

• TIiUB, "OB [(« + «,)f — COB (» — »p,)l = 4 [(cos 2*1 — 0,) + COB (2u,( — SJI 
tho uieaii valuo of whioll iv zero. 




‘l I ll, 
'1/ 

'"S 




»■ 





J 


‘ I 


’■ !' 1 
i 


264 alternating currents 

wMch shows the variation of the torque with speed on the supposition 
that B is constant.* The exact shape of this curve will depend on 



Fig. 168. — To illustrate Theory of Single-phase Xuduotion Motor, 


the value of^ = In Pig. 164 are 

r resistance 

plotted the curves connecting sin 202 — sin 2fli with the speed, ex- 
pressed as a fraction of the synchronous speed, for four different 

values of^. The curves marked A, B, 0, and D correspond to 


values of^ equal to 20, 6, 2, and 1 respectively. Curves A and B 

may be regarded as fairly typical of ordinary single-phase induction 
motors. Curves 0 and D correspond to effects which might be pro- 
duced by introducing additional resistances into the rotor windings. 
It will be seen that the introduction of resistance has an effect 
markedly different from that obtained with a polyphase motor. Not 
only is tiie maximum value of the torque rapidly reduced, but when 

made equal to unity, the motor becomes quite incapable of 

exerting a driving torque at any speed whatsoever (curve D). Hence 
the introduction of resistances into the rotor for purposes of speed 
regulation is attended with the serious disadvantage of reducing the 
overload capacity of the motor, and cannot be used as freely and 
advantageously as with polyphase motors-t 

It may be shown that for a single-phase induction motor — as for 
a polyphase one — there exists a circle which represents the locus of 


• TMb condition la, of conwe, not striotly folfllled, on account of the eiiatenoc of 
the primary or stator leakage flux ; as the latter increases, B decreases 
T Besiatanoea are introduced at starting to limit the starting current 
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tke extramity of the primaiy current vector. But since the simple 
and elegant graphical representation of sUp, torque, etc., is in this 



case no longer possildc as with the polyphase motor, the circle diagram 
for a singlo-plui.se induction motor posses.se.s hut little practical 
interest. 


§ 143. Starting of Single-phase Induction Motors. 

Efficiency and Power Factor 

The single-phase induction motor not being self-starting, special 
starting devices luivo to bo provided for it The arrangement most 
ooininonly in use i.s one consisting of an auxiliary starting winding, 
which occupies the same position relatively to the running winding 
as either of the two windings of a two-pliaso induction motor does 
relatively to the other. The motor will start if there is sufficient 
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phase difference between the currents in the two windings. The 
necessary phase difference may be obtained (1) by connecting the 
starting winding in series with an external reactance coil or con- 
denser (both methods having been used in practice) ; (2) by orrangmg 
the starting winding so tlmt the magnetic leakage corresponding 
to it is much greater than that corresponding to the running wind- 
ing — a method very successfully employed by Heyland, and not 
involving the use of any reactance coils or condensers external 
to the motor ; (3) by using a rotor provided with a winding resembling 
that of an ordinary continuous-current machine, and having a 
commutator and brushes, by means of which the motor may be 
started as a ''repulsion" motor; commutator motors of this type are 
considered in Chapter XVII. 

Single-phase induction motors are in every way — as regards size, 
eflBcienoy, starting torque, power factor and cost — greatly inferior 
to polyphase motors. The output of an induction motor of given 
dimensions, weight and price when wound for use as a single-phase 
motor is only some 68 per cent, of its output when wound as a 
polyphase motor. As regards efdciency and power-factor, the 
following table * may be taken as giving average values : — 


Horse-power 
Efficiency at full load 
,, I, half ,, 
Full-load power-factor 


6 

16 

26 

60 

0 78 

0-80 

0-81 

0-82 

0-72 

0-75 

0-7C 

0-79 

0-78 

0-80 

0-82 

0-86 


A. StiU, meotfical World, yol 48, p. 1204 (1906). 
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§ 144. Metliodfl of tranfiformiu;' alteroutin/? into oontmaouB ourrent. Meohanloal 
rootiflorB and oleotrJo valvOB--§ 146 Kotury oonyortera and their nBes— § 146. 
Voltii^o ratio in convortc*rd — § 147, Katio of ourrents— § 148. Relative ontputa of 
armature when gonerating continuonfl, singlo-, two-, and three-phoso ourrenla— 
§ 149. Heating of convertor nrnjnture-'§ 160. Effect of number of slip-rin^ on 
output of converter — § 161. Si»>phaBO converter supplied from three-phase mains — 
§ 162. Hunting of rotary converters— § 168, Voltage regulation of rotary con- 
vertors — § 164, (Jonverters with variable voltage ratio— § 155. Starting of rotary 
converters — § 160. Racing of inverted rotaries — § 167. Converters v. motor- 
generators— § 160. Motor convertors or oimcoilo converters. 


§ 144. Methods; of Transforming Alternating into 
Continuous Current. Mechanical Rectifiers 
and Electric Valves 

Cases froquonlily arise in practice in wliicli it becomes necessary 
to effect the transformation of an alternating into a continuous 
current. Wo shall consider the various methods available for 
effecting this trail sfomiation. 

When tlie amount of jjower to be transformed is large, recourse 
would invariably be had to some form of rotary converter or motor- 
generator (§ 145 et scg.). But when dealing witli small amounts 
of power, it is generally more convenient to make use of other 
methods, rendered preferable on the scores of lower first cost and 
higher efliciency. 

A method wliicli has been used to a limited extent is that of a 
commutator driven synchronously— eitlior by a small motor or by 
being mounteil directly on the alternator shaft. The main difficulty 
in this aiTangemcnt is the proveiition of sparking. 

The same principle — that of rectitying tlie current {i e. of 
reversing every alternate half-wave) by •puvdg mcchaivical means — 
is 0111 bodied m the mechanical rectifier with a synchronously vibrating 
polarized armature. A diagram of this form of apparatus is ^ven 
in Fig. 165 One of the terminals of the continuous-current circuit 
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(marked — ”) is connected to the middle point of the secondary 
of the transformer, while the other (marked “ + *') is synchronously 
alternated from the one extreme terminal to the other of the 
secondary winding. The vibrating armature by means of which this 
synohrononfl change of connections is effected must have a suf&oiently 
rapid natural period of vibration, and this may be controlled by 
means of the adjuatmg springs which bear on the ends of two screws. 
The armature is polarized by means of two small cods supplied with 
current from a secondary cell. In order to reduce the fluctuations 




in the continuous current, a choking cod is included in the continuous- 
current circuit. Sparking at the contacts is largely prevented by the 
aid of condensers connected up as shown in Fig. 166. 

An interesting type of apparatus is that in which the peculiar 
behaviour of electrodes of aluminium and its alloys, when immersed 
in a suitable electrolyte, is made use of for effecting the rectification 
of an alternating current. It is found that if such an electrode be 
placed in a solution of ammonium phosphate or borate, the other 
electrode consisting of some other metal, and if the two electrodes 
be connected to a source of alternating p.d., only alternate half- 
waves of current, viz. those for which the aluminium electrode 
serves as cathode, can pass through the electrolytic cell. For tliis 
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^eason, such a cell has been termed an dectri/y vaive; it is sometimes 
jpoken of as an electrolytic rectifier. It consists of two electrodes, 
:>ne of which, made of an aluminium alloy, forms the cathode, while 
ihe other, which is made of lead, serves as anode. Both electrodes 
ire immersed in a concentrated solution of neutral ammonium 
t^liosphate. 

A sinf^lo valve only makes use of alternate half - waves. 
Cn order to utilize each half-wave, Gi-atz has devised the ai*rango- 
riont shown in Fig. 166, Four valves are connected so as to 
’orm a Wheatstone’s bridge arrangement of connections. The 
3lectrode3 marked A represent anodes, those marked 0 cathodes. 
During one half-wave, the flow of current takes place as shown 



Fig. 100. — (ilr'diz’a ArranguTnont of Eleotrio VjiIvob. 


>y the full-line arrows ; during the next as sliown by the dotted 
rrows. 

Electric valves are made for currents up to 20 ampercH, and 
voltage limit is about 200 volts (alternating), 

A form of rectifier which is gaining in importance, and which 
u-s recently untlorgone various improvoinents, is the Couj^er Hewitt 
xercary vaimtr mivertcr. The form shown in Fig. 167, consists 
f an exhausted glass vessel of the shape shown an<l having four 
latinum wires fused into it. Two of theso, corresponding to the 
LLthode and the starting electrode, make contact with mercury cups, 
^hile the other two, which represent the anodes, terminate in 
rapliite electrodes. In order to render the passage of a current 
ossible, there must bo a sullicient number of mercury ions present 
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in the vessel. ITow the production of such ions takes place at the 
surface of the mercury if used as a cathode ; but if an attempt be 
made to use the mercury as an anode, no mercury ions can be 
produced, and no current will pass. The arc is first started by 
means of the starting electrode used as a temporaiy anode. The 
two main anodes are across the secondary of a transformer, while 
the middle point of the secondary is connected, through the con- 
tinuous current load and a choking coil, to the cathode. The form 
of rectifier shown in Fig. 167 is made for currents up to 40 amperes, 



and voltages up to 220, although it may be used for very much 
higher voltages. 

B. B. Schafer greatly improved the construction of the mercury 
vapour rectifier, so as to render it capable of dealing with currents 
up to 800 amperes.* He introduced the use of a containing vessel 
of steel. The joints are rendered air-tight by means of asbestos 
and mercury packing, and in order to maintain a sufficiently good 
vacuum a rotary high-vacuum pump is provided which is run 
for a few hoxurs at intervals of about a month. A small auxiliary 
electrode (in addition to the starting electrode) is provided, and 
an arc taking a small continuous current is steadily maintained in 
each vesseL 


* Meleiroieohnitche ZeiUohrift^ vol. xxziL p 2 (1911). 
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The main loss in the mercury vapour rectifier is the constant 
drop of about 15 volts in the mercury arc. This drop is independent 
of the current (it varies from 13 to 20, according to the distance 
between the electrodes), so tliat the efficiency remains practically 
constant down to very light loads. 

Mercury vapour rectifiers are now in use having outputs up to 
600 kw,, for currents up to 600 amps, at voltages up to 1200 . 


§ 145. Rotary Converters and their Uses 

A rotary converter is a machine by means of which may be effected 
the transformation of alternating (single- or polyphase) currents into 
continuous current, or the transformation of continuous into alter- 
nating current. In most cases, the machine is employed in connection 
with the first-mentioned purpose, and its chief practical importance 
is due to the fact that while the transmission of power over long 
distances is most readily and economically accomplished by means 
of alternating currents, its actual distribution to the motors of an 
eleotrio railway or tramway system is in a large number of cases 
offcoted by means of continuous current. The rotary converter supplies 
one of the necessary links between the high-voltage alternating-current 
transmission system and the low-voltage (600 to 600 volts) con- 
tinuous-current distribution system of on electrio railway or tramway. 
Were it not for its importance in electric railway work, tiie rotary 
converter would probably have received much less attention than has 
actually been bestowed on it. 

In some few cases, converters have been used for effecting the 
opposite kind of transformation, viz. from continuous to alternating 
current. When so used, they have sometimes been termed 
rotaries. Cases of this kind may occasionally arise in connection 
with a largo coiitiuuous-curroiit gonomting station, when it is desired 
to transmit a limited amount of power to a greater distance than 
could economically bo accomplished by the use of continuous 
current. Continuous current is in such cases supplied to an inverted 
rotary at the generating station, the polyphase cuiTeuta from the 
rotary being raised to a high voltage by means of a stop- up trans- 
former, and at the far end transformed down and fed into another 
rotary converter. 

The general principles underlying the construction of a rotary 
converter have already been briefly cousidorod in § 43. We shall 
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now study it somewhat more in detail, and shall, in the first place, 
investigate the voltage relations on the alternating- and continuous- 
current sides. 


§ 146. Voltage Ratio in Converters 

If we assume the space distribution of the magnetic flux to follow 
the sine law, then the e.m.f. induced in each coil of the armature 
winding will be a sine function of the time. The sine wave e.m.f.s 
induced in the consecutive coils will differ in phase by a constant 

amount, represented by the phase angle c being the number of 

c 

coils per pole-pitch. These e.m.fls may, in a vector diagram, be 
represented, as in Fig. 168, by a series of radial vectors of equal 
length and spaced at equal angular intervals apart, each angular 

interval amounting to In order to find the resultant alternating 
c 

e.m.£ between any two points of the winding, 
we have to add veotorially the e.m.f.s of all 
the coils included between those two points, 
using the construction known as the polygon 
of vectors. Thus, taking two points which 
^ A correspond to a span equal to the pole-pitch, 
and thus embrace all ttie coils whose e.m.f, 
vectors in Fig. 168 are included between A and 
B, we get the open polygon OQP of Fig, 169, 
wra oloslng sido OP of whioh is the resultant 

of emfa m ConSre.m.f. of the group of cons considered. If 
tiva CoiJa. each of the vectors be taken to represent the 

maximum value of the alternating e.m.f., then 
the vector OP iu Fig. 169 will represent the maximum value of the 
e.m.f. in a group of coils included within a pole-pitch j but this is 
evidently equal to the continuous e.m.f. between two brushes. For 
any smaller group of coils, such as that represented by the vectors 
included between A and C in Fig. 168, we get for the maximum 
value of the e.m.f. a vector OQ (Fig. 169). 

Now if — as is generally the cose — the number of coils between 
two brushes is considerable, the regular polygon (OQP in Fig. 169), 
which results from the vectorial addition of the e.m,f.s of consecutivo 
coils, becomes mdistinguishable from a circular arc. Hence, in order 
CO find the voltage relations on the continuous- and alternating- 
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cuiTOub aides, vre may adopt the following construction. On a line 
OP (Fig. 170) as diameter— the length of OP representing, to a 

B\iitable scale, the voltage between two consecutive brushes dworibe 

the aemioirole OSQP. If the distance between the points of con- 
nection of two given slip-rings is |th of the pole-pitch, then, in order 


to find the maxiumni value of the alternating voltage between the 



P 



Fig. 170 — Oonfitrnotlon for Voltage 
Ratio in Rotary Con^orter. 


slip rinK^ lay ‘'JT from the centre R of the semidrcle a line EQ such 

that the onghi OKQ = in circular measure, or in degree measure. 

.loin OQ ; thon OQ gives the required maximum value of 

iiatiug voltage. 'I’lie r.im.s. value of this voltage is given by but 

,n:iy immediately obtained by an additional v^y simple 
Struction. v^hich is as follows. At E erect the perpendie^ar ES, 
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and join OS With 0 as centoe and radius OS describe the ore ST, 
intersecting OP at T, and on OT as diameter describe the semi- 
circle OUT. Then, since OT * OS == \/2 OH, we have 

\/2 OR ^ 1 Qj. Qip _ 2^ semicircles being similar 

20R v^2 \/2 

and similarly situated with respect to 0, it follows that the ratio of any 
two secanti drawn from 0 and making the same angle with OP will 

also be — 4=. Thus OU «= —3, i,e, OU gives the r.ni.s. value of the 
V2 V2 

alternating voltage between the slip-rings.* 

A simple formula, immediately evident by a reference to the 
diagram, may also be used for caloulating the voltage ratio. For 
we have — 

1 < lx rtTT OQ OP cos POQ OP . . , 

r.m.s. value of voltage = OU = = -y= Bin ^ORQ 


180 

and' since OEQ in degree measure is equal to 

- ... . continuous voltage . 90® 

r.m.s. value of sup-nng voltage == - . 

the value of d being given by — 

distance between points of connection of slip-rings = 


“”T 


( 1 ) 


_ pole - pitch 


Using this formula, or the graphical construction just explained, 
we have, calling the continuous voltage 100, the following values of 
the alternating (r.m.B.) voltage for a single-, two-, and three-phase 

converter Q = 1, 1 and | respectively) — 

OontmuouB voltage. Single-pbaoe. Two-phase. Tbreo-phaso. 

100 70-7 70*7 61-2 


These values, it must be remembered, are only approxiinate, not 
only because we have taken no account of the resistance drop in the 
converter, but because the assumed sine law of the magnetic flux 
distribution around the armature periphery is more or less departed 
from in practice. 

* This elegant oonstruotlon iff due to Mr. O. J. Ferguson CMeotrioal World and 
Engineer, Tol. xliy, p. 733 (1904)). 
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§ Ratio of Currents 

We sliaU next consider the ratio of the continuous current to the 
line currents on the alternating-current side. An approximate value 
for this ratio may he easily obtained by assuming that the power 
factor is unity, and tha#the losses in the converter are negligible ; 
the latter supposition requiring equality of power on the two sides of 
the converter. 

Let V, I stand for the voltage and current respectively on the 
continuous-current side; and Vi, Va, la; Vs, Is for the voltages 
and currents on the alternating-current side of a single-, two-, and 
three-phase converter respectively. The power factor being unity, 
and the losses being neglected, we must have — 

VI.« Till =2VaIa » x/S • VsTa." 

Now since, as we have just seen, Vi ■=» 0'707V, Ya = 0-707Y, and 
Vs s= 0*612Y, we get — 

h = 1-4141; la = 0-7071; Is = 0-9431 

* 

Exhibited in tabular form, these results are — 

AltonintLng Tjine Ourrenta. 

Oontinnouji ourrent. &glo-phaae. Two-phase. Three-phas^ 

100 141-4 70-7 94-3 


§ 148. Relative Outputs of Armature when gene- 
rating Continuous, Single-, Two-, and Three- 
phase Currents 


One of the most important problems in connection with converters 
is the question of hcatiTig. Before proceeding with this problem, 
however, we shall invostigate the relative output of a continuous- 
current armature when used to generate continuous, single-, two-, 
and three-phase currents, the limit of output being determined hj the 
greatest permissible rise of temperature. As a basis of our com- 
parison we therefore adopt the same temperature rise in each case, 
assuming also that the speed and the effective flux per pole are 
maintained constant 

It is evident that to obtain the same temperature rise the current 


• The throo-phwn power = 8V,I/, where I,' ia the phaao current ; now 1/ 
(5 17), BO that the power = ^3 • V*!, Tiee Note IJ, at ond of Chapter IV.). 
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traveising the armature winding must be the same in each case. Let 
I, I', I", and I'" be the line currents corresponding to maximum 
safe temperature rise of the armature when' generating continuous, 
single-, two-, and three-phase currents respectively. If V, Vi, Vj, and 
Va denote the corresponding line voltages, then the relative outputs 
are — ^ 


Oontinnoni 

current. 


Binglo-phofle. 


VI Vir=0707vr 


4|L 

Two-phaae. Three-phaae. 

2Var = 1-414VI" Yfll V3 = 0*61271' V3 


For the sake of simplicity, we may assume the machine to be a 
two-pole one. This will not in any way affect the generality of onr 
conclusions, for an ordinary lap-wound multipokr armature is 
equivalent to a number of simple two-pole armatures connected in 
parallel, and any result deduced for a two-pole machine will apply to 
a section of the multipolar winding under cover of tWo neighbouring 
pole-pieces, and hence will also apply to the entire multipolar 
armature. 

Assuming, then, a two-pole armature, we have, for the currents 
in the arm^ure windings, in the four cases under consideration — 

41 41' ^I" 

2 \/3 


For equal heating, these currents must be equal. Hence — 


r 


I; F 



\/3| 

2 


Substituting these values in the expressions for the output in the 
various cases, we obtain — 


Oontinuoufi current. 


VI 


Single-phaBe. 

0707VI 


Two^haae. 


Three-phaae. 

0-918VI 


§ 149. Heating of Converter Armature 

The heating of a converter armature is a very complicated 
problem, due mainly to the fact that the rate of heat generation 
is not uniform throughout the armature winding (as it was in the 
oases just considered), but varies according to the position of a coil 
relatively to the point of connection to a slip-ring, the greatest rate 
of heat production occurring in the coils close to the slip-ring 
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connections. For the ^e of simplioitj, we shaU, as before, assume 
the armature to be a two-pole one, the power factor to be unity and 
we shall determine the output, for a given^nean temperature ’rise 
when the armature is used as a converter from an N-phase to a 
oontiDiLotis current. ^ 

The points of connection to the slip-rings being fiied ralativelv 
to the annature winding, while the brushes are constantly 
their position with respeot to it, it is evident that the distribu^ 
of currents in the armature at any instant wiU depend ramone 
othei- things) on the position of the brashes relatively to the sli^ 
rin^ attachments. Since the effect is one depending on relative 
position, we sh^ find it convenient to suppose that the armature is 
stationary, while the brushes are carried round by the revolving 
field. 

Let there be N slip-rings, dividing the armature winding into 
N phases. The angle EOS (Fig. 171) subtended by each phase at 

0 in the case of a two-pole annature If V = oontmuous 

voltage between brushes, then, by applying the method explained 
in § 146 for determiTiiug the slip-ring voltage, we have, putting 

d ss and using formula ( 1 ) of § 146 — 

maximum voltage of each phase = V sin ^ 

Hence if I* = ma^um current in each phase, then, assuming 
a power factor of unity, the power supplied to each phase of the 

converter is ^YIi, sin and the total power = number of phases 

X power per phase = sin Let I be the current on the 

continuous-current side> so that YI = output on continuous-current 
side. Neglecting losses in the converter, and eq^uating the input to 

the output, we gel ^VI* sin ^ s= YI, or — 




21 

Nsin^, 

N 


( 2 ) 


In Fig. 171, R and S are the points of connection of two neigh- 
bouring sUp-iings, and BiBj is the line of brushes, making, at time i, 
an angle tat = Q with OE. If in = instantaneous alternating current 
supplied to the phase ES (through the sEp-rings at E and S), we 
may write — 

™ T,i sin (0 -|- a) 
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where the angle a is as yet unknown. In order to determine a, we 
notice that the phase voltage and current reach their mcmma values 
when T, the middle point of ES, is in line with the middle of the 
pole-piece, when the line of brushes is at right angles (as shown 



Via, 171.— To illuBtrato Heating of Converter with N Slip-rings. 

by dotted line) to OT. We must then have is= Inj or sin 
(ff + a) = 1, i,e. 0 + a = I ; but since, referring to the figure, we 

at this instant have 0 = ^ -I- it follows that a = — We thus 
have — 

= I„ sin (0 - ^) 

Consider now any portion of the winding between R and S, sucb 
as that at P, and let ROP = Then, so long as 0 < ^, the currenl 
^t P is given by — 

»«+iI = P + I„sin(0-|) 
while for 0 > ^ the current at P is — 

-il + l^sin(0-j) 

The square of the current is given by — 

iP + 1/ sin* (0 - 5) ± II„ sin (0 - j) 


or — 
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IT + iV - cos (20 - ^) ± II„ sin (0 - J) . (3) 

since sin® “ ^) = 2^0 - The upper sign in the 

last term corresponds to fl < 0, and the lower sign to fl > ^. 

To obtain the mean rate of heat production at P, we must find 
the mean value of (3) during a half-period, that is, between 0 = 0 and 
9 = TT. Now, we notice that the first two terms in i^), 
are constant ; their mean value is thus + -Jin*. Hie third term 

contains the factor cos ^20 — which is of freq[uenoy double that 


of the supply current; thus half a period of the supply current 
— from 0 = 0 to 0 = v — will correspond to a whole period of the 

term cos ^20 — and since the mean value of the cosine over a 

whole period vanishes, this term drops out in the mean value of i ji®. 

Lastly, we have the term ± Hr sin ^0 — the plus sign to be taken 

so long as 0 ^ and the miims sign when 0 > ^. If we plot this 
term as a func ion of 0, the area enclosed by its graph m — 


II»{ J sin (0 - j)d0 - J sin (0 - j)d0} = - 2II, cos 
0 ^ 

and the mean ordinate of the curve, obtained by dividing the area 
by the base, is — 

-?II,cos(^-5) 

We thus obtain for the mean value of the square of the current 
at P — 

il* + iV - III, cos (* - j) (4) 

This expression shows that the heating is greatest at E and S, the 
points of slip-ring connection, and least at T, the point halfway 

between them. - . » r 

If, naiug (2), we plot the expression (4) as a function of ^ for 
N = 2, 3, 4, 6, and 12, the extreme values of ^ being always 0 and 

so as to correspond to the distance between two neighbouring 

abp-rings, we obtain the curves of Fig. 1'72. The value of I ^the 
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eep^ttons' OBirent — ^has been assumed to be the same for all the 
cuxTes, The vertioal scale is the same for all, but the horizontal 
acsde la different, having been so ohosen that the length of the base 

' Stt 

line in eaoh case represents or the distance between two 
neighbouring slip-rings. The rapid decrease in the total rate of 



heat production, and the increase in the uniformity of heat genera- 
tion in the various coils, as the number of slip-rings is increased, 
are exhibited in a striking manner by these curves. 


§ 150. Effect of Number of Slip-rings on Output 

of Converter 

In order to find the mean rate of heat generation in the various 
coils lying between two slip-rings, we have to find the mean ordinate 
of the corresponding curve of Kg. 172. A simple integration 
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enables ns to obtain an expression for the mean value of the mean 
square of the current in the coils included between two slip- 
rings. Returning to expression (4), we notice that tibe first 
two terms are constant, while the mean value of the last term 
is given by — 


- X mean value of cos between ^ = 0 and (f> 







Hence the mean value of the mean sq^uare of the current in a 
group of coils between two sUp^rings is — 

iI* + iV-^n^.NainJ 


or, using (2) — 



2 


IT sin* ^ 



- 0-1663 


r 


Hence the mean rate of heat production in the armature is the 
same as if ea<^ of its coils were traversed by a continuous current 
of amount •\/K, . I, where — 


K = - 0-1663 

N*sin*^ 


. . ( 6 ) 


or as if tho armature were generating a continuous current of amount 

2 v^.L 

If we assume, as before, that the limit of output is fixed by the 
permissible rise of temperature, and if VI = maximum ouq)ut of 
armature when acting as a converter, then its output as a continuous- 
current generator is equal to . VI, or— 


converter output 


2v/K 


X continuouB-current generator output (6) 
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aiTd (6), we get the following relative outputs, that of a 
^^^jiAons-current generator being taken as 100 : — 

N «2 3 4 6 12 

Eelative output = 86-2 133 162 193 219 6 

The output, it will be seen, increases with the number of slip- 
rings, rapidly at first, then more slowly, tending ultimately to the 
limit 230 as the number of slip-rings is increased indefinitely. 

As a matter of fact, the output would increase even more rapidly 
with the number of cdip-iings than would appear from the above 
figures. For the practical limit of output should be determined, not 
by the average temperature rise of the coils, but by the highest 
temperature to which any one coil is raised. Now, although, owing 
to the partial equalization brought about by the conduction of heat 
sdong the coils emd core, and &e more powerful radiation of heat 
from the hotter parts of the armature, the curves of temperature rise 
iu the various cases will not be quite so steep as the curves of 
Fig. 172 ^the end portions becoming depressed, and the middle 
portion raised, by the combined effect of conduction and radiation), 
yet— especially in the case of the 2-ring (single-phase) converter — 
the coils close to the slip-rings will attain a considerably higher 
temperature than those midway between the slip-rings. It might 
be thought that a si^aple method of surmounting this difficulty of 
excessive local temperature rise would be to increase the cross-section 
of the conductors dose to the slip-rings ; but this would introduce 
a fresh difficulty — excessive sparking in certain positions of the 
armature, due to the destruction of the symmetry of the winding. 

Singl^phase converters are of no practical Interest ; on account 
of their relatively small output, the enormous concentration of the 
heating on the coils dose to the dip-rings, and the further difficulty 
due to their tendency to spark by reason of the fluctuating armature 
reaction, they are never employed in practice, motor-generators being 
invariably used instead Most of the large power transmission 
plants making use of three-phase transmission lines, the favourite 
type of converter is the six-phase converter, which, as will be 
explained in § 151, may be connected to the secondaries of trans- 
formers whose primaries are across three-phase mains. As compared 
with the three-phase converter, the six-phase converter suffers from 
the disadvantage of requiring six instead of three slip-rings. This 
disadvantage is, however, more than compensated for by the more 
favourable conditions regarding heating and hence output. 
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§ 151. Stx-phase Converter supplied from Three- 

phase Mains 

Let the circle in Fig. 173 (ct) represent diagrammatioally the 
winding of a 2-pole armature, fitted with six slip-rings connected to 
the points A, B, 0, A', B', and O' of the winding. Eememboring 
the rule (§ 146) for finding the magnitude and phase of the e.m.f. 
in any section of the winding, we see that the e.m.f.s between the 
slip-rings A, B, 0 form a thxee-nhase system, as also do those between 
the slip-rings A', B', and O'. We thus get a double A of voltages • 
and since AB is in phase with B'A', BC in phase with O'B', and CA 
in phase with A'C', it is evident that both As may be obtained from 
the same set of three-phase transformers. For this purpose, tlio 



A 



Fig. 173.— Conneotions of Six-phase Oonyerter. 


transformers are wound as shown in Fig. 173 (6), a mesh connection 
for both primaries and secondaries being used by preference.* 
PiPa, PaPg and PjPi are the high-voltage primaries. Each trans- 
former is provided with two equ^ secondaries, which are connected 
to form the As, ABO, and A'B'O'. The junctions A, B, C ; A', B', 
and 0' of the two sets of secondary windings are coimected to the 
points A, B, 0 ; A', B', C' of the armature winding respectively. 

Instead of using a A-connection of the double secondaries, a 
Y-connection is occasionally employed. The two methods are 
sometimes described as the double-delta and dovMe-Y methods of 

* With a mesh oonneotlon of tranBfonnera, oontimiity of eiipplj will bo maintained 
even if one of the tranefonnorB should broak down C§ 64). 
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'The favourite modem method of connectiiig a six-phase 
to three-phase mains is, however, that known as the 
meth^ of connection. This involves the use of only one 
of secondaries. The secondaries are not directly interconnected, 
hut the ends of each are connected to two points in the converter 
' armature spaced a pole-pitch (180 electrical degrees) apart, and the 
three sets of points are separated by intervals corresponding to two- 
thirds of the pole-pitch (120 electrical degrees). Thus, referring to 
fhe diagram cf Eig. 173 (a), the three secondaries would be connected 
to the thrcQ pairs of points marked A A.', BB', and 00'. 


§ 152. Hunting of Rotary Converters 


The dimmished heating of the armature of a converter as com- 
pared with that of a continuous -current generator supplying an equal 
current is due to the partial neutralization of the continuous by the 
alternating current in the armature windings, and a further result 

of this neutralization is reduced 
field distortion. For this reason, 
a converter is less liable to spark, 
pQi.E«piccc^ ^DAMpiNQ FRAME ^d is Capable of standing a 

( much heavier momentary over- 

1 \ I load without sparking than a 

! I ' continuous-current generator, 

! " ' * provided no hmting takes place. 

1 1 The hunting or phase-swmging 

; I trouble has m some cases as- 

I X L ^ I sumed a very acute form, and 

! I I has at times rendered the run- 

j 'BP [ ing of converters impossible, 

V ^nA T. • T. « iTr^ The polyphase currents oircu- 

Fia. 174. — ^Damping Device for Eotary Oon- i . • ^ -tf . i 4 . 

verter. lating in the armature give 

rise to a rotating field, which, 
owing to the synchronous rotation of the armature, is stationaiy in 
space, i,e, stationary with respect to the field-magnets. If hunting 
takes place, however, this field begins to osciQate, and its oscilla- 
tion rny cause vicious sparking at the brushes. A converter 
which is likely to hunt is thus peculiarly liable to the sparking 
trouble. 

DiflSculties due to hunting have been experienced mainly in 
cases where the angular velocity of the generators was not sufficiently 
uniform, or where the converters were supplied through a very long 
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line of comparatively high resistance. Hunting may be to a large 
extent prevented by the use of copper damping bridges placed so 
as to connect neighbouring poles (the equivalent of a squirrel-cage 
being thereby obtained), file poles themselves being of solid metal, 
not laminated. Any oscillation of the field is rapidly damped out 
by this equivalent of a squirrel-cage winding. Such a damping 
arrangement is shown in Eig. 174. 

Practical experience has shown that where a number of converters 
have to be run in parallel, it is not advisable to run them from a 
common bank of transformers ; each rotary should be supplied from 
a separate transformer or bank of transformers. 


§ 153. Voltage Regulation of Rotary Converters 

A very important problem in connection with converters is that 
of voltage regulation. The voltage ratio is approximately constant, 
and is but little affected by altering the exciting current. Hence 
the voltage of a rotary converter of ordinary construction cannot be 
controlled (except within extremely narrow Kmits) by the method 
commonly in use with continuous-current generators —that of varying 
the field excitation. A marked change in the voltage on the con- 
tinuous-current side of such a converter can only be obtained by 
changing the alternating voltage. The two methods commonly in use 
in practice for effecting this change are (1) the method involving 
the use of an induction regidatoTy and (2) the method depending on 
the use of choking coils and a compound winding on the co;Qverter 
field. 

The induction regulator method is mostly in use where the con- 
verter supplies a lighting load, in which case very perfect voltage 
control is desirable. An induction regulator is essentially a poly- 
phase transformer with movable primary. In construction, it is 
identical with a polyphase induction motor whose wound rotor 
represents the primary, the stator carrymg the secondary winding. 
The rotor is normally held fast, and can only be slowly rotated in 
either direction by means of woim gearing driven by a small auxiliary 
induction motor mounted on the top of the regulator case. In one 
of the extreme positions of the primary, the rotating magnetic fields 
due to primary and secondary are in exact coincidence of phase, 
while in the other extreme position they are in direct opposition 
of phase. 

The diagram of connections corresponding to one phase is given 
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in Eig. 176. The primary of ithe induction regulator is connected 
across the corresponding phase of the converter armature, while the 
secondary is in the main circuit. Let us suppose that with a 

certain current passing into 
the converter the primary 
of the induction regulator 
is rotated in such a direc- 
tion as to increase the 
separation of phase between 
the primary and secondary 
hypothetical fields. B'ow, 
so long as the secondary 
current remains unaltered, 
and the voltage across the 
primary is maintained ap- 
proximately constant, it is 
evident that both the 
secondary hypothetical field 
and the resultant or actu* 
ally existing field must re- 
main approximately constant. Hence, if the separation of the 
phases of the two hypothetical fields is increased, the primary 
field must necessariljji increase in order to maintain the resultant 
constant, and as a consequence the resultant will swing round so as 
to be nearer (as regards phase) the more powerful primary component. 
The e.m.f. induced in the secondary, whose magnitude and phase 
depend on those of the resultant field, will thus remain approximately 
unaltered in magmtude, but will be brought more nearly into coinci- 
dence of phase with the secondary voltage of the step-down trans- 
former, so tlmt their vectorial resultant will be increased. The two 
extreme positions of the induction regulator are those in which the 
regulator secondary voltage is arithmetically subtracted from, and 
added to, the voltage of the step-down transformer.* 

In the second method of regulation, the field of the converter 
is compound wound, so that with increasing load the field is auto- 
matically strengthened. Now, a mere strengthening of the field 
would, as a^ady pointed out, produce no appreciable rise of voltage 
on the continuous-current side unless there is a rise on the alternating 
side. In order to effect this latter rise, suitable choking or reactance 
coils are inserted in series with each phase of the converter. Let 
us assume that the voltage at which the step-down transformer is 


L f a I M A R. Y 

ITEP-DOWN TRANSFORHCa 



SECONDAIO 

or 

INDDCTIDN 

RECULATOR 


I raiMARl OP tNDUCTtON REGULATOM 

WmifWYTTiViri 


1 ONK PHASE or ROTARY CONVEmtl 


rffffnrfm 

1^0. 175. — Oonneotions of Induotion Begnlator. 


♦ The ao^n of &e ^duotion reg^ilator may be rendered automatic by the use of 
» relay whioh conteob the amdUary motor by means of whioh the dieplaoement of the 

XthL mTtK 


CONVERTERS WITH VARIABLE VOLTAGE RATIO 287 


supplied is constant, and let its secondary voltage, also approximately 
constant, be denoted by V. The excitation due to the shunt is such 
that at light loads the converter takes a lagging current, represented 
by lo in Rg. 176 (a). In order to obtain the slip-ring voltage Y,, we 
have to subtract (vectorially) from V the drop due to the reactance 
coil — TV, in Rg. 176 (a).* As the load increases, the field is 



strengthened, and the current comes more nearly into phase with 
V, (§ 82), so that when, as in Rg. 176 (&), coincidence of phase 
is reached, T, may, in spite of the increase in TV,, remain the same 
or even increase in value. This constancy or increase is maintained 
when, as in Rg. 176 (c), the current has become a leading one. By 
this method, an amount of over-compounding up to 16 per cent, 
may be obtained. 


§ 154. Converters with Variable Voltage Ratio 

The methods just considered of varying the ratio of the continuous 
to the alternating p d. involve the use of special apparatus outside 
the converter. There are, however, two types of self-contained con- 
verters of special design which allow of a fairly wide control of the 

* VVt being, of ooiirsii, perpendicular to the current vector 
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voltage ratio. These two types are the syTtchrorious hooster converter 
and the spUt~pole converter. 

The "Foster converteT consists of an ordinary converter whose shaft 
carries the rotor of an alternator whose armature windings are con- 
nected in series with those of the converter. By altering the excita- 
tion of this an rill ary generator or booster, the voltage on the continuous- 
current side of the converter may he easily controlled. As the booster 
is required to furnish an e.m.f. of the same frequency its that supplied 
to the converter, its field must have a number of poles equal to that 
of the converter. In order to obtain a compact form of construction 
the rotor of the booster generally forms its armature, and is mounted 
between the converter armature and the slip-rings, no additional 
bearings being provided. The field of the booster in some cases 
rests on the bedplate, in others is supported from the converter 
yoke-ring by a strong end-shield. Booster converters of large output 
(1000 kw.) have been built to give a change in the voltage ratio up 
to about 30 per cent.* 

The action of the split-poU com&rt&ir is based on the fact — ex- 
plained in § 60 — that tiie total flux per pole may be varied without 
altering the r.m.s. value of the slip-ring voltage, the latter depending 
on the flux distribution in the gap as well as on the total flux, whereas 
the brush voltage depends only on the total flux, and not on the way 
in which the flux is distributed. Hence if, by suitable means, we 
alter the flux distribution in such a manner as to keep the slip-ring 
voltage constant while the total flux (which determines the brush 
voltage) is vetried, we obtain a variable ratio of the alternating to the 
continuous voltage. In practice, the total flux and its distribution 
are altered by having a deep radial groove in each pole which divides 
it into two parts, one of which is of much larger size, and forms the 
main pole, while the other forms the regulating pole. Each part of 
the split pole is provided with an exciting cod, the main pole being, 
in the simplest type of this kind of converter, excited with a constant 
current, while the excitation of the regulating pole is varied. For 
normal brush voltage, the regulating pole is not excited ; for a lower 
brush voltage, it is excited in a direction opposed to that of the main 
pole ; and for a higher, in the same direction as the main pole. This 
method has so far been only used in the case of 26-cycle converters, 
and is suitable for a voltage range of some 26 per cent. 


§ 155, Starting of Rotary Converters 

There are various methods of starting rotary converters. Where 
possible they are run up to synchronous speed from the continuous- 

• The Meotrio Journal^ yol. v. p. 616 (1908). 
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current side, synchronized, and switched on to the alternating-current 
mains like ordinary alternators.* But in some cases a supply of 
' continuous current may not be available. The best method is, lien, 
to provide a small au/jn'lifiry induction motor coupled direct to the 
converter shaft, and having a somewhat smaller number of poles, so 
as to enable the converter to be run up to a speed slightly above 
that of synchronism. The induction motor is then switched off, and 
as the speed of the converter slowly diminishes it is synchronized 
and thrown into circuit. A third method, which does away with the 
auxiliary starting motor, consists in opening the field circuit — pre- 
ferably in several places — and connecting the armature, through 
suitable resistances or reactance coils, to the alternating current bus 
bars. By the action of eddy currents and hysteresis, the armature 
will run up to practically synchronous speed. Since, however, it 
may have run up with the wrong polarity on the oontinuous-currmt 
side, a double-throw reversing switch is provided in the exciti^ 
circuit, by means of which the field magnetism may be momentarily 
wiped out, and the armature made to “slip a pole,*' thus coming up 
with the right polarity. The field switch is then thrown into its 
normal position. 

§ 156. Racing of Inverted Rotaries 

When a converter is used as an “ inverted rotary,*' to transform 
continuous into alternating currents, difficulties may arise on account 
of the excessive weakening of the field by lagging currents on the 
alternating side (which is now the generator side), and the dangerously 
high speed to which the converter armature may run up. In order 
to prevent this “ running away " of an inverted rotary, it is provided 
with a separate exciter coupled direct to the converter shaft, and 
designed so that under normal running conditions its field is 
comparatively wealc, and hence very sensitive to an increase in the 
exciting current. Any tendency on the part of the converter 
armature to race produces a very rapid increase in the exciting 
current, which immediately checks any further increase of speed. 
This arrangement is used by the Westinghouse Co. 


§ 157- Converters v . Motor- generators 

The relative merits and demerits of rotary converters as compared 
with motor-generator sets — that is, alternating- current motors coupled 
to continuous-current generators — have formed the subject of much 

• Soo Appendix XI f. 
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controversy. Considered by itself, a rotary converter is considerably 
cheaper and more efficient than a motor generator. But while the 
latter is self-contained and requires no auxiliary apparatus (such as 
step-down transformers, for the alternating-current motor may be 
wound for the high voltage of the line — unless this is exceptionally 
high), the rotary converter requires various accessories, which have 
the double effect of increasing the total cost of the transforming 
plant and reducing its efficiency. When the additional cost of the 
step-down transformers, the induction regulator, or the reactance coils 
and compound winding, or other devices required for voltage control 
on the continuous-current side, is taken into account, the difference 
in first cost between a rotary converter and a motor-generator plant 
is very slight — ^not exceeding some 6 per cent. — the rotary converter 
plant being the cheaper of the two. Similarly, as regards efficiency 
there appears to be but little to choose between them, the rotary con- 
verter plant beiog again slightly more efficient. On the other hand, 
the motor-generator plant aflows of a simpler mode of voltage control 
over a wider range. 

Two types of motor-generators axe in use, depending on the type 
of motor — the synchronous and the asynchronous or induction motor 
type. For capacities up to 300 k.w., the induction motor-generator 
set would appear to be slightly cheaper, while for outputs exceeding 
500 k.w., it would appear to be slightly more costly than the 
synchronous set. The induction set is self-starting; on the other 
hand, the losses with the synchronous set may be made somewhat 
smaller by reason of the higher power factor. 


§ 158. Motor Converters or Cascade Converters 

An interesting type of converting machine, known as the motor 
conv&rt&i^ or cascade converter, and partaking partly of the characteristics 
of a motor-generator, partly of those of a converter, was patented in 
1902 by J. L. la Cour and 0. S. Bragstad. 

The motor converter consists essentially of an induction motor 
coupled, mechanically and electrically, to a rotary converter. The 
arrangement of connections is shown in Fig. 177. In the simplest 
case, the induction motor has the same number of poles as the con- 
verter. The alternating current to be converted is supplied to the 
stator of the induction motor, whose rotor windings are on one side 
connected to a starting resistance (through slip-rings), and on the 
other to the armature of the converter. The machine set is started 
from the mduction motor side, by connecting the stator to the 
alternating current mains, and gradually cutting out the starting 
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resistances. At the moment of starting, the frequency of the e.m.f.s 
in the rotor of the induction motor is equal to the frequency of the 
supply, and there are no e.m.f.s induced (by rotation) in the armature 
windmg. As the speed rises, the frequency of the rotor am.ts 
steadily decreases, while the fe^uenoy of the e.nLf.s induced in the 
armature winding steadily increases. Each set of e.m.f.s gives rise 
to a corresponding set of currents, and these become superposed. 
When the rotor has nearly run up to half its synchronous speed, the 
frequencies of the rotor and armature e.m,f.s become nearly equal, 
and as the corresponding currents circulate in the same circuits, the 
phenomenon of “ beats or slow alternate increase and decrease in 



the r.m.s. value of the current becomes apparent. This is indicated 
by a low-reading voltmeter connected across the last section of one 
phase of the starting resistance. The beats gradually become slower, 
and finally disappear altogether when the armature is pulled into 
synchronism by the field. The slip-rings are then short-circuited, 
and the set will go on running at half the speed of synchronism, 
and is ready to supply a continuous current. 

When running up to speed, a suitable amount of resistance must 
be introduced into the field circuit of the converter, as otherwise 
the cnireuts due to the e.m.f.s induced in its armature would be 
excessive. 

The action of the motor converter when loaded is briefly as 
follows : — Since the rotor is running at half synchronous speed, only 
half the power transmitted by the stator to the rotor is transformed 
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into mechanical power, and this is transmitted by the torsion of the 
shaft to the armature, which by acting as a generator develops an 
equivalent amount of power in the shape of continuous current. 
The remaining half of the power transmitted by the stator to the 
rotor is transformed into electrical power, as in an ordinary trans- 
former, with the exception that owing to the rotation of the rotor 
the frequency is halved. This electrical power is passed into the 
armature, wMoh acts as a converter and transforms it into the con- 
tinuous-current form. 

Thus the induction motor part of the motor converter acts partly 
as an induction motor driving the armature, partly as a frequency 
and — in general — voltage transformer. The continuous-current 
machine acts partly as a generator, partly as a converter. 

In practice, instead of a three-phase winding on the rotor as 
shown in Tig. 177, a twelve-phase winding is employed, connected 
to twelve points in the armature winding, so that the converter is 
twelve-phase, and an increased output is thereby obtained (§ 150). 
In order, however, to do away with the cost of 12 shp-rings and 
a twelve-phase resistance for starting purposes, only 3 phases are 
used at starting, the remaining 9 being open-circuited at one end 
during the starting period, and only connected to a common neutral 
point when the last section of the starting resistance is cut out after 
synchronization. 

Among the advantages claimed for the motor converter as com- 
pared with the motor-generator may be mentioned lower first cost, 
smaller amount of floor space and somewhat higher efficiency. As 
compared with the rotary converter, the motor converter allows of 
a greater range (up to 30 per cent.) of voltage regulation without the 
use of a booster or other auxiliary appliances.* 

* For further detailfl regarding motor converters, the reader may consult a paper by 
Mr. H. S, Hallo in the Journal of the TneiitiLtion of Eleoirioal Engineers^ vol. 43, p. 874 
(1909). 
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§ 159i Polyphase commutator motors — § 180, Kepresentatioii of rotating waveia 

§ 161. Approximate theory of series polyphase oommutator motor — § 162. 
Shunt polyphase oommutator motor — § 168. Oommutator motor used as plain 
indue tion motor— § 164, Bfleot of brush displacement when a p.d. is impressed 
on brushes— § 166 Effect of impressing on brushes a p d. whioh is in phase 
with the rotor current— § 166. Effect of impressing on the brushes a p.d. 
whioh is in quadrature with the rotor current— § 167. Methods of oontrolfing 
speed and power factor of shunt polyphase commutator motor— § 168. Oasoade 
connection of induction and oommutator motor — § 169. Phase adyonoers. 

§ 159. Polyphase Commutator Motors 

The two main disadvantages of tlie simple type of induction motor 
may be said to be its low power factor at light loads and the 
absence of a simple and eflioient method of speed regulation. A^ain, 
cases may arise where a motor is required to possess a series oharcLc- 
teristic — where its speed is required to decrease automatically 
with increase of load — and not a shunt characteristic like that of the 
induction motor, whose speed changes but little with fluctuations in 
the load. 

The requirements of a high power factor, economical speed regu- 
lation, and either a shunt or a series speed characteristic may be 
met by the adoption of a type of motor whose rotor in every respect 
resembles a continuous current armature and therefore has a com- 
mutator. Such motors are accordingly termed polyphase commutator 
motors. 

The use of a continuous-current armature for the rotor of on 
alternating current motor is an old device, having been patented as 
far back as 1888 by E. Wilson in England, and in 1891 by Gorges 
in Germany. Although Gorges gave a sketch of the theory of such 
motors in 1891, there is no doubt that the possibilities presented by 
the use of a commutator rotor were by no means fully realized at 
that time, and it was only by the later labours of Heyland and 
Latour in 1900 that this type of motor was once more brought into 
prominence. The name given by these inventors to the polyphase 
commutator motor was that of compensated induction motor. 

Motors of this type would he much more generally used were it 
not for the sparking troubles which are inseparable from the use of 
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a commutator. The output of such motors is restricted to some 
100 h.p., although in special cases outputs up to 300 h.p. might be 
obtained. The motors work best on circuits of low frequency, and 
for this reason are suitable for use in the rotor circuits of ordinary 
induction motors whose speed it is desired to control economically 
(§ 139). 

When a commutator rotor is used in a three-phase motor, it is 
provided with three brush sets spaced 120 electrical degrees apart. 
The continuous current winding then forms a delta-connected three- 
phase winding. 

It is important to bear iu mind the following points regarding 
the behaviour of a commutator rotor when supplied with three-phase 
currents. 

(1) The speed of rotation in space of the rotating field due to the 
three-phase rotor currents is always that of synchronism, and is 
entirely independent of the speed of the rotor. 

(2) The frequency of the e.m.f.s and currents in the rotor 
windings is determined by the relative speed of the rotating field 
and the rotor, and is thus always equal to the slip frequency. Hence 
the rotor acts as a frequency changer^ transforming the frequency of 
the supply to slip frequency. 


§ i6o. Representation of Rotating Waves 

In considraing the approximate theory of polyphase commutator 
motors, it is convenient to make certain simplifying assumptions. We 
shall suppose the reluctance of the iron part of the magnetic circuit and 
the core losses to be negligible, so that the fiux is proportional to 
and in time phase with the ampere-tums producing it. We shall 
suppose the stator and rotor cores to have continuous smooth surfaces 
at the air-gap, so that the reluctance of the latter is uniform along 
the entire circumference. Lastly, we shall suppose that the windiiigs 
of each phase of both stator and rotor are distributed continuously 
according to the simple sine law, so that the number of conductors 
per unit length of air-gap circumference is given by the ordinate of 
a sine curve. If an alternating current be sent through any phase, 
the ampere-conductors per unit length of circumference will be repre- 
sented by an^ oscillating sine curve (§ 20). The magnetic induction 
in the gap wiU also be represented by an oscillating sine curve, but 
this curve wiU be displaced by 90° relatively to the ampere-con- 
ductor or ampere-turn curve producing it. Hence we may say that 
the ampere-turn curve is in space quadrature relatively to the induc- 
tion curve, although the ampere-turns and the induction are co-phasal 
in time. 
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Let us now suppose that polyphase currents are sent through the 
windings of, say, the stator. The oscillating waves of ampere- 
conductors or ampere-turns give rise (§ 22) to a rotating or travelling 
ampere-tum wave of constant ^ 

■ " POSITIVE FLUX 


amplitude, and similarly the 
oscillating waves of magnetic 
induction become fused into a 


'POSITIVE CURRENT 


Fig. 178.— Showing Bireotions assumed as 
positiye for e.mi., Onnent and Flux. 


pure rotating wave. It is con- 


venient to adopt a simple graph- 
ical method of representing 
such waves. Let (Fig. 178) an 
e.m.f. or current be considered to have a positive value if directed 
away from the observer ; and let the induction or field be considered 
positive if directed outwards. Then if we take distances along the 
air-gap circumference as abscissae, and ampere-turns per unit length 
and values of the induction as ordinates, we shall obtain the two sine 
waves shown in Fig, 179. It will be noticed that the induction 
wave is displaced through 90® to the left of the ampere-turn wave.' 

But there is a much simpler mode of representing these waves. 
Since a distance along the air-gap circumference equal to twice the 
pole-pitch represents 360 electric^ degrees, any distance of one point 
in the air-gap from another may be expressed as so many electrical 
degrees. Hence a travelliug or rotating sine wave may be con- 
ventionally represented by a rotating vector whose length corresponds 
to the amplitude of the sine wave, and whose angular distance from 
a fixed line of reference represents the distance, in electrical degrees, 
of the maximum ordinate of the sine wave from a fixed point of 
reference on the air-gap circumference. Hence the ampere-tum and 




FIXED REFEl^ENCE LINE 
Fig. 180. — ^Representation of Rotating 
Sine Waves by means of Vectors, 


induction waves of Fig. 179 may be represented by rotating vectors 
as shown in Fig. 180. Such a vector diagram may be termed a 
space diagram, as it represents ihe magnitudes and relative positions in 
space of two rotating sme waves. It must be carefully distinguished 
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from an ordinary Utub diagram, in ■which, the pTojcctioTis of rotating 
vectors on a fixed straight line represent instantaneous values of 
q^uantities which vary in tiTifie according to the sine law. 

If we now consider the winding of any one phase, then, in accord- 
ance with the result established in § 22, p. 47, the oscillating ampere- 
turn wave due to that phase will reach its maximum amplitude at 
the instant when the rotating ampere-tum wave is coincident with 
it in position. Again, it is easy to see that the e.m.f. induced in any 
one phase reaches its maximum value when the rotating induction 
wave becomes coincident in position with the oscillating ampere-turn 
wave of that phase. Now, since the rotating induction wave^ is 
displaced by 90 electrical degrees in space relatively to the rotating 
ampere-turn wave (Fig. 180), the e.m.f. induced by the rotating 
induction wave in the -winding of any one phase will be in time- 
quodratwre with the ampere-turns or current in that phase, and will 
lag behind it. 


§ i6i. Approximate Theory of Series Polyphase 
Commutator Motor 

We are now in a position to consider the approximate theory of 
the s&ties polyphase commutator motor* represented in Fig. 181. 
The mesh-connected armature (or rotor) windings may be supposed 
to be replaced by an equivalent star winding (number of turns in. 

each ray of the star = i that in each side of the delta). Then 
Vo 

each stator phase is in series with a rotor phase, and the stator and 

rotor currents ‘are necessarily oophasal. 
Both stator and rotor windings give rise- 
to rotatmg waves of ampere-tums and 
induction. Let us take as the standard 
position of the brushes that position 
for which the rotating flux or induction 
waves of stator and rotor are coincident 
in position, so that the stator and rotor 
ampere-turns are added arithmetically 
at every instant. There being no dis- 
placement of the stator and rotor fields, 
no torque is exerted on the armature, 
and the machine will remain at rest, acting as a simple choking coil. 

In order to enable the machine to exert torque^ the rotor field 
must be displaced relatively to the stator field, and this can only be 

• E. Bildenberg, Elehtrotedhnisohe ZtiUohrift, vol. xxxiv. p. 807 (1913). 
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done by displacing the brushes from the standard position. The 
direction of the torq^ue will depend on the direction of brush dis- 
placement. Let us suppose that the brashes are displaced haehwards, 
or against the direction of rotation of the field. Then the torque 
will be B, forward one, the motor tending to run in the direction of 
rotation of the field. If B be the angle of displacement, and A,^ A, 
the stator and rotor ampere-turns respectively, then the torque is 
proportional to A.A^ sin B) or, if m = A,/A,, torque oc mAf sin B.* 



Fia. 182. — Space Diagram of Stator and Botur Wares. 


The stator and rotor currents being in time-phase with each 
other, and the brashes having been displaced through an angle B 
from the standard position, the stator and rotor ampere-tom and 
induction waves are also displaced through the same angle relatively 
to each other. These waves are shown in the space diagram of 
Fig. 182 . It will be noticed that the resultant induction wave is 


* The resultant ampere-tums, which are proportional to the resultant induction 
are given by n/a,* + + 2A, A. cos 0 = A, Vm* + 1 -h 2m ooa B, For a given 

current— i.fl. a given value of A„ the torque is a maximum when Q =^. Again, for a 

given value of A,, theratio .. ^ i which is proportional to - — ^ , 

resultant induction 

has, for a given value of ?n, a maximum value when cos 0 = — m. Wo then have — 

torque oc wiA«* si n B 

oc — m® 

which IB a maximum when m = cos 6 being then equal to — and = ^ir or 
185°. 
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ahead of the stator ampere-turn wave by the angle Hence 

the time-interval which elapses between the coincidence of the re- 
sultant induction wave with the oscillating ampere-turn wave of one 
phase of the stator and the coincidence of the stator ampere-tum 
wave with the same oscillating stator wave corresponds to a time-lag 

TT 

2 + a of the e.m.f. induced in any stator phase behind the current in 
the same phase (Fig. 183 ; this is due to the fact that when the 



Fid. 183.— Tune Diagram of P.D.s and Onrrent. 

induction at any stator conductor is at its maximum positive value, 
the e.m.f. induced in that conductor is at its negative maximum). 

In addition to the assumptions already made regarding our ideal 
polyphase commutator motor, we shall now make the further 
assumptions of negli^ble magnetic leakage and negligible resistance 
of win(^gs. Then the stator p.d. must be equal and in direct phase 
opposition to the induced e.m.f. Hence, as will be seen by reference 
to Kg. 183, the stator current lags behmd the stator p.d. by an 

* If A, = atator ampere-toxna, and A, = rotor ampore-tnms, then the reanllant 
ampere- turns A are given by ./a,> + A,* + 2A,A, 00 a fl, and sin o = ^ ain fl; or, 

putting m = A,/A„ ain o = ”» sin 9 

vm® 4- 1 -h 2m oo8 0 
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angle j3 = 5 — a, so that the power factor of the stator is cos /3 = sin a, 

and remains constant as long as 0 is oonstant — Le, so long as the 
brushes remain in a fixed position. Again, since the stator induced 
e.m.f. is proportional to the resultant induction, and since this latter 
is, for a fixed value of 0, proportional to the current, we see that the 
stator p.d., which is numerically equal to the e.m.f., is proportional 
to the current. Hence the stator windings behave as if they had a 
constant impedance of power factor sin a \ this impedance being a 
function of 0. It will be noticed (Fig. 182) that the stator power- 
factor steadily improves with increasing 0. 



Fia. 184. — Ouolo Diagram of Series Polyphase Oommntator Motor. 




Vj 


70 

> 

TO 



The rotor windings being displaced IcLGhwards in space relatively 
to the stator ^dings, the rotor induced e.m.f. will be ahead of the 
stator e.m.f. in time-phase by an angle 0, and the same applies to 
th^ p.d.s. Hence the vector time-diagram of p.d.s and current will 
be as shown in Fig. 183. 

It is important to observe that all the conclusions we have so far 
arrived at are quite independent of the rotation of the armature. We 
have now to consider the effect which arises from such rotation. 
Since we have assumed the brushes to be displaced iackwards, the 
torque and direction of rotation will be forioards, so that the relative 
speed of the rotating field and the armature windmgs will decrease 
with increasing speed of rotation until synchronism is reached; 
beyond this point the relative speed will increase, but the conductors 
will now be cut by the fiux in the opposite direction. Thus the 
magnitude of the e.m.f. induced in the rotor windings will at first 
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and reach a zero value at synchronism (when there is no 
motion of the field and conductors, both having the same 
velooity in space), and will then begin increasing after undergoing 
jAas© reversal* 

If we now suppose the terminal p.d OR in Fig. 183 to be kept 
constant, then since the angle OPR = tt — 0 is also constant so long 
as the brushes remain in a i&ed position, it follows that with changing 
load or current the point P moves along a circle of which OR is a 
chord. This circle is shown in Fig. 184 as a fuH-lLne circle. When 

the motor is at rest, we have and the point S 

rotor p.d. Ar m* ^ 

on the circle for which this condition is satisfied corresponds to 
standstill, ^ Since with increasing speed the rotor p.d. at first steadily 
decreases, it follows that we have to proceed along the circle in a 
counter-clockwise direction from S. The rotor p.d. vanishes and 
undergoes phase reversal at the point R, which corresponds to 
synchronous speed. Beyond R the rotor p.d. increases and the 
stator p.d, decreases, and at the point D, which is such that OD/DR 
= OS^SR,* the speed is twice that of Bynchxonism. The point 0, 
at which the whole of the p.d. is concentrated on the rotor, corre- 
sponds to infinite speed. 

The remaining arc of the circle, which is traversed by proceeding 
from S to 0 in a clockwise direction, corresponds to rotation of the 
armature in a direction opposed to that of the rotating field. Since 
the torque now opposes the rotation, it is obvious that this region 
corresponds to a generator action of the machine. 

We have already seen that the current is proportional to the 
stator p.d., and lags behind it by the constant angle J3 (where 
008 j3 = sin a = m sin + 1 + 2m cos 0). Since the extremity 

of the stator p.d. vector traces out a circle, that of the cuixent vector 
also traces out a circle, and the angle between the diameters of the 
two circles is /3. In Fig. 184, the current circle is shown dotted. 
At etandstill the motor takes no power (since we have assumed the 
losses to be negligible), and the current is in quadrature with the p.d. 

A number of interesting results may at once be deduced from 
the oirole diagram. Thus, we may determine the shape of the 
torque-speed cu^e. The torque is proportional to the square of 
the current. Since we have rotor p.d. cc flux x slip, it follows that 

, . rotor p.d. rotor p.d, , . . , . 

slip oc , or oc ^ and speed oc 1 - 5 , where s is the 

dip (s = ^ - Klor 8pe»lN y ^ 

\ Speed of synchromsm J 

plot the relation connecting torque and speed. 

* Tho straight lines oorresponding to OD, BE, OS and SB are not shown in Fig. 185. 
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* 

si^O'W'B that up ta the sj^ed of 
tbs* feohi'tire mains, wMe the 

rotor r^onm pow^ t<t them. 3Ma means that the aiQ^ount of ^wer 
absorbed by the stator » in excess of that represented by the brake- 
power of the motor, and the balance of power is returned by the 
rotor to the mains. Beyond synchronism, , , ^ 

both stator and rotor absorb power. 

In the special case to which Fig. 184 
refers, the torque (which is proportional 
to the square of the current,. and hence 
to the square of the stator p.d.) increases 
with increasing speed between S and T, 
and the arc ST corresponds to a region of 
instability. Stable running can only be 
obtained beyond the point T. But by 
suitably choosing ( = A^/A,), stability 
may be secured at all speeds when the 
machine is running as a motor. 

From Fig. 184 it can be easily seen, 
even without plotting the torque-speed 
curve, that over the region of stability the 
general shape , of this curve is similar to 
that for an ordinary continuous current 
series motor. A series polyphase com- 
mutator motor is thus essentially a 
variable-speed motor, and may be said 
to possess a series oharacterisdo. It is 
thus well adapted for use in all cases 
where an automatic decrease of speed 
with increase of load is required. 

Speed regulation is easily effected by 
varying m. The simplest method of 
doing so is to use a variable-ratio current transformer, as shown 
in Fig. 186. It is also possible to regulate the speed by brush 
displacement. 

Commutation troubles are serious with this type of motor. The 
most favourable conditions as regards commutation occur at syn- 
chronism. In order to facilitate sparkless running, the armature 
winding is subdivided as much as possible, and the brushes are 
narrow, covering only one, or at most two segments. 

Motors of this type are made up to about 100 h.p., and are used 
for driving mine fans, pumps, etc. 



Fio. 185. — OonneotlonBof SerieB 
Polyphafle Oommutator Motor 
with Speed BegnlatingTranB- 
fortner. 
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§ 162. Shunt Polyphase Commutator Motor 

In the shunt polyphase commutator motor, the stator and rotor 
windings are arranged to form two pajallel circuits across the 
supply mains. A motor of this type possesses, as will be seen 
presently, a shunt characteristic — i,e, its speed will remain approxi- 
mately constant at all loads. If the motor were required to run at 
one speed only, the use of a commutator motor would hardly he 
juatifiahle, as it would be inferior in nearly every respect to an 
ordinary induction motor. Its use is justified only in cases where 
economical speed control is essential, and such control is obtained by 
varying the p.d. impressed on the brushes. Hence in this type the 
rotor is connected to the mains through either an ordinary transformer 
or an auto-transformer with a variable number of turns, the stator 
winding itself being at times utilized as an auto-transformer winding 
and pro\rided with a suitable number of taps. 

Imagino the stator and rotor windmgs traversed by currents 
which are in phase with each other (as would be the case if the 
stator windings were connected in senes with the rotor windings — as 
in the series motor), and let the brushes be adjusted so as to bring 
about coincidence of the axes of the magnetic fields due to the stator 
and rotor windings. We shall refer to this position as the standard 
or neutral brush position. 

On rocking the brushes through 180 electrical degrees from the 
neutral position, we obtain (still assuming the stator and rotor 
currents to be in phase with each other) direct opposition of the 
stator and rotor fields. This second brush position we shall term the 
short-circuit position. 

§ 163. Commutator Motor used as Plain 
Induction Motor 

The action of the motor will be followed most readily if we first 
consider its behaviour when the brushes are simply short-circuited 
by connecting them to a common or neutral point instead of having 
them across the mains. Suppose the brushes to be in the nmiral 
position ; then, owing to the coincidence of the magnetic axes of the 
corresponding stator and rotor phases, the stator and rotor a m f a 
induced by the main rotating flux will be in phase with each other. 
The space-waves of rotor ampere-turns will, with respect to the 
direction of rotation, lag behind the space-waves of stator ampere- 
turns. Now suppose that the brushes are displaeed either way, say 
backwards, from their neutral position; then if the phase of the 
rotor currents had remained unaltered, the rotor ampere-tums would 
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have been displaced backwards relatively to the stator ampere-turns. 
But the backward displacement of the brashes will cause the 
maximum rate of cutting of the rotor conductors by the main 
rotating field to occur at an earlier instant than with the brushes in 
their neutral position, and will thus accelerate the phase of the rotor 
e.m.f. and current, the time-angle of phase advance being equal to 
the electrical space-angle of brush displacement. Now a phase 
advance of the rotor current will result in an equal space-advance of 
the rotor ampere-turns relatively to the stator ampere-turns. Hence 
the backward displacement of the rotor ampere-turns arising from 
the brush shift is exactly compensated for by the forward displace- 
ment due to the phase advance of the rotor current. The angle 
between stator and rotor ampere-turns remains unaltered, and hence 
the motor will exert the original torque with the same currents in 
stator and rotor. 

We thus see that when the brushes are short-circuited their 
position is immaterial, and the working of the motor will be totally 
unaffected by brush displacement 

§ 164. Effect of Brush Displacement when 
a P.D. is impressed on Brushes 

The case is otherwise, however, when instead of short-circuiting 
the brushes wo impress a certain p.d. of fixed magnitude and phase 
upon them. Assume the motor to be running under those conditions, 
with the brushes in the neutral position. Let now the brushes be 
displaced backwards. As we have seen, this will accelerate the 
phase of the rotor e.in.f. Lot us provisionally assume that the 
phase of the p.d, impressed on the brushes is accelerated by an eqaeil 
amount. Then the phase of the resultant e.m.f. will be accelerated 
by the same amount, and hence also that of the rotor current. As 
already explained, tlie elTect of this phase shift will be neutralized 
by the backward shift of the rotor field due to the brush displace- 
ment, and no change will occur in the working of the motor. But 
since our original assumption was that the phase of the brush p.d. 
rornains unaltered, we must, in order to return to this original 
assumption, now retard the phase of the brush pd., and this will 
clearly in general alter both the magnitude and phase of the rotor 
and hence also of the stator currents. Wo thus see that with a p.d. 
impressed on the brushes, brush displacement ihrow/h 0 electrical 
degrees in equivalent to a plum change of 0 degrees in the impressed 
brush pjl. 
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§* 165. Effect of impressing on Brushes a P. D. 
which is in Phase with the Rotor Current 

Let us next suppose that such a motor is running under load with 
iie brushes short-circuited and in the neutral position, and let us 
consider the effect of impressing a p.d. on the brushes. The nature 
of the effect produced will clearly depend on the of the 

impressed p.d. Whatever its phase, the impressed p.d. may be 
resolved into two components, one in phase with the rotor current, 
and the other in quadrature with it We shall consider the effects 
due to these components separately. 

First, then, suppose that there is impressed on the brushes a 
p.d. which is in direct jpAose opposition to the current. Such a p.d. 
is equivalent in its effects to a non-inductive resistance, and we 
tnow that the introduction of a resistance will reduce the speed 
without changing the rotor and stator currents (§ 116). The source 
of opposing p.d. will absorb some of the power which was formerly 
transformed into mechanical power. If the source of p.d. is the 
secondary of a transformer whose primary is across the mains, then 
the power absorbed by this secondary wiU he transmitted (with some 
loss, of course) to the primary and retu/rned h/ it to the supply mains. 
The excess power will therefore he retnmod to the mams instead 
of being dissipated in a resistance, and a highly efficient method of 
speed regulation becomes possible. The range of speed variation is 
from a speed a little below synchronism (with brushes short-circuited) 
to standstill, and it will be observed that with increase of brush p.d. 
the speed decreases. Let us next suppose that the impressed brush 
p.d. is in phase coincidence with (instead of phase opposition to) the 
rotor current. Imagine the rotor to be originally short-circuited, 
and suppose that a small p.d. co-phasal with the current is suddenly 
impressed on it The immediate effect is to increase the rotor 
current and torque, causing acceleration. As the speed rises the 
current decreases, and finally a new steady state of running is 
reached corresponding to a higher speed. With increase of speed, 
the magnitude and frequency of the induced e.m.f. decrease and 
vanish at the speed of synchronism. At this speed, the rotor copper 
losses are entirely supplied from the source of impressed p.d. A 
further increase of p.d. will cause the rotor to run above the speed 
of synchronism, and owing to the phase reversal of the rotor induced 
e.m,f. as we pass through synchronism this e.m.f. will now oppose 
the motor current ; the source of brush p.d. now not only supplies 
the ^wer corresponding to the rotor copper losses, hut also an 
additional amount of power which undergoes transformation into 
jneohanical power. Speed regulation for speeds aiove synchronism 
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is thus possible, and it will be noticed that for such speeds an 
increase of brush p.d. causes an increase of speed. 

It may be pointed out that for speeds lelow the natural speed 
(corresponding to short-circuited brushes) of the motor the stator is 
taking power from the mains, while the rotor is returning power to 
them ; and that for speeds above the natural speed, both stator and 
rotor are drawing power from the mains. 

It will further be obvious that since owing to the smallness of 
the rotor resistance drop the rotor induced e.mi. and the brush p.d. 
nearly balance each other, a small change of e.m.f. (or speed) will 
result in a large change of current and torque, and hence the motor 
wUl, for a given fixed value of the brush p.d., run at a speed 
which changes but little with the load — i.e. it will have a shunt 
characteristic. 


§ 166. Effect of impressing: on the Brushes a 
P.D. which is in Quadrature with the 
Rotor Current 

We shall next consider the effect of impressing on the brushes a 
p,d. whidh is in quadrature with the rotor current. Two cases may 
again arise — those of a leading and lagging p.d. A leading p.d. 
(equivalent to a lagging e.m,f.) produces the same effect as an 
increase of reactance in the rotor circuit, and will cause the rotor 
current to be retarded in phase ; in order to maintain the original 
torque, a larger current will be necessary (and hence an increased 
slip), and the power factor of the motor will be reduced. On the 
other hand, a lagging p.d. (equivalent to a leading e.m.f.) has the 
same effect as a capacity, advancing the phase of the rotor current , 
initially, assuming that the rotor current was lagging behind the 
induced motor e.m.f., this will, for a given torque, cause a reduction 
in the rotor current ; but as the magnitude of the p.d. is steadily 
increased, the rotor current, after passing through a minimum 
value, will become a leading current, and wiU numerically increase. 

Whether the quadrature p.d. is lea^ng or lagging, it can only 
produce a phase shift — accompanied, in general, by a change of 
magnitude — in the motor current, but it cannot become a medium 
of exchange of jpower between the rotor and the circuit external 
to it. 




3o6 


alternating currents 


§ 167, Methods of controlling 5 peed and Power 
Factor of Shunt Polyphase Commutator 
Motor 

We have already seen that the speed of a shunt polyphase com- 
mutator motor may be controlled by impressing on its brushes a 
p.d. which is either in phase with, or in phase opposition to, the 
rotor current, the magnitude of such p.d. being adjusted to give the 
desired speed ; and that the phase of the rotor current, and hence 
the power f alitor of the motor, may be controlled by impressing on 
the brushes a p.d. which is in quadrature with the rotor current. 

For the simultaneous control of speed and power factor we there- 
fore require a p.d. whose magnitude and phase may both be varied 

at will. One method of obtain- 
T ing a p.d. of variable magnitude 

is to make use of a transformer 
whose primaries are across the 
mains, and the middU points of 
whose secondaries are connected 
to a common point which forms 
a neutral point, as shown in 
Fig. 186. If the rotor brushes 
are connected to this neutral 
point, the machine runs as a 
plain induction motor at a speed 
slightly below synchronism. 
By moving the points of con- 
nection away from the neutral 
one way (full-line arrows in 
Fig. 186), we can reduce the 
speed; and by moving them 
the other way (dotted arrows in 
Fig, 186), we can increase it and 
obtain speeds above synchronism. The passage through the neutral 
points results in apAose reversal ofithe p.d.s impressed on the rotor. 

In a type of motor manufactured by the Allmanna Svenska 
AUielolagst, the variable brush p.d. is obtained without the use of a 
special variable-ratio transformer, by adopting the following arrange- 
ment. The rotor is^ provided with two windings. One of these is 
a three-phase winding connected to slip-rings, while the other 
is a continuous current winding connected to a commutator on the 
other side of the rotor. The three-phase rotor winding corresponds 
to the stator winding in the ordinary type of motor, and is connected 
directly to the supply mains. Three brush sets, spaced 120 electrical 



Fig. 186.— ConneotionB of Transformer Secon- 
daries for obtaining Phase Beversal. 
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degroes apart, are provided on the commutator. Each brush set 
COD sis ts of two half-sets, which may be moved, by means of suitable 
gearing, simultaneously in opposite directions, so that by varying 
the arc spanned by the half-seta the p.d. between them may be con- 
trolled, reduced to zero (when the half-sets coincide) and reversed in 
phase, after pgissing through zero. The brush sets are entirely 
disconnected from each other, and the half-seta of each set are con- 
nected to one phase of the stator winding, whose phases are kept 
distinct, and which corresponds to the rotor winding in the ordinary 
type of motor.* 

As regards control of power factor, this is easily obtained with 
the ordinary type of motor by shifting the brushes, such brush shift 
being, as already explained, eq[uivalent to a phase shift of the 
brush p.d. 

In the Swedish motor just described, the phase of the p.d. 
impressed on the secondary winding could be obtained by shifting 
the brush sets bodily — Le. without altering the relative positions of 
the half-sets). 


§ 1 68. Cascade Connection of Induction and 
Commutator Motor 

An important practical application of the polyphase commutator 
motor is its use as a cascade-connected motor in conjunction with an 
ordinary induction motor (§ 139). The development of this method 
of economical speed control is due mainly to 0. Kramer and 
A. Scherbins. 

When so used, the polyphase commutator motor is supplied with 
currents which are of the slip fregueiicy of the main motor. Owing 
to this low frequency, the commutation troubles are greatly reduced. 
The commutator motor in such cases is designed to run at speeds 
greatly exceeding the speed of synchronism (with respect to the 
rotor currents of the main motor), and its behaviour then closely 
resembles that of an ordinary continuous current motor. 

Such a cascade-connected set may be arranged for a speed range 
either below synchronism (for the main motor), or both below and 
above synchronism. 

When the speed is below synchronism, the rotor of the main 
induction motor absorbs a portion of the total power transmitted 
to it by the stator, and passes on the balance to the auxiliary or 

♦ For a full account of this type of motor, the reader should consult a paper by 
F. J. Teago m the Journal of the InsHiution of Electt'ioal Engmeera^ vol. lx p 828 
(1922). 
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commutator motor ; this latter then transforms the balance of the 
power, after allowing for losses, into mechanical power. 

Let ns now suppose both motors mounted on the same shaft, so 
that the torque exerted by the auxiliary motor is added to that of 
the main motor, and the mechanical power of the auxiliary motor is 
immediately utilized Let the e.m.f. of the auxiliary motor be 
reduced to zero, so that the main motor runs as a plain induction 
motor (with, however, an increased resistance — corresponding to that 
of the auxiliary motor — in its rotor circuit). Suppose that the 
safe limit of load for the main motor has been reached. Then any 
further increase in the resisting torque would cause an increase of 
current and consequent overheating of the motor. Let us, however, 
suppose that when such an increase of load has occurred we excite 
the auxiliary motor so that it generates a counter e.m.f. The 
current will decrease, and at the same time the auxiliary motor will 
develop a torque which is added to that of the main motor. Let us 
suppose the excitation of the auxiliary motor to be so adjusted that 
when a steady new speed has been reached the cxurents in the main 
motor windings are the same as they were originally, let us 
regulate for constant main motor current, or, what amounts to the 
same thing, for constant output. Since the main motor current is 
maintained constant, its torque wOl also remain constant; but with 
increasing auxiliary motor field the torque of the auxiliary motor 
will steadily increase. At the same time, in order to maintain the 
main motor rotor current constant with increasing counter-e.m.f. in its 
circuit, the total rotor e.irLf. must increase — hence the slip must 
increase, or the speed of the set must decrease. The law connecting 
the total torque of the set and its speed is, approximately, the 
hyperbolic law, for since the total output is (owing to the constancy 
of the main motor current) approximately constant, the product of 
total torque into speed must be constant, and hence the speed must 
vary inversely as the torque. 

From the above it will be seen that meohanical coupling of the 
main and auxAlia/ry motors is suitalle in cases where it is desired to 
regulate the set for constant output with va/iiaUe torgue and speed. 

Instead of being mechanically coupled to the main motor, the 
auxiliary motor may be coupled to an induction generator wliich 
returns power to the mains. Let us suppose that the excitation of 
the auxiliary motor is steadily increased while the resisting torque 
due to the load remains unaltered. Then there will be a steady drop 
in the speed of the main motor, a larger and larger proportion of the 
total power transmitted to the rotor being passed on to the auxiliary 
motor-generator set, wliich (after allowing for losses) returns it to 
the mains. The main motor in this case continues to draw the 
same amount of power from the mains, but converts a steadily 
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decreasing fraction of it into mechanical power, and returiis the 
r^ainder, through the medium of the motor-generator, to the mains. 
ihQ total power drawn from the mains is thus roughly proportional 
to the speed of the main motor. The use of a ccmm/UftcLtov motOT’- 
ijwmtim gme^ratoT set dectrically connected to the rotor of the main 
inducium motor is seen to be suitable in cases where it is desired 
to regulate for 'ccmalle speed with constant torque. 

So long as the speed regulation is confined to speeds below 
synchronism, the surplus power drawn by the main motor from the 
mams is transferred to the commutator machine, which acts as a 
imtor^ and drives the induction machine coupled to it as a generator. 
bimpose the excitation of the induction machine to be gradually 
reduced to zero ; the main motor will now run as a plain induction 
motor at a speed very little below synchronism Imagine next that 
Irom a smtable external source whose frequ&my is always kept equal 
to that of the rotor currents we excite the commutator machine so as 
to reveme the phases of the e.m.f.s which it generated before these 
were reduced to zero. Then these e.m.f.s, instead of being opposed 
to the rotor e.m.f,s and rotor currents, will be in phase with them ; 
the immediate temporary effect will be to increase the rotor current and 
accelerate the rotor: but with increasing rotor speed the rotor e.m.f 
and current will decrease until the original torque is reached with 
the same rotor current but a higher rotor speed. The rotor current 
IS now only partially maintained by the rotor e.m.£, the r 0 q[uired 
balance of 6.m.f. being provided by the commutator machine, 
omce the e.m.f. of this machine is in phase with the rotor current, 
the machine la acting as a generator*, and is being driven by the 
induction machine coupled to it. Let the excitation of the com- 
mutator machine be steadily increased ; then the speed of the main 
motor will steadily rise, and ultimately reach synchronism. At this 
stage, since the rotor of the main motor is not generating any e.m.f., 
the "^hole of the e.m f. required to maintain the rotor current is 
supplied by the commutator machine. Further, since both the rotor 
and Its field are now running at synchronous speed, there is no 
relative motion of rotor and fi.eld, and hence the rotor current must 
be of zero frequency, ie. a continuous current. Let this current be 
slightly increased: further acceleration of the rotor will result, and 
its speed will rise above synchronism. At the same time, the rotor 
wul begin generating e.m.f.s, but of opposite phase sequence to the 
phase sequence below synchronism, and of reversed phase. Let us 
assume that as the main motor speed passes through synchronism 
the phase sequence of the source which provides the commutator 
machine excitation is automatically reversed, but without phase 
reversal of the e.m.f.s. Then the commutator machine e.m.f.s will 
have the same sequence as the main motor rotor e.m.f.s, but the 
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Fia 187. — Cascade Connpctions of Induction and Oomnmtator Motx>rs. 
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latter will oppose the former. The rotor currents flowing in the 
direction of the commutator machine e.m,f.s, it is evident that this 
machine will continue to act as a generator (being driven by the 
induction machine, which continues to act as a motor), and that it 
will supply to the rotor not only the power required to overcome 
the rotor copper losses, but also additional power which becomes 
converted into mechanical power. The main motor is now dofMy 
fed, both stator and rotor absorbing power from external sources. 
With steadily increasing commutator machine excitation, the speed 
of the main motor wHl steadily increase. 

Provided, therefore, that we can devise a machine whose fre- 
quency always remains equal to the rotor frequency, and whose 
phase sequence is reversed as the rotor passes through synchronism, 
the main motor speed can be regulated for values both below and 
above synchronism. An exciter of this type is described below. 

The commutator machines used in such regulating sets are pro- 
vided with compensating vmdings on their stators, which neutralize 
the armature field. 

The most common arrangements of regulating seta used in 
practice are the following : (1) a series commutator machine, for 
dngU-raTige speed regulation (i.e. for speeds below synchronism 
only) ; (2) a shunt- wound commutator machine, for single-range regu- 
lation ; (3) a shunt-woimd commutator machine, with special exciter, 
for douile-range speed regulation (above and below synchronism). 

In each case the commutator machine is mechanically coupled to 
an induction machine, and in the case of single-range regulating sets 
the induction machine is driven as a generator by the commutator 
machine ; in double-range sets the induction machine may, as we 
have seen, act either as a generator or as a motor. 

Since in the case of an induction machine a very small percentage 
change of speed is sufdcient to cause the machine to pass from fi^- 
load motor to full-load generator action, the speed of the regulating 
set will change but little with changes of speed of the main motor, 
so that the regulating set may be regarded as having an approxi- 
mately constant speed. ^ • j v 

The three arrangements of regulating sets mentioned above are 
diagrammatically represented in Kg. 187, where, however, the com- 
pensating windings of the commutator machine are omitted for the 

sake of simplicity. , , ■ i. • 

Arrangement (1) would be used in cases where the mam motor is 
required to have a sevies characteristic, i.6» where an increase of 
torque is required to result in an automatic decrease of speed, as 
with an ordinary continuous current series motor. That mangement 
(1) fulfils this requirement will bo evident from the following con- 
sideration. The speed of the commutator machine being practically 
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constant, its e.nii. will be proportional to the field flux, and, so long 
as the core is not saturated, the flux may be taken to be proportional 
to the current. Hence the e.m.f. is approximately proportional to 
the current and, so far as the main motor is concerned, the commu- 
tator machine might be replaced by a dead resistance. But an 
induction motor with suflBoiently high resistances in its rotor circuits 
Aos a series characteristic (§ 121). With a constant load, the speed 
may be regfilated by hand as desired if the field windings of the 
commutator machine are supplied through a suitable transformer 
with tappings. 

Arrangements (2) and (3) are used where a shunt characteristic 
(approximate automatic constancy of speed with varying load) is 
desired. With a shunt winding, since the reactance of the winding 
is proportional to the slip frequency of the main motor, and since 
the fotor e.m.f. is also proportional to the slip, the ratio of the p.d. 
across the field winding to its impedance will remain approximately 
constant, and hence also the field current and field flux. But since 
the speed of the commutator machine is also approximately constant, 
so will be its e.m.f. Now since the rotor and commutator machine 
e.m.f.8 nearly balance each other, a very small change of rotor speed 
will result in a large change of rotor current and torque, i.e. the 
main motor will run at an approximately constant speed with vary- 
ing load. The \alue of thm speed may be regulated by hand, a 
suitable transformer with tappings being provided for this purpose as 
shown ia Fig. 187. 

Arrangement (3), although more complicated than (2), requiring 
as it does a special exciter, has the advantage that for a given range 
of speed regulation it requires a regulating set of only half the out- 
4 ^ut of that corresponding to (2). It has the further advantage that 
in case of breakdown of the regulating set its main motor will run 
at a speed corresponding to the middle of the range, which is likely 
to be a more suitable emergency speed than that of (2), where the 
main motor would run at the maodmim speed of the range. 

We have now to explain the construction of the special exciter 
required for arrangement (3). This consists of a rotor mounted on 
the shaft of the main motor and provided with a continuous-current 
winding connected to slip-rings on one side and to a commutator on 
the other. The rotor is surrounded by a stator without any winding. 
The slip-rings are connected to the mains in such a manner that the 
rotating field revolves in a direction opposed to the direction of 
rotation of the rotor. Since the speed of the field relatively to the 
rotor is always the same — that of synchronism — the brush p.d. will 
(neglecting the drop in the rotor windings) be practically constant. 
The frequency of the brush p.d. will, however, be determined by 
the speed of the field in space, and will be equal to the slip frequency 
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of the main motor. The machine therefore acts as a freguertcy 
changer pure and simple, without altering the value of the p.d. It 
wiU be noticed that in passiag through synchronism the phase 
sequence of the brush p.d.s is automatically reversed. The machine 
therefore fulfils aU the conditions required of an exciter for 
arrangement (3). 

As will be seen by reference to Fig. 187 (3), the special exciter 
does not provide the whole of the excitation (except at synchronism) 
for the field of the commutator machine, the rotor voltage being 
made use of for this purpose for speeds both above and below 
synchronism. At synchronism, however, when the rotor e.m.f.8 
vanish, the whole of the excitation is due to the exciter. The current 
at synchronism being a continuous current, the voltage drop in the 
rotor is a pure resistance drop; hence the exciter, which provides 
this drop, has been termed an ohmic drop exdt&r. At speeds suffi- 
ciently far removed from synchronism, either below or above syn- 
chronism, the exciter could be dispensed with. But it is evident 
that without such exciter the speed could never be made to reach, 
much less to surpass, synchronism; for at synchronism, the rotor 
e.m.f.s being zero, no excitation at all could be obtained. 

In Fig, 187, the ohmic drop exciter is shown connected in series 
with the commutator machine field windings and the main rotor 
slip-rings. Instead of this arrangement, two distinct field windings 
may be used, one set being across the main rotor slip-rings and the 
other across the brushes of the exciter (through suitable regulating 
resistances). 


§ 169. Phase Advancers 

The most important disadvantage of on induction as compared 
with a synchronous motor is its relatively low power-factor, and from 
the earliest days of the induction motor attempts have been made to 
bring about an improvement in this respect. A machine which is 
intended to improve the power factor of an induction motor is known 
as a phase advancer, since its effect is to cause the current taken by 
the stator to advance in phase so as to become nearly or entirely 
coincident in phase with the p.d. Two types of phase advancers 
have come into commercial use : the rotating and the vibrating type. 

The simplest form of rotating phase advancer is that originally 
invented by Leblanc,* but apparently first brought into commercial 
use by Scherbins, and hence frequently spoken of as the Scherbins 
phase advancer. It may be described as a three-phase commutator 

♦ La Lumi^e Eleotnque, vol xxii. p. 291 (1913). 
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machine without any field winding, the armature being surrounded 
by an unwound stator whose function is to reduce the magnetic 
reluctance offered to the flux. The armature is provided with three 
sets of brushes per pole-pair, and currents are supplied to it from 
the three slip-rings of the wound rotor belonging to the induction 
motor whose power factor it is desired to improve. The phase 
advancer is driven by being either direct-coupled or belted to the 
induction motor, or by being direct-coupled to a small auxiliary 
motor, and the direction of rotation is the same as that of the rotating 
field of the advancer. The frequency of the currents supplied to the 
advancer is very low, corresponding to the slip of the induction 
motor, and the advancer runs at a speed which is a large multiple 
of the speed of synchronism. Under those conditions, the e.m.f.s 
generated in the three phases of the advancer armature are ahead of 
their corresponding currents by 90°. This will be readily under- 
stood from the space 
and time diagrams of 
Fig. 188. The connec- 
tions are supposed to 
be such as to give rise to 
a field rotating coimter- 
clockwise. The armature 
of the phase advancer 
is also driven in a 
counter-clockwise direc- 
tion. In order to deter- 
mine the phase relation 
of the induced e.m.f. 
to the current in any 
FiU. 188. — Space and Time Vector Diagrams of Phase phase, we may consider 
Adyaucor. phase I at the instant 

when the current in it is 
at its maximum positive value. At this instant, the rotating ampere- 
turn wave must coincide in position with the oscillating wave due to 
the current in phase I (see § 22, p. 47, and § 160), so that the rotating 
ampere-tum vector occupies the position shown in Fig. 188 (a). The 
flux vector is in space quadrature with and lies to the left of it 
(§ 160). An instant later, the vectors will have advanced, and there 
be a flux having a negative or inward direction through the 
arc occupied by the windings of phase I. With a reidially inward 
flux and a counter clockwise direction of rotation of the conductors 
relatively to the field, the induced e.m,f. will have a direction 
towards the observer, or be negative (§ 160), Hence the time-diagram 
must be as shown in Fig. 188 (&), the projection of the e.m.f. vector 
assuming a negative value when the current begins to decrease, and 
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we see that the induced is 90® ahead^ of the rotor current as 
regards phase. 

The way in which the injection of such an e.in.f. into the rotor 
circuits is capable of improving the power factor of the stator will be 
understood by a study of the vector diagrams of Fig. 189. In this 
figure, diagram (a) refers to a motor not provided with a phase 
advancer. The frequency of the rotor currents may be rendered 
equal to that of the stator currents by the use of the artifice mentioned 
in § 115, BO that both stator and rotor e.m.f.s, currents, etc., may be 



represented in the same diagram. Fig. 189 (&) shows the effect pro- 
duced by the phase advancer — i.e. by the injection of an additional 
e.ni.f. into each rotor circuit, such e.m.f. being 90® ahead of the 
current. The current has been advanced in phase relatively to the 
e m.f. generated in the rotor of the induction motor. ^ This advance 
of phase is accompanied by a corresponding advance in the phase of 
the stator current relatively to the stator p-d., and by suitably 
adjusting the magnitude of the phase advancer e.m.f., the power 
factor of the stator may be made unity. If desired, the stator may 
oven be made to take a leading current. 

In the type of phase advancer described, the armature of the 
advancer was supposed to be surrounded by an unwound stator. 
Since the only function performed by the stator in thm case is to 
reduce the reluctance of the magnetic circuits, there is no reason 
why the stator core should not undergo fusion with the rotor and 
revolve with it. We then obtain a type of advancer possessing no 
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Btator, but having its windings embedded in olosed slots or tunnels 
well below the surface of the core. This is the form of con- 
struction adopted by Scherbins, and carried out by Messrs. Brown, 
Boveri & Co. 

When a phase advancer is req^uired for a motor of very large 
output, the type without any stator is unsuitable, owing to commu- 
tation troubles. It is then preferable to adopt the type having a 
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Fia 190, — General Aurrangoment of Kapp Vibrator, 


'^und stator, which has been studied in detail by Miles Walker.* 
le stator windings are connected in series with the armature. 

An entirely difiFerent form of construction is presented by the 
nbrating phase advancer devised by Kapp.t The principle on which 
jhis advancer is based was originally pointed out by Swinburne.! 

^ Institution of JSleotrioal Engineers, vol. xlii. p, 599 (1909) : and 
roL 1. p. 329 (Z918). v ^ * 

t The EUot^an, vol. Ixlx. p 222 (1912); Journal of the InBtitution of Meotrioal 
’igineers, vol. Ii. p. 256 (1913) » 

t Joumai of (he Institution of Electrical Engineers, vol. xxxii. p. 26 (1902). 
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Kapp's vibrator consists of a continuous current armature placed in 
a field excited by a continuous current. The number of armatures 
required corresponds to the number of rotor phases, so that a three- 
phase rotor is shown in Fig. 190. Each armature is on one side 
connected to a rotor sUp-ring, and on the other to a common neutral 
point. The alternating torque due to the low-frequency current 
passing through the armature throws the latter into vibration, and 
such vibration generates an e.m.f. It is easy to show that this e.m.f. 
is in quadrature with the current. For it is obvious that 

induced e.m.f. a angular velocity 
current a torque 

oc angular acceleration, 

and since the angular velocity is in quadrature with the angular 
acceleration (the acceleration being zero when the velocity is at its 
maximum), it follows that the e.m.f. is in quadrature with the 
current. In order to find whether the e.nLf. lags or leads with 
respect to the current, we may consider a particular instant, e,g. that 
at which the current is at its maximum positive value and the e.m.f. 
at its zero value. Eeferring to Fig. 191 (a), let the field in which 
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the armature vibrates have a direction from left to right as shown, 
and let the direction of the current be considered positive if it flows 
away from the observer in the right-hand half of the armature. 
When the current is at its positive maximum, the armature is 
momentarily at rest, but is on the point of beginning to move dock-^ 
wise, Kow a clockwise displacement of the armature will generate 
in the right-hand half of the armature winding an e.m.f._ which 
is towards the observer, i,e, which is negative. Thus at the instmt 
considered the e.m.f., which is zero, is about to assume a negative 
value. Hence the vector diagram of current and e.m.f. is as shown 
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ia Eig.. ill we see that the e.m.f. is 90 ® ahead of the current 

jA-f^aise. 

Since the e.in.f. generated \>j a phase advancer is ,in quadrature 
with the rotor current, it is incapable of contributing towards the 
power in the rotor circuit. But the resistance of the advancer wind- 
hag^* l>y increasing the total rotor resistance, causes an menase of 
dip, with a corresponding reduction of efficiency. 


CHAPTEE XVtl 


§ 170 Bingle-phase commutator motoM — § 171. Series niotor--§ 173. Vector diagram 
of Beries motor — § 178. Circle diagram of Beries motor — 8 174. Variations in power 
factor of aeries motor — § 175. Experimental determination of phase relations of 
vootors in vector diagram — § 170. Conditions determining power factor of series 
motoj>— § 177. Neutrabzod series motor-^ 178. Analysis of e.m.f.a in short- 
oircuited ooll— § 170. Methods of securing sparkless running — § 180. Some 
technical data relating to series Binglo-phose motors — § 181. Method of storting 
single-phase senes motors. 

§ 170. Single-phase Commutator Motors 

With the rapid growth of electric railway and tramway systems, the 
necessity of high-voltage transmission on economical grounds soon 
became apparent. It was realized that beyond a certain distance the 
usual 500- or 600-volt oontinuous-ourrent systems could no longer be 
successfully employed, as the cost of the conductors req[uired to secure 
reasonable regulation and losses became a very heavy item in the 
total cost of the system. This led to the development of the rotary 
converter system, in which we have three-phase generation and trans- 
mission to converter snb-stations at a high voltage, combined with 
low-voltage (500 volts) continuous-current distribution. But the 
cost of rotary converter sub-stations is still very heavy.* Attempts 
were then made, in the case of very long lines, to use the three-phase 
system pure and simple, the current being generated and transmitted 
at a very high voltage, and then transformed to a lower voltage 
before being supplied to the three-phase induction motors employed 
for driving the cars. 

Apart from the complication and increased cost of overhead con- 
struction necessitated by the use of two overhead conductors, the 
three-phase system of electric traction suffers from another defect — 
the unsuitability of induction motors for variable speed work. The 
induction motor is, as we have seen, essentially a constant-speed 
motor, and is extremely wasteful during the period of acceleration. 
Such motors can only be satisfactorily employed for traction work on 
lines where stoppages ore infrequent, and where long runs at constanc 
speed are the rule. 

• Within recent years important dovolopmouta havo taken place in high-voltage 
conlmiioufi-current traction, voltages ae high us 3000 being m succesafnl use. The 
liigh- voltage coutiuiioud current Hystem is a BorionD rival to the aingle-phoee system. 
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lu view of tliedisadvautages of thu tliroo-phaso system of traction 
and the heavy cost of rotary converter sub-statione, the siuglo-phose 
system of traction, in which both transmission and distribution are 
effeotediby the use of single-phase current, has received a great deal 
of attention, and has led to the development of single-phase com- 
mutator motors. In the presont chapter wo shall give an account of 
the theory and construction of such motors. 

The more important types of singlo-phaso commutator motors * 
are: (1) the series-wound motor, with or without a neutralising 
winding; (2) the repulsion motor; (3) tlio compensated repulsion 
motor (lAtouivWintor-Eichborg). 

§ 171. Series Motor 

The general arrangement of the plain suries-wotnul single-phase 
motor closely resembles that of an onliliarjr continudus-curreut 
motor ; in fact, svich motors may, and in practice actually arc, used 
on both singlo-phaso and continuous-current circuits. The dill'crencss 
between the ordinary coutiuuous-ouiTeut and the sii)gU!-])ha.su tyi'es 
are partly constructional, partly diUbroueua of design. It is obvious 
that, in order to prevent excessive eddy-cun‘ont loss, and to enable 
the field-magnet to develop its full magnetic ilux,t thu ettre of the 
field-magnet must bo Uminatod throughout. 

In Eig. 192 is given the diagram of connections of a plain serit'S- 
wound single-phase motor. A is the arma- 
ture, EW being the field winding. 'I’l and 
T 2 are thu motor turiniuals. The dotted arrow 
indicates the direction of llio field flux, 
which, as in a contiuuous-current motor, is 
at right angles to the line of the brushes. 

Since in thi.s typo of motor the armature 
i.s coimeutud in Beric.s with thu liidd, it is 
olivious that the iirmaluru ami fiehl {iurroiits 
must necessarily he in phase witli each other, 
so that the armature uurrmil ri‘ach(‘.s its 
maximum value ut the instant of maximum 
field intensity. So long ns thi; nnignet is 
/ well below saturation— i.c, within the range 

192.— Diagram 0 l Con-> ofapproxinuitcly constant porineahilily — thu 
neotlonB of Sorioe Motor. tor(][UU at uny iu.statit IS proportional to the 
square of the current. Erom this it follows 
that the motor will exert equal torques when snppliud, in thu ono 

• Tho singlo-phaso mduotiou motor m atill h-sH BUituhIu for tnu'tmji lima tho tlirof- 
phiiBo induction motor, uiid ItH ubo for thiB purpoau could not Im Bi‘ri»uBly couBlilurud 
t Eddy ourroutfl oiurl a donmgnotuing or biti ouiiig i-fft I'l on tliii r»r.-, bo thut 
with u tiinayivo euro tho ouiitml portionu wuiiM unt Ims iippreciuhly 
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case, with continuous current of amount I, and in the other, with 
single-phase current whose r.m.a. value is I. In the first case, how- 
ever, the torque is a steady one ; in the second, a rapidly fluctuating 
or pulsating one. 

As will be seen presently, it is advisable to have a relatively . 
small number of turns in the field winding of such a motor ; this is^‘ 
one of the important differences between an ordinary continuous-' 
current and a single-phase series motor. 


§ 172. Vector Diag:ram of Series Motor 

The behaviour of a series-wound single-phase motor will be beat 
understood by a study of its vector diagram. Such a diagram is 
shown in Fig. 193. 

It is convenient to choose for our vector of reference the vector 
representing the magnetic flux ; this is drawn in a horizontal direction 
in Fig, 193. Owing to the fact that the alternating flux which enters 
the armature core from the pole-pieces becomes linked with the coils 
short-circuited by the brushes, an alternating e,m.f. will be induced 
in these coils, which we may apeak of as the tramform&r s.Tn/., since 
the coils practically form the short-circuited secondary of a transformer 
whose primary is represented by the field winding. This transformer 
e.m.f. is represented by the vector OA in the diagram, lagging 90® 
behind the magnetic flux vector. The current OB resulting from the 
transformer e.m.f. will lag by a certain angle d behind it, the value 
of d bemg determined by the ratio of the leakage self-inductance of 
the short-circuited coil to its resistance, Now the resultant or 
exciting field ampere-turns, represented by OD, will, if we take 
into account the hysteresis and eddy-current losses in the iron, be 
slightly in advance of the flux, as shown in the figure.* It is 
evident that the resultant field ampere-turns when added vectorially 
to the ampere-turns DO of the short-circuited coils (with sign 
reversed) will give the total field ampere-turns 00. 

We may now construct the e.m.f. polygon. The alternating 
magnetic flux through the field and armature will induce in these 
an e.mf. in quadrature with the flux, and to balance this a com- 
ponent OE of the terminal p. d. will be required. A second component, 
represented by EF, corresponds to the total resistance drop, and is 
clearly in phase with the current (or the total ampere- turns). A 
third component, represented by FG, balances that part of the e.m.f. 

* By the resaltaDt or exolUng ampere-tnms are here meant not only the 
ampere-turnfl required to produce magnetization (which are wattless, being in phase 
with the flux), out the total ampere-turns neoessary to produce magnetization and 
coyer the losses in the core. See § 14, 
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induced in the field which is due to the leakage field flux ; * EG is 
thus peirpeudioular to 00. Lastly, the rotation of the armature 
gives rise to an e m.f . in phase opposition to the main field flux, and 
thiq has to be balanced by a component GH. The resultant OH of 
all these components clearly gives the impressed p.d. The power 
factor of the motor is given by cos 

The angle a being constant, OB and hence also CD will remain 
parallel to itself for all conditions of load. The angle wHch 

depends on the non 
losses, will not, on the 
other hand, remain quite 
constant, but will vary 
with the current. If we 
suppose j3 to remain 
constant, and make the 
further assumption that 
the magnetic flux is 
proportional to the mag- 
netizing current, then 
this would be equivalent 
to the assumption that 
the iron losses vary as 
the square of the mag- 
netizing current or flux ; 
for, in order to increase 
the magnetic flux m-fold, 
m times the magnetizing 
current will be required 
at m times the voltage, 
and since the phase re- 
lation of current to vol- 
tage remains unaltered 
(owing to the assumed 
constancy of j3), the power lost in the core will be increased 
m^-fold. This assumption, though not quite correct, is found to be 
nearly so for all practical purposes .f 

Assuming, then, that a and j3 are both constant, and that the 
cores are well below saturation, so that the flux is proportional to 

* In a motor provided with a neutralizing winding (§ 177), FG would also include 
the e.m.f. ludnced in the armature by atmature leakage linee. 

t In the case of a stationary core, the hysteresis loss would, for a constant 
frequency, vary approzimatdy as the l*5th or l‘6th power of the indnction, while the 
eddy-ourrent loss would vary as the square of the induction. Thus the total core loss 
would vary as some power of the induction between 1*6 and 2 Owing, however, to the 
rotation of the armature, the total core loss in a senes motor presents very complicated 
oonditionB. 
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the current, we see that the directions of OD and DO are fixed 
relatively to the flux vector. Since, however, OD is proportional 
to OD, the triangle ODO remaius similar to itself and the section 
of 00 is also fixed. Hence the directions of OE, EF, and FG 
remain fixed, and since each, of these vectors is proportional to the 
current, their resultant OG remains fixed in direotion. The direction 
of GH boiug also fixed, it follows that the angle OGH remains 
constant. 


§ 173. Circle Diagram of Series Motor 


Considering now the voltage triangle OGH (Fig. 193), in which 
OG may bo termed the "total impedance” component of the 
impressed p.d., it is evident that if the impressed p.d. OH is 
maintained constant, then, on account of the constancy of the 
angle OGH, tlio circle oircumscrihing the triangle OGH is of 
constant diameter. Hence, if we now choose OH for our vector 
of reforonco (instead of the vector of mag- 
netic flux, as wo did originally), i.e. if we 
supi)OHC its direction to remain fixed while 
the other linos in the diagram swing round 
it ns the load changes, then the point G will 
move round a circle, of which OH is a chord. 

Thus, since 0(J is proportional to, and there- 
fore, to a suitable scale, represents the 
current in magnitude (but not in phase), 
wo see that the changes in the current may 
bo represented by a circle diagram, as 
shown in Fig. 194. It must be clearly 
understood that this diagram is not a circle 
diagram in the ordinary sense of the term, 
as the angle between OG and OH does not 
represent the phase difference between p.d. 
and current. 

A simple construction enables us to pio. i94._oirole Diagram 
roproRont the relation connecting current of Series Motor, 

and spood. If from H wo draw H K, making 

the angle OHK equal to OGH, and if we produce OG until it 
moots HK at K, the two triangles OGH and OHK will he similar, 
so that — 



KH _ OH 
GH ~ OG’ 


or KH = OH . Sk 


( 1 ) 



alternating currents 


m 

\ GH is proportional to current X speed, and OG is 

to current, will be proportional to speed. Hence, 

OH being constant, we see by (1) that KH will, to a suitable scale, 
i^epresent the speed. 



§ 174. Variations in Power Factor of Series Motor 

Returning now to the vector diagram of Fig. 193, we see that the 
mutest phase difference 0, or least power factor cos occurs when 
the motor is at a standstill, in which case the rotation e.m.f. GH 
vanishes. As the motor speed increases, OG shrinks wMe GH 
lengthens (as is at once evident from the cirde diagram of Fig. 194), 
so that OH in Fig. 193 swings back towards 00, the power factor 
cos (/> gradually improving. WTien OH becomes coincident with 00, 
cos ^ reaches a value of unity. A still further increase of speed will 
cause the current to lead, cos ^ decreasing. It wiU be seen that the 
pombiUty of oUcuimug a leading mrrent ie largdy due to the effect of 
the short cvrtyuited coils. For it OD were very small, 00 would 
become coincident with OD, and OH could not be made to lag 
behind it unless the speed exceeded the limit of safety. 

From what has been said above regarding the effect due to the 
short-cirouited armature coils, it might at first sight appear as if 
such coils, by improving the power factor, exerted a favourable 
effect on the performance of the motor. This, however, would be 
a faUaoy. An increase in the power factor per se is not necessarily 
an advantage, unless the efficiency is not decreased to such an extent 
as to wipe out the effect due to the gain in the power factor. Now, 
iu the case under consideration, the currents in the short-circuited 
coils, whilst improving the power factor, increase the total current 
and total power drawn from the mains, the additional power being, 
however, largely wasted in the coils themselves, and the efficiency of 
the apparatus lowered. Methods of improving the power factor 
without a counterbalancing loss of efficiency are considered in § 176. 

It may be pointed out that the currents in the short-circuited 
coils do not directly influence the torque so long as the brushes are 
not given any lead. 


§ 175. Experimental Determination of Phase 
Relations of Vectors in Vector Diagram 

The following experimental method may be used for determioiEg 
the angles (3, DOO, and EOG in Fig. 193. The method is due to 
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M, Breslauer.* The armature being held fast, so that the rotation 
e.m.f. vanishes, and therefore the p.d. vector OH becomes coincident 
with OG, the p.d., current and power are measured, and so (f> 
determined. Now ^ in this case becomes GOO, and hence this 
angle is known.t Next, the measurement is repeated, but with 
the ordinary brushes replaced by very narrow ones, so that there 
are no short-circuited coils. The vector 00 now coincides with OD 
(since CD is zero), and the newly determined power factor enables 
us to find the angle GOD. The relative directions of OG, 00, and 
OD thus become known. Finally, using the last measurement, the 
resistance drop is subtracted vectorially from OG, and so the point 
E and the direction OE axe determined (the leakage reactance drop 
FG becomes practically merged in OG). Since the magnetic fiux 
vector is at right an^es to OE, its direction, and thus also the 
angle j3, become known. 


§ 176. Conditions determining Power Factor 
of Series Motor 

A reference to Fig. 193 shows that the power factor (cos <j>) increases 
GH 

with increase of the ratio "q^* therefore desirable, in order to 

secure a high power factor, to make this ratio as large as possible. Now, 
tho impedance-voltage OG may he reduced by reducing the number 
of turns on the field— which will reduce that part of the reactance 
voltage depending on the field winding— and by designing the magnetic 
circuit so as to interpose a large magnetic reluctance along the path 
of the flux due to the armature current, and thereby reduce the 
part of the reactance voltage which corresponds to armature sell- 

inductance. . 

Tho first method of reducing the reactance is very 
adopted in practice, and leads to the design of motors in which the 
armature ampere-turns boar a ratio of from 2 to 6 to the field ampere- 
turns. It must be noted that, beyond a certain point, an increMe ot 
uower factor by a reduction of the field ampere-turns can on^ 
Shtainod at a sacrifice of efficiency; for in order to 8“^® ® 
torquo with a very weak field, a l^ger current ^ 
(coLspondiug to a heavier copper 1°®®) woffid otoije ^ 
iiecessary.J It is thus not advisable to reduce the field-turns below 

a ciirtaiii limit 

* KleldrotecUnifiche Zeitifchrlft, voL xxvii p 407 32^ mav be used 

t In order to flcouro accuracy, tbo three-point wattmeter method (§ 32) may ueeu 

fur detcinuninj' cob «/> n i. 4.i « fnmp arfl reduced without any change 

X 'rhiB iH on tho aaaumption that the field-turns are reauoea wihu j 
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la order to throttle the armature flux as much as possible, it is 
usual to employ stators or field-magnets having well-defined or saUent 
poles, suoh as are typical of continuous-current motors. The reluct- 
ance to the armature flux may be further increased by making the 
width of the pole small in comparison with the length of the inter- 
polar arc, and by working the poles at a high induction so as to 
reduce their permeability. 

Let the speed at which the motor is required to run when fully 
loaded be specified. The speed being given, the full-load torque is 
also known. Now, for a given gap induction, and a given number of 
ampere- wires per cm. length of armature circumference at full load, 
the torque is independent of the number of poles. The self-inductance 
of the field is also independent of this number so long as the gap 

induction and the ratio remain constant.* Wemay, there- 

pole-pitch 

fore, vary the number of poles without altering the reactance of the 
field- If we assume the number of poles to be doubled, then for the 
same speed, with a lap-wound armature, we shall require the same 
number of conductors per pole-pitch, but each conductor will now 
carry only half as much current. The polar arc having been reduced 
to half its original length, there will be only half the original number 
of ampere-tums producing the cross-field, and only half the flux linked 
with the conductors lying between two neighbouring sets of bribes. 
The armature reactance e.m.f. will thus be reduced to half its original 
value, and the power factor will be increased. 

This shows the advantage gained by increasing the number of 
poles. There is another way of expressing the same result. Since 
the speed of synchronism, for a given frequency, v^es inversely as 
the number of poles, increasing this number (for a given speed ot the 

. speed of motor , 

motor) is eqmvalent to making the ratio synchronism 

The result just established is, therefore, frequently stated in^ the form 
that it is best to design the motor so that it will run at a high speed 
as compared with the speed of synchronism. The normal full-load 
speed is generally about double that of synchronism. 

in tli6 armature turns. The same result as regards increased armature losa is, however, 
also arrived at by supposing that the ourrent remains unaltered, and that the original 
value of the torque is maantained by inoreasing the number of armature oonduotors m 
tlie same ratio as that in which the field has been weakened. The ourrent remaining 
unaltered, and there now being more oonduotors on the armature, i 6. a larger onnatuM 
reBistonoe, it iB evident that the copper loss in the armature will have been moused 
The moreaao in the armature copper loss is only to a very feeble extent oonnterbalanoed 
by the decrease in the field copper loss. 

* If « o., we double the number of poles, the finx per field-tom will be halved, and 
the number of field-turns doubled, the total flux linked with the field winding thereby 
remaining unaltered. 
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It mnst be clearly understood, however, that the improvement in 
the power factor is due, not to any effect of increased relative speed 
•per se, but to a decrease in the reactance of the motor consequent on 

increasing the ratio Bynchronism- 

§ 177- Neutralized Series Motor 

Besides the methods already described for improving the power 
factor, another method m 
frequently employed. This 
involves the use of a sup- 
plementary field winding, 
known as a wwtrcdizing 
winding. This winding is 
displaced relatively to the 
main field winding by half a 
pole-pitch, so as to counteract 
the magnetic effect of the 
armature current, and practi- — 
cally suppress the self-induct- 
ance of the armature. 

A series - wound motor 
fitted with such a neutral- 
izing winding is known as 
a oimtralized* series-wound motor, 
connecting the neutralizing winding, 
it is included in the main circuit 
OW supplies a number of 
ampere-turns roughly equal 
to those on the armature. In 
the second method, shown 
in Fig. 196, the neutral- 
izing winding OW is short- 
circuited on itself, and acts 
as the secondary of a trans- 
former, of which the primary 
is represented by the arma- 
ture winding. The armature 
and neutralizing winding 
constitute, in fact, m arrange- 
ment corresponding to a 

(due to leetage), 

* Sometimes termed compensated. 


Fic. 196. — Oompen sated Beries Motor. 


There are two methods of 
In one, shown in Fig. 19B, 
The neutralizing winding 



CW 


Fig. 196 — ^Neutralized Series Motor, 
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is very much less than that of an armature without a neutralizing 
winding.* 

Since a properly designed neutralizing winding will destroy the 
greater portion of the armature reactance, it follows that very little 
additional advantage will be gained by the use of further devices 
having the same object in view. There is, for example, no longer the 
same need to use salient poles, and the stator may be similar to that 
of an ordinary induction motor. There is, further, very little advan- 
tage gained by increasing the number of poles, Le, by ru nnin g 
considerably above the speed of synchronism. 

§ 178. Analysis of e.m.f.s in Short-circuited Coil 

A short-circuited coil may be regarded as the seat of three 
distinct e.mf.s, viz. (1) a reactance e.m.f., due to the current re- 
versal ; (2) a transformer e.m.£, due to the transformer action of the 
short-circuited coil ; (3) a rotation e.m.f., generated by the rotation 
of the short-circuited coil in any cross-field which may be present 
(or in the reversing field due to a reversing pole if such be used). 
In order that the reversal may take place sparklessly, it is obvious 
that the resultant of (1), (2), and (3) must either vanish or have a 
sufBciently small value. 

As regards the reactance e.m.f. in a short-circuited coil, it is 
obvious that its instantaneous value will, for a given speed and hence 
given frequency of commutation, depend on the value of the current 
to be reversed. Now, although this current is an alternating one, 
yet the frequency of commutation is generally so much higher than 

that of the cur- 
rent, that the in- 
stantaneous value 
of the current 
taken by the mo- 
tor may be re- 
garded as approxi- 
mately constant 
during the brief 
period of commu- 
tation. In other 
words, we may 
assume that the 
alternating current, instead of varying continuously, does so by 

little jumps, as shown in Fig. 197, remaining constant over the period 
of short circuit of a coil by a brush. The reactance e.m.f. will 

♦ By 0 ome writers, the term Gompensating winding is applied to this winding. 



Fio 197. — ^To show that Beaotanoe e.m.f is in Phase 
with Onrrent. 
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then rary with the instantaneoas value of the ounent, reaching a 
maxinxnin value when the ouirent is at its maximum, and vanishing 
when the cuirent is passing through its zero value. In this sense, 
then, we may describe the reactance e.m.f. generated in a short- 
circiiited coil by commutation as being in, phate with the* alternating 
current. 

The transformer e.m.f. (represented by OA in the vector diagram 
of Rig. 193) lags slightly more than 90° behind the current 

Lastly, the rotation e.m.f. is necessarily in phase opposition to 
the magnetic flux. 


§ 179. Methods of securing Sparkless Running 

The problem of obtainmg sparkless running resolves itself into 
that of causing the resultant of the reactance, transformer, and 
rotation e.m.f.s in the short-circtiited coil either to vanish, or, at least, 
to assume a sufficiently small value. It is obvious that by making 
each of the three components very small, the resultant will neoessaiily 
be also small. This end is practically attained by (1) a very thorough 
subdivision of the winding, i.e. the use of as many commutator 
segments as possible ; (2) the use of narrow carbon brushes, so that 
oiUy one coil is short-circuited at a time. The first expedient 



Fia. 198.~Stator StampiDjc showing Main and BoTersing Poles, 
and Slots for Oompensaiing Winding. 


'educes all the e.m.f.8 iu the coil ; the second reduces the reactance 
but has no effect on the transformer and rotation e.in.f,s. 

The use of reversing or inter-poles, which ha^ exerted so 
narked an effect on the design of continuous-current machines, has 
tlso been of immense importance in the problem of spaxkless oom- 
nutation in single-phase motors. In most forms of series-wound 
notor, a neutralizing winding is provided, so that armature reaction 
s practically suppressed. In addition to the neutralizing winding, 
lommutating or inter-poles, arranged between the main poles, are 
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frequently provided, and are wound with series coils carrying the 
main current. In Fig. 198 is shown a stator stamping with salient 
main poles, inter-poles, and slots in the main poles to receive the 
neutralizing winding. Both the reactance and the rotation e.m.f. 
being directly proportional to the product of current x speed, and 
being practically in phase opposition, it is evident that by suitably 
adjusting the turns on the inter-pole, the rotation e.m.f. may be made 
to balance the reactance e.uLf. at all speeds. That such perfect 
balance is quite attainable has been amply proved by the remarkable 
results obtained with continuous-current machines, in which, of 
course, there is no transformer e m.f. 

From the above it will be evident that the main disturbing factor 
in connection with sparkless commutation is the presence of the 
transformer e.m.f. in the short-circuited coil. Were it not for this 
transformer e.m.f., sparkless running at aU speeds could be easily 
secured. The transformer e.m.f. is not directly dependent on the 
speed, but only on the current. Now the current taken by the 
motor decreases as the speed increases (as is evident from the circle 
diagram of Fig. 194), so that with inor easing speed the commutating 
j^operiies of a series-^oimd motoo* fitted with inter-poles steadUy 
improve. Hence such a motor is well adapted for high speeds. 
Further, provided the speed exceeds the limit beyond which the 
transformer e.m.£ ceases to be troublesome, good commutation will be 
obtained over a wide range of speeds. 

Even in the case of a motor not fitted with inter-poles, but 
provided with a neutralizing winding, and so designed that the 
reactance e.m.f. in the short-circuited coils is very small, good com- 
mutation at all speeds may be obtained within certain limits ; for if 
the transformer e.m.f. ceases to be important beyond a certain speed, 
the ]^ctanoe e.mi'. is the only one which need be considered,* and 
this increases but slowly with the speed, the product current x speed, 
on which the reactance e.m.f. depends, changing but slowly with the 
speed. 

From the above it will be seen that the series-wound motor is 
well adapted for a variable speed service. 

If, as is generally the case, the motor is required to exert a 
powerful torque at starting, the starting current must be large, the 
transformer e.m.f. high, and the sparking difi&culty great. There is 
further the excessive heating of the short-circuited coils by the 
abnorm^y large currents induced in them. In order to meet these 
difficulties the use of high resistance connectors between the arma- 
ture winding and the commutator segments haa become very general 

* There bein^ no rotation e m f , sinoe the armature oroBs-fleld is wiped out by the 
compensating coil. ^ 
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in this type of motor. Such connectors are freq^uently placed at the 
bottom of the armature core slots — an arrangement adopted by 
Messrs. Qanz & Co. and the Westinghouse Co. A device invented 
by Richter* consists in substituting for the high-resistance con- 
nectors coils of thin copper wire arranged in suitable slots, so as to 
increase the torque of the motor. 

With the ordinary tjrpe of inter-pole provided with a series wind- 
ing, it is only possible to compensate the reactance e,m.f. of the short- 
circuited coil, while the 
transformer e.m.f,, whose 
phase differs by about 
90° from those of the 
reactance and rotation 
e.m.f.8, remains practi- 
cally unaffected. The 
ideal arrangement would 
be one in which the 
rotation e.m.f, is equal 
in magnitude and opposed 
in phase to the resultant 
of the reactance and 
transformer e.m.f.s, so 
that the vector diagram of e.m.fs in the short-circuited coil is as shown 
in Fig. 199. In order to secure this result, it is clear that the flux due 
to the reversing pole must have a phase differing from that of the 
main current, which is in phase with the reactance e.m.f- The 
requisite phase difference mny be obtained by means of an a^nge- 
ment due to Richter and Latour,t which consists in providing the 
inter-pole with a compound winding ; this consists of a series coil 
included in the main circuit, and a shunt coil connected in series 
with an adjustable reactance or choking coil, and then placed across 
the motor terminals. The flux due to the series coil will be 
practically in phase with the main current and reactance e.m.f., 
while that due to the shunt coil will be nearly in quadrature with the 
terminal p.d. By suitably adjusting the relative values of the two 
^ components, it is clear that the resultant flux, and hence the rotation 
e.m.f. due to it, may be made to have the required intermediate 
phase, corresponding to direct phase opposition to the resultant of 
the reactance and transformer e.m.f,s. t In order to prevent any 

* Elehtroteohnische ZeiUohHft, voL xxvii. p. 537 (1906). 

t Elehiroteehnik und MasoMnenhau, vol xxiv. p. 50 (1806) 

X Assaming the power factor of the motor to be cob 0, the current in the series coil 
will lagj by an angle 0 behind the p.d., while tlie current in the shunt coil will lag by 
nearly 90° If the power factor is very low, compensation becomes difficult owing to 
the fact that the two components of dux will be nearly in phase with each other. 



Fia. 199. — Ideal Vector Diagram of e.m.f.s 
in Short-oircnited Ooil. 
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inductive action between the coils, which, would tend to disturb the 
phase relation of the currents, the series winding is made to surround 
a single commutating tooth, wt^le the shunt winding surrounds three 
teeth, as shown in Fig. 200.* 

It is evident that although a reversing field influenced by two 
windings may be made to give excellent results at any particular 
load — such as full load — ^yet as soon as the load changes, the existing 
balance of e.m.f.s in the short-circuited coil will be disturbed, since, 
as already explained, the reactance and rotation e.m.f.s depend on 


ADJUSTABLE CHOKINQ COIL 



Fig. 200. — Rioliter’fl revereing pole with oompound winding. 


the product current X speed, while the transformer e.m.f. is simply 
proportional to the current. From this it will be seen that a decrease 
of load and consequent increase of speed will result in the trans- 
former e.m.f. being over-compensated, while an increase of load and 
decrease of speed will cause the transformer e.m.f. to be under- 
compensated. 

§ 180. 5 ome Technical Data relating to Series 
Single-phase Motors 

Since the width of carbon brush and commutator segment cannot 
be reduced below a certain limit, for purely mechanical reasons, it 
follows that, if the subdivision of the winding be carried as far as 
possible — i.e. with only one turn per coil — the number of armature 
conductors will be limited by the least possible width of segment. 
Hence, it will be impossible, for a given speed, to construct a motor 
beyond a certain voltage without overstepping the limitations imposed 

• Elehtroteohnisdhe ZeiUchrift, vol. xxyU. p. 643 (1906), 
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by considerations of sparkless running. For this reason, the limit of 
voltage for motors of this type w 300. From a constructional point 
of view, the armatures of series motors are characterized by the 
relatively large size of the commutator, whose diameter approaches 
that of the armature. 

Since the power-factor and sparkless running are greatly improved 
by lowering the frequency, series-wound commutator motors have 
invariably been used on circuits of frequency not exceeding 26, and 
in some cases much lower frequencies have been used.* 

The ampere conductors or ampere wires per cm. length of 
armature circumference vary from about 150 to 300. The ratio 

pole arc between 0*6 and 0*85. The length of armature core 
pole-pitch 

is generally alDout equal to the pole-arc. The maximum value of the 
air-gap induction ranges from 4000 to 6000. 

The output per pole-pair of large neutralized series motors is 
about 100 h.p. 

The full-load power factor of a series motor is generally of the 
order 0*86, while over the usual working range it varies from about 
0*8 to 0*95, increasing with decrease of load (i,e. with increase of 
speed), as explained in § 174. 

The ef&oienoy of single-phase series motors is appreciably less than 
that of continuous-current motors. The ef&ciency is of the order 0*8 
for about a 40 h.p. motor, rising to 0*85 for a motor of 160 hp. 

If a series-wound motor is intended to operate on both con- 
tinuous- and alternating-current circuits, then since, when using 
continuous current, it is desirable to work with a stronger field, the 
field winding may be divided into two sections, which are connected 
in series with each other for continuous-current, and in parallel for 
alternating-current operation. 

The plain series type of motor is made in very small sizes 
h.p. to h.p.) for driving fans, etc. 


§ i8i. Method of starting Single-phase Series 

Motors 

The usual arrangement adopted for starting single-phase series 
motors consists in making use of an auto-transformer (§ 65). At 
starting, only a sufficient number of turns is included to give the 
required starting current. As the motor gains speed, the number of 
turns is gradually increased. A difficulty arises in this connection 

* The Oorlikon Co. has used a frequency as low as 15. See BJtehlriscJie BaJiiten und 
Betriebe, vol. iv. p. 16 (1906). 
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if it ia desired to vary the number of turns without interrupting the 
supply. This difficulty is similar to that connected with an accumu- 
lator switch, and is overcome in a similar manner. Tnq t;^ad of con- 
necting the movable motor cable directly to the controller contact, it 
is connected to the middle point of a choking coil, technically termed 
a preventive coil. The actual arrangement of connections is shown 
in Fig. 201, which represents the state of affairs when the controller 
handle is in its fii-st position. In order to understand the action of 
the preventive cod, we may first suppose that the coil is bridged 
across a certain number of the transformer turns, as shown, but that 



Pio. 201. — Oonneotioris of Anto-trana- Fig. 202. — Showing method of using Preventive 

former and Freventiye Ooil. Cbil. 


the motor cable has been disconnected from its middle point. Owing 
to the high reactance of the preventive coil, it takes only a very 
small current — ^behaving like an ordinary transformer on open 
circuit — so that there is practically no load on the turns across which 
it is bridged. Let, now, the motor cable be connected to the middle 
of the coil. A current flows, from the lower point of contact, through 
the lower half of the coil to the motor. Now, this current will, by 
its inductive action, cause a practically equal current to flow through 
the upper part of the ooil, the upper and lower halves behaving 
towards each other like the primary and secondary of a transformer. 
The preventive coil is, in fact, a small auxiliary auto-transformer 
bridged across a section of the main transformer. The p.d. impressed 
on the motor will be the mean of the p.d.s corresponding to the 
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points of connection of the preventive coil. In increasing the 
nnmber of turns, the operations shown in Fig. 202 are gone throngh. 
The lower end of the coil is first disconnected momentarily, so tjhiat 
the entire current supplied to the motor flows through the upper part 
of the preventive coil (as shown in Fig. 202 (a)). During this period 
the upper half of the coil acts as a powerful choking coil, and there 
is a slight drop in the current. Immediately afterwards, however, a 
new connection is established between the lower end of the preventive 
coil and a point higher up in the auto-transformer winding, as shown 
in Fig. 202 (6), a rise of voltage being thereby obtained. By means 
of this hand-over-hand process, the preventive coil, as it were, 
gradually climbs up the main transformer winding, the voltage 
increasing by a definite amount at each step. 
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§ 182. Mechanical Forces exerted between 
Mutually Inductive Circuits 


When dealing with mutual inductance (§ 11), we investigated the 
electromagnetic effect which the secondary had on the primary (§ 12), 
and we found that when the secondary contained no impressed 
e.m.f., it reduced the apparent self-inductance and increased the 
apparent resistance of the primary. In addition to the purely 
electromagnetic effect due to the secondary, there is an important 
mechanic^ or dynamical effect produced by it, which waa first 
studied in detail by Professor Elihn Thomson, of the United States, 
and which led to the invention by him of the repulsion type of single- 
phase commutator motor. 

Consider two mutually inductive circuits, one of which (the 
primary) is supplied with alternating current from some suitable 
source, while the other (the secondary) is simply closed on itself. It 
is evident that since there are currents circulating in both circuits, 
there will in general be dynamical forces exerted between them. 
We proceed to investigate the nature of these forces. In doing so, 
we shall find it convenient to employ the hypothetical flux 
method (§11). 


The primt^ hypothetical flux induces in the secondary circuit an 
e.m.f. which is in quadrature with the flux, lagging 90® behind it. 
This e.m f. gives rise to a current in the secondary which — owing to 
the self-inductance of the secondary — ^lags behind the e.in.f. by an 

angle B. such that tan « = remstoce' 

difference l)etween the primary and secondary currents is 90° + 0, 



FORCES EXERTED BETWEEN CIRCUITS 337 

ue, it exceeds 90^ (c/. Fig. 19). We may suppose the seooudary 
ci^nt resolved into two components, one of which is in quadrature 
mth the primary current, while the other is in direct phase opposi- 
tion to it. ITow the dynamical stress between the two circuits is at 
any instant proportional to the product of the currents, and the 
mean stress is, for a given relative position of the circuits, propor- 
tional to the mean value of the product. If we consider the Presses 
arising from the two components of the secondary current, then it is 
clear that the quadrature component contributes nothing towards 
the stress (since the mean product of this component into the primary 
current vanishes), so that the stress is due entirely to the component 
in direct phase opposition to the primary current. Owing to this 
phase opposition, the circuits will rejpel each other. If the secondary 
circuit is prevented from having a motion of translation, but is 
mounted in such a manner as to be free to rotate, it will tend to set 
itself so as to make the magnetic axes of the two circuits perpendicular 
to each other ; supposing the motion to be allowed to take place, the 
torque acting on the moving circuit will gradually decrease and vanish 
when the circuit reaches a position in which no magnetic flux passes 
through it — Le, a position in which the magnetic axes of the circuits 
are perpendicular to each other. The position is one of equilibrium, 
for if we suppose the circuit still fisher displaced in the same 
direction, the induced current will undergo a phase change of 180°, 
and the resulting torque will oppose the displacement. 

It thus appears that a dosed seconda/ry circuit placed near a 
primary conveying an oli&rnaiing current will t&nd to move so as to 
reduce the magnetic jiwc passing through it to a minirmm. The motion 
if allowed to take place may be a motion of translation, or of rotation, 
or a combination of both. 

Numerous striking instances of such electromagnetic repulsion have 
been studied by Professor Elihu Thomson and others. If a ring of 
conducting material be placed around the upper end of the core of 
an alternating current electromagnet held in a vertical position, the 
ring is projected upwards as soon as the current is turned on. 
Again, if an alternating current electromagnet be placed with its 
axis horizontal, and a diso of copper be suspended iu front of it by 
a string attached to a pomt near its edge (so that the disc hangs 
with its plane vertical), then on switching on the current the 
disc will both swing away from the magnet and turn so as to make 
its plane parallel to the magnetic field. 

The effects we have just been considering receive an important 
application in the type of single-phase motor known as the repulsion 
motor. 
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§ 183. Repulsion Motor 

The repulsion type of single-phase commutator motor was 
originally invented by Professor Elihu Thomson in 1887. In its 
simplest form, it is shown in Fig. 203. Ti and T 2 are the terminals 
of the field winding, which is entirely disconnected from tlie 
armature. The brushes are displaced from the neutral position 
through a certain angle, and are short-circuited. The two parallel 
halves of the armature winding, together with the short-circuiting 
cable connecting the brushes, form a closed conducting circuit. 
If an alternating current be sent through the field winding, the 
closed circuit of the armature, being placed in an alternating 
field, will, in accordance with the principles just considered, 
tend to move so as to render the alternating flux through it a 
minimum. Uow the algebraical sum of the alternating fluxes 
through the various turns of the armature winding will clearly be 
zero if the brushes be placed in the neutral position. Hence, with 
the brushes displaced as shown in Fig. 203, it is evident that, if for a 
moment we suppose the brushes to be ngidly attached to the com- 
mutator and free to revolve with it, the 
armature and brushes would move bodily in a 
cloohwise direction (this motion resulting in a 
decrease of the algebraical sum of the fluxes 
through the various turns of the winding) until 
the neutral position was reached, when the 
algebraical sum of the fluxes through the arma- 
ture coils would vanish, and with it also the 
torque. If, however, we fix the brushes in 
their original displaced position, the armature 
will move, and, since the brushes retain their 
position, the torque will be maintained, and 
continwiLS rotation will result. 

We may here at once note one of the results 
due to the short-circuiting of the coils as they 
pass under the brushes. It will be seen that 
whereas the magnetic axis of the armature 
winding as a whole is along the line joining 
the brushes, the magnetic axis of a coil undergoing short-circuit 
by a brush is at right angles to the line of brushes, the plane of 
the coil being parallel to this line. Hence regarding the short- 
circuited coil as an independent closed circuit placed in an 
alternating magnetic field, it follows by the principle dealt with 
in § 182 that this coil will tend to move so as to bring its plane 
into parallelism with the field (or its magnetic axis at right angles 
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to the field). From this we see that the coils short-circuited by 
the brushes exert an opposiTig torque. We have, in fact, to deal 
with two independently short-circuited circuits in the case of the 
armature of a repulsion motor ; one of the circuits, which produces 
the driving torque, consists of all the armature coils not under cover 
of the brushes, and short-circuited en masse by the cable connecting 
the brushes ; while the other, as already explained, consists of the 
coils independently short-circuited by the brushes, and giving rise to 
a torque opposed to the torque developed by the winding as a 
whole.* 

We here come across one of the differences between the series 
and repulsion types of commutator motor. In the series motor the 
currents due to the- transformer e.m.f. in the short-circuited coil do 
not directly affect the torque (§ 174), since the brushes are in the 
neutral position. But in the repulsion motor, the transformer e.m.f. 
gives rise to currents producing an opposing torque. 

Since the armature is entirely disconnected from the field, the 
latter may be wound for a very high voltage — up to 6000 volts — a 
step-down transformer being thereby dispensed with. This is an 
advantage which the repulsion motor possesses over the series motor, 
as the latter cannot be wound for voltages above 300. 

The value of the torque will clearly depend on the angle through 
which the brushes have been displaced from the neutral line. It is 
easy to see that there are two extreme positions for which the torque 
vanishes. One of these is along the neutral line, and the other at 
right angles to it. Between these two, there is a certain position 
corresponding to maximum value of the torque. This position is 
found in practice to correspond to a displacement of the brushes from 
the neutral line through about 70®. 


§ 184. Vector Diag^ram of Repulsion Motor 

The total flux OF (Fig. 203) passing through the armature may 
be resolved into two components, one of which, OA, is along the 
line of brushes, while the other, OB, is at right angles to it. The 
“ transformer e.m.f.” (or e.nif. due to alternations of flux) in the 
armature is due entirely to the component OA ; while the “ rotation 
e.m.f.” arising from the rotation of the armature in the field is due 

* If the cable connecting the brushes be removed, the torqne due to the winding 
as a whole vanishes, and we ore left merely with the torque duo to the independently 
short-oircultod coils imder the brushes. The motor will, therefore, now rotate m the 
opposite direction Various types of motor constr noted on this principle have been 
experimented upon, hut none appears to have come into general use. 
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entirdy Agaia, tlie ampere-turns due to the armature can 

only affect the component OA, which will therefore be nearly in 
phaae with the resultant of the field (or primary) and the armature 
(or secondary) ampere-turns. But since the armature current is 
nearly in opposition of phase to the field current, the resultant 
ampere-turns will be nearly in quadrature with both armature and 
field currents. Thus the flux component OA will be nearly in 
quadrature mth the field current. The component OB, on the other 
hand, which is uniofluenced by the armature current, vnll be nearly 
in phase with the primary current. Hence the two components OA 
and OB will be nearly in quadrature, as represented in 204. 

In the armature we have two e.m.f.s. One of these, denoted by 
E* in Fig. 204, is due "to transformer action, and lags 90^^ behind the 
flux O A ; while the other, Er, is due to rotation of the armature in 
the flux OB, and is therefore in phase with OB. The vectorial 
addition of Et and Er gives us the resultant armature e.m.f. The 

armature current will lag be- 
hind this resultant e.m.f. by 
a certain angle j3, whose 
value depends on the arma- 
ture leakage flux. In order 
to maintain the flux OA, a 
given number of resultant 
ampere-turns will be re- 
quired, which will be slightly 
in advance (owing to hys- 
teresis and eddy - current 
losses) of OA. By adding to 
the resultant ampere-turns, 
the armature ampere-tums 
with the sign reversed, we 
obtain the primary or field 
ampere-tums. The flux OB 
will lag slightly behind the 
field current. 

The e.m.£ polygon for the 
field winding is now easily 
constructed. The flux OA 
induces an aiuf. in the field 
winding, which lags 90° be- 
hind OA, and which has to be balanced by a component E^ of the 
impressed p.d. To balance the resistance drop, we require a com- 
ponent rli in phase with the field current, r being the field resist- 
ance. Lastly, to balance the e.m.f. induced by the flux OB, and by 
the field leakage flux, a component Eb in quadrature with this flux 
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will be required. The resultant of rli, and Eb, gives us the 
total impressed p.d,, V. The power factor is given bj cos 

When the motor is at rest, the rotation e.m.f. Er vanishes, so that 
the resultant armature e.m.f. becomes identioal with Et, and the 
armature current vector will lie in the third quadrant in F^. 205, to 
the left of Et. As a result, ^ will be large, and cos ^ small. With 
increasing speed, the resultwt e.m.f. vector will rapidly swing for- 
wai’d in a counter-clockwise direction, and the power factor will 
rapidly increase. 


§ 185. Ratio of Two Components of Armature 
Flux as depending on Speed 

We shall now calculate approximately the ratio of the two com- 
ponents, OA and OB (Fig. 203), of the armature flux, assnminp that 
these are in quadrature with each other, and that they are distributed 
around the armature circumference according to the sme law. 

Considering the flux OA, let the origin be taken at one of the 
brushes. Then the instantaneous value of the air-gap field at time t 
and at a point distant x from the origin may be written as — 

■o Stt. 27r 
B^sm-^^ . cos-j^aj 


where is the amplitude of the alternating flux wave (§ 20), and X 
its wave-lei^h (so that JX is the pole-pitch). Using this expression, 
we can easity calculate the average instantaneous e.m.£ Ci per cm. 
length of con due to the transformer action of the flux 0 A. Consider 
the coil, one of whose sides is at a distance xi from the origin. The 
flux linked with this coil, per cm. length of it, is given by * — 


B. 


. 27r, 

sin 


27r j 

cos OJ . a® i 

ODi 


A-d • Stt. 

— - Bi^ sm . sm 


27r 


and hence the average instantaneous flux per cm. length of coil is f — 

n 


2X-Q 27r. 
27r 


27r 2 

since the average value of sin over a pole-pitch is - (§ 3). The 


* Tlie span or width of coil being asfiramed equal to JA. . i j j l x 

t The average hemg taken over a pole-pitch, or over a set of coils moluded between 
two neighbouring hruflhea. 
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itaatiaiieoiu txauBformer e.m.£ per cm. length of coil is 
d / 2\», . 2ir.\ 4^ T> Stt 




'ACoa-^< 


( 1 ) 



Tahing next the flux OB, cliooamg as before our origin for to at 
c^e q£ ,tbe^ Innshes, and remembering that OB is 90° ahead of OA as 
^b^e, ire may write the air-gap induction at a point x fix>m 

_ 2w 27r 

Bgcos-^t . suly* 

_ the ampl&ude of the flux wave. The coil, one side of 
if' at ^e point x from the or^in, is moving across a field 
fb^e iatensi^. The average field intensity for all the 
wi^^ a pole^pitoh is given by — 

. 2_j 27r, 

-BaCOSY< 

2ir . . 2 

dlnoe the average value of over a pole-pitch is Now if 

V denote the peripheral vdocity of the armature^ then the average 
InetBntaiieouB rotation ejn-t per cm. length of coil is — 


4^-n 27r, 

= --BbOob-y^ 


( 2 ) 


since each coil consists of two conductors^ each of which is cutting 
lines at the same rate. 

Now, under normal working conditions, the drop due to armature 
resistance and leakage reactance is small in comparison with the 
transformer e.m.f. Hence the transformer and rotation e.m.f. s in the 
armature will be nearly eq,ual at all speeds wit^ the working range. 
Pot the sske of simplicity, we shall take the ideal case in which the 
resistance and reactcmoe drops are quite negligible, and in which, there- 
fore, must exactly balance Then it follows, from equations (1) 
and (2), that— 



Now the quotient of the wave-length (or twice the pole-pitch) 

by the period, represents the speed of synchronous rotation. Let this 
be denoted by Then our equation becomes — 


.-B. 


( 3 ) 
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or the ratio of the oomponent OA of the flux (Fig. 203) to the com- 
ponent OB is equal to the ratio of the actual speed to that of 
synchronism. With increasing speed, therefore, the component OA 
steadily increases relatively to the component OB. 

The case of synchronous speed is of particular importance. Since, 
in this case, v becomes equal to Vt, ve see from (3) that Ba = Bb, or 
the two flux components become equal. ITow, two alternating mag- 
netic flux waves of the same period and amplitude, and displaced 
relatively to each other by a quarter wave-length, give rise, as shown 
in § 22, to a pure rotating wave of magnetic flux. We thus see that 
at synchronom speed the o/nTbatwre flute of the repiUdon motor is repre- 
sented ly a pv/re rotating wave. The great importance of this result 
will be understood when we consider the commutation in a repulsion 
motor (§ 186). 

The results just established are based on approximate assumptions 
only, the armature resistance and leakage reactance drops having 
been neglected. Since these are not entirely negligible, the trans- 
former e.m.f. in the armature will always be in excess of the rotation 
e.m.f., but with decreasing current and increasing speed the difference 
becomes less, owing to the decreased impedance drop in the armatme. 

In the vector diagram of Fig. 204 we have, for the sake of sim- 
plicity, neglected the effect of any currents which maybe induced by 
transformer action in the short-circuited coils under the brushes. It 
is clear that if the conditions of operation are such as to give rise to 
such currents, these latter will tend to reduce the flux component OB 
(Fig. 203), to which they are due, and, in order to balance their effect, 
an additional component will be required in the primary current. 
As in the case of the series motor (§ 1'72), the effect of such currents 
is to increase the power factor and lower the efficiency of the motor ; 
but in the repulsion motor a further effect is produced — viz. a 
lowering of the driving torque (§ 183). 


§ 186. Conditions for Sparkless Commutation in 
Repulsion Motor 

In the short-circuited coils of a repulsion motor, as in those of a 
series motor, we have three distinct e.m.f.B, viz. the reactance, the 
transformer, and the rotation e.m.f. The reactance e.m.f. is in phase 
with the armature current, and may be rendered small by the 
methods explained in connection with the series- wound motor (§ 179) 
— thorough subdivision of the winding, and the use of narrow 
brushes. The transformer e.m.f. is due solely to the component OB 
of the armature flux, as is at once evident by a reference to Fig. 204 ; 
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m is, tiierefore, in quadrature with OB, and lags 90° behind 
Since, however, OA lags nearly 90° behind OB (Fig. 204), the 
f^sformer e»m.f. in the short-circuited coil will be fl|,pproximately 
oincident in phase with OA. On the other hand the rotation e.mX 
a the short-circuited coil is due entirely to the component OAof the 
Lux (Fig. 203), and, by Lena’s law, is in direct phase opposition to it. 
?rom this follows the highly important result that in a repulsion 
i^tor the tra/nsforrner a/nd rotation e,'muf,s in a short-ai/romted coil are 
murly. m direct phase opposition, and hence will more or less com- 
itetely neutralize each oilier. 

^ ^ It will be noted, therefore, that the phase relation of the trans- 
'(Jamer and rotation e.m,f.s in the short-circuited coU of a repulsion 
notor is entirely difBarent from that which occurs in a series motor 
179), where these two e.in.f.S are nearly in quadrature, rendering 
.t iuiposKWe, without the use of special devices (such as poles with 
compound winding) to obtain any neutralization of the one e.m.f. 
by the other. 

If ^ conditions are such that the rotation e.m.f. completely 
neutralizes the transformer e.m.f., the commutation will be as good 
as in a continuous-current motor. Now, this state is practically 
reached at synchronism. For at synchronous speed a rotating wave 
af flux is produced (§ 183), and it is evident that, since the armature 
is 8tationa/ry with respect to this rotating flux wave (both travelling 
at ^nohronous speed), the only e.m.f, in the coils undergoing commu- 
tation is the reactance e.m.f . 

The speed of synchronism is, however, the only speed at which 
exact neutralization of the transformer and rotation e.m,f.s in the 
shOTt-cirouited coil tates place. At speeds below synchronism, the 
component OB of the armature flux predominates (equation (3) of 
§ 186), and the transformer e.m.f. overpowers the rotation e.m.f; 
while at speeds above synchronism, the opposite effect takes place. 

range of practically sparkless commutation in a repulsion motor 
is thus limited to a comparatively narrow range of speed on either 
side of the speed of synchronism. Hence, a repulsion motor is best 
adapted for muTiiTig at a fairly constant speed in the immediate 
nei^bourhood of synchronism. In this respect it differs from the 
series motor, which wiU run well over a wide range of speeds, provided 
the speed exceeds a certain limit (§ 179). Another respect in which 
the repulsion motor differs from the series is that it may be con- 
structed for much higher frequencies — up to 60— owing to the 
possibjlity of neutralizbig, more or less perfectly, the transformer 
e.m.£ in the short-circuited coils by a rotation e.m.f. 

Plain repulsion motors made by the General Electric Co. of the 
United States are used to drive exhaust fans or as crane motors.* 

* Oeneral Meatrio Review, voL xx. p. 493 (1917). 
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§ 187. Atkinson’s Repulsion Motors 

A form of repulsion motor, due to Atkinson, is represented in 
Fig. 205. So far as the principle of its action is concerned, this motor 
is identical with the simple 
form shown in Fig. 203, the 
only difference being that, 
whereas in the simple form 
the two components OA and 
OB of the impressed field (Fig. 

203) are produced by a single 
winding, in Atkinson’s motor 
they are produced by two inde- 
pendent windings — the trans- 
former winding TW and the 
exciting winding (or field wind- 
ing proper) EW. The beha- 
viour of this motor is in every 
way identical with that of the 
simple type of Pig. 203; it, 
however, possesses the advan- 
tage that the direction of rotation is easily reversed, by a simple 
reversal of the connections of one of the stator windings. In order 
to reverse the simple form of repulsion motor, it becomes necessary 
to rock the brushes to the other side of the line OF of the impressed 
field (Fig. 203). 

A variety of Atkinson’s motor is one in which only the tmnafonner 
winding TW is connected across the mains, the exciting winding EW 
being across the brushes. The exciting winding then forms a load 
for the armature winding, regarded as the secondary of a transformer, 
of which TW is the primary. 




Fig. 205. — OonneotionB of Aikmsou b Motor. 


§ 188. Compensated Repulsion Motor 

The so-called " compensated repulsion motor ” was invented 
simultaneously and independently by Latour in France and by 
Eichberg and Winter in Gtermany.* In its simplest form it is 

* By Bome writers, this motor has been termed the compensated aeries motor. Mr. 
Fynn has proposed the term “ senes induction motor ” as being more appropriate. Bee 
iTounwi of the InBtitution of Eleotrioal JEngineerSt vol. xxxvi p. 328 (1906). 
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shown in Fig. 206. At first sight it would appear as if the motor, 
differed but little from the simple series-wound motor of Fig. 192. 

In fact, the remov^ of the brushes Bi, B 2 
would transform it’ into such a simple 
series motor. But,jthe presence of these 
brushes considerably modifies the action of 
the motor. One efect is to wipe out the 
self-inductance of' the stator winding to a 
very large extent, since the current flowing 
between Bi and Ba causes the armature wind- 
ing to act as the short-circuited secondary of 
a transformer, of which the stator winding is 
the primary. The compensated repulsion 
motor is characterized by a very high power 
factor for all speeds above synchronism, 
and by the absence of sparking troubles. 

In the simple form of compensated 
repulsion motor just considered, the stator 
could not be wound for a high voltage, as 
it is connected in series with the armature. 
By a slight modification, however, indicated 
in Fig. 207 , the use of a high voltage stator winding becomes 
possible. This is the arrangement actu^y adopted in the Latour- 

Winter-Eichberg motor. The current 
corresponding to the brushes Bs, B 4 in 
Fig. 206, instead of being fed directly 
into the armature, is supplied to it by 
the secondary of a transformer whose 
primary is in series with the stator 
winding. The secondary of this trans- 
former is, as shown in the sketch, 
arranged to have a variable number of 
turns. 

§ 189. Theory of Latour- 
Winter-Eichberg Motor 

The stator winding acts as the 
w o/vT r. A-* r T X primary of a transformer towards the 
Wlnter-Biohberg Motor. Circuit closed by the brushes Bi, Ba 

in Fig. 206, inducing a current in this 
circuit current. The primary and 
seconda^ currents will, as in a transformer, be nearly in phase 
opposition. 

Under normal working conditions, the secondary circuit (i. 0 . the 
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circuit closed by the brush pair B1B2) wiU be the'^seat of two e.m.f.s 
which, by reason of the smallness of the resistance and leakage 
reactance drops in this circuit, will nearly balance each other. One ‘ 
of these e.m.f.s is the transformer e.m.f., due to the alternating flux 
common to stator and rotor ; while the other is a rotation e.m.f., due 
to the rotation of the armature in the field produced by the current 
flowing between B3 and B4. Now, so far as the magnitude and 
phase of the secondary current are concerned, we may imagine that 
the rotation e.m.f. is annulled, and that for it there is substituted 
between Bi and Ba a non-inductive resistance (in place of the short- 
circuiting cable), such that, with the given armature current, it will 
absorb a p.d. exactly equal to the rotation e.m.f. This will leave the 
magnitude and phase of the armature current unaltered, since the 
rotation e.m.f. is necessarily nearly in phMe with the stator current, 
and hence also with the armature current. By means of this device, 
we have transformed the stator and armature circuits into the primary 
and secondary respectively of a transformer working on a nonAnduotive 
load. Under these conditions, the power factor of the transformer is 
nearly unity (§ 92 ). Thus the power factor of the stator winding 
will be nearly unity. 

Considering now the circuit between the brushes Ba and B4, we 
have in it an e.m.f. induced by the altematiug flux, this e.m.f. being 
in quadrature with the flux, and hence nearly in quadrature with 
the current. Now, if this were the only existing am.f., it is obvious 
that the power factor of the BaB4 circuit would be extremely low — 
this circuit forming simply a choking coil. There is, however, 
another e.m.f. present, due to the rotation of the armature in the 
flux along the line B1B2 — Le. the transformer flux common to stator 
and rotor. Now, this e.m,f. is in phase opposition to the transformer 
flux, and in quadrature with the stator current. We thus have two 
e.m.f s present in the B8B4 circuit, both of which are in quadrature 
with the current. Now, these e.m.f s are (like the two e.m.f.s in the 
armature circuit) in phase opposition, the rotation e.m.f. tending to 
neutralize or compensate the reactance e.m.f. At low speeds the 
compensation is imperfect, the rotation e.m.f. being too feeble. But 
as the speed increases, the rotation e.m.f. rises, and at a certain speed 
completely wipes out the reactance e.m.f. The compensating circuit 
B8B4 then behaves as if it were a non-inductive resistance, and 
its power factor rises to unity. But since the power factor of the 
stator winding is also nearly unity, we see that the power factor of 
the entire motor will have the same value. At still higher speeds, 
over-compensation will take place, the power factor will decrease, 
and the motor will take a leading current. 

From what has been said it follows that when the motor is at 
rest, and a suitable starting p.d. is applied to it, this p.d. is m ai nly 
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concentrated on tEe circuit B 8 B 4 , owing to its high reactance; 
the stator or transformer winding behaving like the primary of a 
short-circuited transformer (i.e. like a practioallj non-inductive re- 
sistance). The power factor at starting will thus be low. As soon 
as the motor begins to run, however, the p.d. across the stator wind- 
ing increases, while that across BaB 4 decreases, the power factor 
rising rapidly at the same time. 

§ 190. Vector Diag:rams of Latour-Winter- 
Eichberg: Motor 

The relations explained in the preceding paragraph will be more 
easily followed by a consideration of the vector diagram coimecting 
the various quantities. 

In Fig. 208 is shown the vector diagram isolating to the trans- 
former axis (i.e. the brush line B 1 B 2 in Fig. 206). OA represents 
the transformer flux common to stator and rotor, while OB is the 
e.m.f. in the B 1 B 2 circuit induced by the rotation of the armature 
in the fleld along the brush line B 8 B 4 (Fig. 206). OA and OB 
must, as we have seen (§ 189), be nearly in quadrature with each 
other. The transformer e.m.f. in the armature winding lags 90° 
behind OA, and when compounded with the rotation e.m.f. OB, 
which is in phase with the flux along BgB 4 , yields the resultant 
e.m.f. along B 1 B 2 . This latter gives rise to a current, which, owing 
to the leakage reactance of the armature, lags behind the resultant 
e.m.f. by a certain angle. 

For the sake of completeness, the current along the brush line 
B 8 B 4 ''of Fig. 206 is also indicated in the diagram of Fig. 208. This 
current, which is identical with the stator current, is nearly in phase 
with the flux along BaB 4 , being but slightly in advance of it by an 
angle depending on the core loss due to this current. 

In order to represent correctly by means of a second diagram the 
phase relations along the brush line BaB 4 of Fig. 206, it becomes 
necessary to examine a little more closely into the phase relation of 
the rotation e.m.f. along this axis to the transformer flux. For this 
purpose, we may consider the changes ta kin g place in the various 
quantities, while the transformer flux vector moves in the first 
quadrant, the projections of the various vectors on the vertical 
axis giving, os usual, the instantaneous values of the quantities. 
The instantaneous transformer flux during the quarter-period under 
consideration will clearly steadily increase, and will have a positive 
value. Let, in Fig. 209, a dowTi/ward direction for this flux, as 
shown by OA, be regarded as positive. Let us assume a clockwise 
direction of rotation for the armature, as shown by the curved arrow 
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in Kg. 209. Since the transformer flux is increasing, the current in- 
duced by it will oppose it (in accordance with Lena's law), and 
hence will have the direction indicated by the inner circle of con- 
ductors, in which a dot and a cross represent, as usual, an advancing 
and a receding current respectively. In accordance with the vector 
diagram of Kg. 208, the direction of the secondary current shown in 
Kg. 209 must be regarded as negative, since the projection of the 
armature-current vector on the vertical axis is negative during the 
greater part of the ^-period considered. Now, in order that the torque 
may have a positive or clockwise direction when the transformer flux 




Fio. 209. — ^Distribution of 
InstantaneoiiB Ourrents 
in Armatnio of Latour- 
Winter-Biohberg Motor. 


has the direction OA, the current along B 8 B 4 must have the direction 
indicated by the outer circle of conductors, and must, in accordance 
with Pig. 208, be reckoned positive. Fow, the rotation of the armature 
in the transformer flux OA, will give rise to an e.m.f. in the BaB 4 
circuit which is opposed to the instantaneous current, and must, 
therefore, be reckoned negative. In order, then, to represent the 
rotation e.m.f. in the BeB 4 circuit correctly in the diagram of Fig. 
208, the vector of this e.m,f. must be drawn so as to be in pTiase 
opposition to OA, This has been done in Pig. 210 (a), where OE 
is the rotation e.m.f. vector. 
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The remaining quantities to be considered along the ^is are 
now CEisily dealt with. The reactance e.m.f. OT lags 90*^ behind the 
stator current OS. The resultant of the rotation and reactance 
e.m.£s is represented by OE. In order to balance this, a component 
OF must be provided by the p.d. across the BsB^ brushes, and in 
order to make up for the resistance drop a farther small component, 
FG, in phase with the exciting current, must be provided. The 
total p.d, across the BaB^ brushes is thus OG, and the power factor 
of this part of the circuit is cos x- 

In Fig. 210, the rotation e.m.f. is shown smaller than the react- 
ance e.m.f., and the current OS lags behind the p.d. OG. Compensa- 



Fio. 210.~Veotor Diagrama for Axis of Latour-Winter-Eioliberg Motor. 


tion'is here imperfect. As the rotation e.m.f. increases, x decreases 
and finally vanishes, giving a power factor of unity for the BaB4 
circuit. A still further increase in the rotation e.m.f. relatively to 
the reactance e.m.f, causes the current to lead, as shown in Fig. 210 (i), 
the power factor decreasing. Pig. 210 (S) corresponds to over-com- 
pensation, and shows clearly how a motor of this type may be made 
to take a leading current when running above a certain speed. 

The power factor of the motor depends almost entirely on that of 
the BsBi part of the circuit, since the stator part always has a power 
factor closely approaching unity, as already explained (§ 189). 

A glance at Fig. 209 will explain why the Winter-Eichberg motor 
has been termed a compensated “repulsion” motor. It will be 
noticed that a superposition of the two armature currents results 
in a more or less complete neutralization of the currents in the belt 
of conductors lying in the first and third quadrants, while addition 
of the two currents takes place in the belt occupying the second 
and fourth quadrants. Hence the torque is practically provided by 
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this last belt of conductors, which is eq[uivalent to a coil inclined 
at an angle of 46® to the inducing field provided by the stator 
winding. Such a coil ■will, in accordance with the principle of 
"electromagnetic repulsion” (§ 182), tend to place itself with its 
plane parallel to the inducing field — i.e. it will give rise to a torque 
in a clockwise direction. 


§ 191. Series-Repulsion Motor 






Fia. 211.-— Series-fiepnlBion Motor. 


A type of motor which has to some extent been used for traction 
purposes is the series-rej^ldon or doMy-fed motor, represented 
diagrammatically in Fig. 211, Ti, Ta are the 
secondary terminals of the transformer supply- 
ing the motor. The junction of the stator and 
armature circuits is connected to an intermediate 
point of the transformer winding whose position 
may be varied. If this point is made to coincide 
with Ta, we obtain an ordinary repulsion motor, 
and the machine may be 
started as such. With in- 
creasing speed the ratio of 
the stator to the armature 
voltage is reduced (as is the 
case with a plain series motor), 
and the machine begins to 
approximate more and more 
closely to a series motor. . i ■ 

Owing to this fact, there is no difficulty (such as arises with a plain 
repulsion motor) in running the motor at speeds above synchronism. 

§ 193. Mixed -action Commutator Motors 

The single-phase commutator motors which we have so farcoJi" 
sidered are chiefly of interest in connection with railway work; they 
are variable-speed traction motors. Eor stationary work requmng 
approximately constant speed, the simple smg^-p ase 
motor is capable of giving good results. The mherent weakness of 
this motor is its poor starting torque. No-w, 
capable of exerting a powerful torque. If the 8®®*^ * 

of the repulsion type of motor could be combmed with f “J®^ 

running qualities of the induction type, a motor would be obt^ed 
satisfactory from every point of view. Severa ®’™j ® . ^ 
pound or mixed-action commutator motors have been devised. 
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In the Wagner motor,* the rotor is provided with an ordinary 
oontmuons-current winding having a commutator, and at starting the 
brashes short-circuit the winding as in a repulsion motor. A power- 
ful starting torque is thereby obtained. "V^en the speed exceeds a 
certain limit, a centrifugal governor mounted on the motor shaft 
causes a collar to slide against the brush rocker ring, lifting the 
brushes clear of the commutator;! while at the same time a ^ort- 
circuiting ring is forced into contact with 



Fig. 212. — ^DiAgram of 
Bchiiler Motor. 


the inner surfaces of the commutator segments, 
completely short-circuiting the individual 
armature coils, and thereby converting the 
motor into a single-phase, constant-speed 
induction motor. 

The Schuler motor (Eig. 212) is provided 
with an ordinary star-connected stator winding, 
of which only two phases (in series with each 
other) are in use at a time. By interchanging 
one of the active phases and the idle phase (by 
means of the switch shown in the diagram) 
the motor may he reversed. The rotor has a 
continuoua-current winding, fitted with a 
commutator on one side and three slip-rings 
on the other. At starting, the slip-ring 
circuits are open, and the motor starts as a 
simple repulsion motor. By closing the slip- 
ring circuits through starting resistances such 
as are ordinarily used in connection with 


three-phase induction motors, and gradually 
short-circuiting the resistances, the motor is transformed from the 


repulsion lo the induction type. 


• The Sleotridan, vol. IL p. 743 (1903). 

t The oommntator bearing surface is yertioal, forming an annular ring ; a displace- 
ment of the brush rocker along the shaft will, therefore, moye the brushes away irom 
the commutator. 
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§ 193. Voltage Regulators 

In the early days of alternating ourrents, the usual practice was to 
corLstruob alternators having very close regulation, so as to avoid the 
necessity of using special devices for maintaining the voltage constant. 
Such machines were very expensive ; and as the size of the generating 
units steadily increased, it was found that generators having very 
close regulation were liable to be wrecked by an accidental short- 
circuit, owing to the enormous short-circuit currents and resulting 
mechanical stresses (§§ 60 and 111), On account of these two dis- 
advantages, modern generators are designed to have a relatively large 
reactance drop; and voltage regulation is secured by the use of 
devices external to the machine and known as voltage regulators. 
One of the most successful of these is the Tirrill regulator. 

The principle of this regulator is as follows : — In the field circuit 
of the exciter which supplies current to the field-magnet of the 
alternator is included a comparatively high resistance, whose value 
is such that the alternator p.d, would be only about 35 per cent, of 
its normal value if the resistance were left permanently in the exciter 
field circuit. This resistance is, by means of suitable controlling 
electromagnets, periodically short-oirouited, and so the exciter field 
strengthened to the required amount. 

The arrangement of connections is shown in Fig. 213 , {a) and (6). 
In the upper part (a) of the diagram will be seen the two main or 
'' floating” contacts, each of which is mounted at the end of a lever 
controlled by a coil and plunger mechanism. The lever carrying the 
upper floating contact is fitted with a spring which tends to depress 
^0 contact, and this tendency is opposed by the downward puIL 
''"exerted by a coil on a core suspended from the other end of the lever. 
This coil is connected in series with a suitable resistance and then 

2 A 
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across the szcitor terminals. The bottom floating contact is earned 
by a lever provided with a counterweight which partly coui^er- 
balances the weight of the core suspended from the other end^^ 
the lever. The coil acting on this core is connected in series with 
a resistance and then (generally through a transformer) across t\^ 
of the alternator tenninals. When there is no current through this 
coil, the weight of the core is sufficient to press the bottom floating 
contact against the top one. But when the current reaches a certain 
value, the core is pulled upwdTds, and the floating contacts are^ 
separated. 

In the lower part (6) of Fig. 213 is shown the arrangement for 
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( 5 ) 

Fig. 218.>-OoimeotionB of Tinill Begulator. 

periodically short-circuiting and open-circuiting the resistance in the 
exciter field-circuit. One of the short-circuiting contacts is fixed, 
while the other is carried by a lever provided with a spring which 
tends to maintain the contacts closed. This lever is also fitted with 
an armature acted on by an electromagnet. The middle point of the 
winding of this magnet is connected, through a suitable resistance, to 
one of exciter terminals ; one end of the winding is in permanent 
connection with the other terminal of the exciter, while the remain- 
ing end is periodically so connected through the floating contacts. 
When these contacts are closed, the magnetic rffects of the currents 
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flowing through the two portions of the electromagnet winding 
neutralize each other, and the resistance in the exciter field circuit 
remains short-circuited. But as soon as the floating contacts separate, 
the magnet is strongly excited, and open-circuits the resistance. The 
condenser shown connected across the resistance is intended to reduce 
Ae sparking at the contacts. 

The main feature to which the lirrfll regulator owes its success 
is undoubtedly the fact that it is constantly in a state of rapid 
vibration, and is thus able to respond very rapidly to any changes in 
the alternator p.d. The amount of resistance included in the exciter 
field circuit is so great that while the alternator p.d, would be far too 
low with this resistance in circuit, it would be far too high if the 
resistance were permanently short-circuited, ISTo state of etiuilibrium 
is thus possible for the regulator, and the function which is really 
performed by it is to vary the relative duration of the periods of 
short-circuit and open-circuit of the resistance in the exciter circuit. 

It might, perhaps, at first sight be thought that the arrangements 
adopted in the Tiirill regulator are unnecessarily oomplicati^, and 
that a very much simpler design, consisting of a single simple control 
electromagnet which periodic^y short-circuits and un-short-oircuits 
the field resistance, would be sufficient. As a matter of fact, such 
a simple arrangement has been in use in connection with very small 
continuous-current machines. With machines of larger size it is 
desirable to eliminate all sparking at the control magnet contacts, 
and hence the addition of a relay which takes the wear arising from 
sparking. With stUl larger machines, a single control magnet 
operated by the generator voltage would not be satisfactory, for the 
following reason. Assume the field resistance of the exciter to have 
been short-circuited. The exciter voltage begins to rise, and sorioes 
the generator exciting current. Owing, however, to the comparative 
slowness with which, in a large machine, the field oun’ent responds 
to changes of excitation voltage, by the time the generator voltage 
has assumed its normal value, the exciter voltage will be higher than 
that desired, and the generator voltage will continue to rise even after 
the exciter field resistance has been un-short-circuited and the exciter 
voltage has begun to fall. A similar effect takes place when^ the 
generator voltage is falling, and owing to this excessive “overshooting ” 
the Uinits of fluctuation of Uie generator voltage will be too wide for 
satisfactory regulation. To reduce these limits and so get closer 
regulation, two control magnets, one actuated by the alternator 
voltage and the other by the exciter voltage, have been adopted. _ 

In the case of large exciters, the field resistance is divided into 
several sections, each of which is short-circuited by a separate relay, 
the various relays being acted on by a common exciting coiL 

In many cases, it may be desirable tp maintain a constant voltage. 
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not at the terminals of the generator, but at the end of a long traus- 
mission line or feeder. This may be done by providing the regulator 
with a line drop compensator. The’general principle of action of such 
a compensator is as follows. The voltage at the end of the line or 
feeder is obtained by subtracting vcctorially from the generator 
voltage the line drop. ITow imagine that into the circuit supplying 
the alternating current control magnet of a Tirrill regulator tlierc is 
injected an e.m.f. whose ratio to the total e.m.f. of the control circuit 
is equal to the ratio of the line drop to the generator p.d., and wlioso 
phase relatively to the total e.m.f, is the same as that of the lino 
drop to the generator p.d. Then the resultant o.mi. in the control 
circuit will be maintained constant by the action of the regulator ; 
and since this resultant o.m.f. is proportional to the p.d. at the far 
end of the line, the compensator will maintain this i^d. constant. 



Fig. 214.— CoimeotionB of Lino Drop CompoDsator for Tiriill Rogulahir 


The problem, then, is to obtain a voltage of suitable nuignitiuhi 
and phase, determined by the magnitude and plmso of the liiuj (Udji, 
for injection into the alternating current control magnet circuit. 

The primary of the transformer whicli supplies the control inagiiot. 
is connected across two alternator terminals, and connected to th(‘Hc 
termmals are also two line wires. The lino drop in tlio loo]» fcjrnuMl 
by these wires is the vector difference of the drojis alon^r tlie indi- 
vidual wires. The vector difference (and not sum) of tlio^lrops i.s to 
be taken because according to tlie usual convention in the rasi* {»f a 
three-phase line the positive directions along the tlireo wire.s am all 
either outwards or inwards; whereas, in going arouiul a loop, u(y 
^oceed^ outwards along one conductor and iriwanla along the odicr. 
^ow, smee the drop along each couduoLor is the jiroduct of its 
impedance into the current, and since the iinpedanco.s of (he 


.^TRANSFORMERS 3^7 

3oiiclaot<ara B 3 ?ai*^a^, ^6(i'afalj-tIie ‘dTop^ oiouiid tiie loop formed by two 
Bonductora ia the product of the impedance of a aingle conductor into 
the vector difference of ther currenta In the two conductora. In order 
to obtain the vector difference, two current tranaformera are need as 
shown in Fig. 214, the aeoondaries of which are connected in parcel, 
but with one secondary refoersed. The result of auch reversal is to 
produce in the circuit external to the secondaries a current which is 
proportional to the vector difference of the two line currents — which 
La what is required. This current ia allowed to flow through an 
adjustable reactance and resistance, the values of these latter being 
so adjusted that the phase angle between the voltage drop across 
them and the secondary p.d. across the potential transformer which 
supplies the control magnet is equal to the phase angle between the 
line drop and the generator p.d. (or secondary transformer p.di if 
step-up transformers are used), and that the ratio of the voltage drop 
across the resistance and reactance to the secondary p.d. of the 
potential transformer is equal to the ratio of the line drop to the p.d. 
at the sending end of the line. A diagram of connections for the 
line .drop compensator is given in Fig. 214. 



§ 194. Instrument Transformers 

In an ideal instrument transformer, the ratio of the voltages (or 
jurrents) is constant, and the secondary voltage (or current) is in 
iirect phase opposition to the primary voltage (or current). 

In any actual instrument transformer, the ratio of the voltages 
[or currents) is not constant ; and the secondary voltage (or current) 
s not directly opposed in phase to the primary voltage (or current) 
^or all values of the load. 

The maker of the transformer gives a certain value for the ratio 
of voltages or currents) which is taken to be the rated or stand^d 
•atio. The transformer may have this particular ratio when carrying 
k certain load ; at other loads, the actual ratio will be different. The 
lifference between the actual ratio and the rated ratio, generally 
sxpressed as a percentage of the latter, is termed the ratio error of the 
nransformer. 

The departure of the secondary voltage (or current) from exact 
phase opposition to the primary voltage (or current), generally 
jxpressed in degrees and minutes, is termed the pTiase error of the 
jansformer. 

We shall next show that a transformer having the following 
properties : — 

(1) Infinite permeability of core, 

(2) Zero Core losses. 
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Zero copper losses (i.e. negligible resistances of windings), 
' (4^ Zero magnetic leakage. 



V* 



will be an ideal instniment transformer, in the sense defined above. 
Ijn Kg. 216 (a) is shown the vector diagram of such a trans- 


Fig. 215. — V ector IMagrama of InBtrnment Transformers. 
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former. For the sake of simplicity, it is convenient to assume 
equality of primary and secondary turns, and to start with the voltage 
and current in the secondary in constructing the diagram, deducing 
from them the primary voltage and primary current. In order to 

adapt the results obtained to any other ratio s = 

secondary turns 

we have merely to miUiply the primary voltage by s, and divide the 
primary current by the same quantity. 

liOt the secondary current Ig lag behind the secondary p.d. by an 
angle so that the power factor of the secondary load is cos 
Since the secondary has, in accordance with assumptions (3) and (4) 
above, neither resistance nor leakage reactance (§ 11), there will be 
no “internal drop” in the secondary, and the secondary p.d. will be 
identical with the secondary e.m.f. E 2 . The latter being proportional 
to (mimbs) the rate of change of flux, the flux vector will be 90° 
ahead of E 2 . Since the core, according to (1), has inflnite per- 
meability, the magnetixing current will be zero ; similarly, by reason 
of (2), there will be no core loss component of primary current; the 
primary current Ii must therefore be equal and directly opposed in 
phase to the secondary current at all loads — such a transformer 
will form an ideal current transformer. 

Considering next the primary p.d., since there is neither resistance 
nor leakage reactance drop in the primary, the whole of the primary 
p.d. must be used up in balancing the e.m.f. Hence the primary 
p.d. Ejl must always be equal and opposite in phase to and 
hence the transformer will be an ideal voltage or potential trans- 
former. 

We thus see that the imperfections of ordinary instrument trans- 
formers are due to the non-fulfilment of the conditions laid down in 
(1) to (4) above ; and the nearer we can approach to these ideal con- 
ditions, the better will be the behaviour of the transformer. 

(1) demands that the core of the transformer should be built up 
of sheets having the highest attainable permeability over the working 
range; (2) requires fine lamination of the core and the use of a 
material having low hysteresis loss and high resistivity; also, the 
use of very low inductions in the core ; to approach (3), the current 
density in the windings must be kept low ; and (4) demands as close 
interpenetration of the two windings as possible — a condition which, 
unfortunately, is quite incompatible with the practical necessity of 
providing good insulation between them. 

We shall now consider the vector diagram of an ordinary trans- 
former not fulfilling the requnements laid down in (1) to (4). This is 
shown in Fig. 215 (i). As before, the secondary current I 2 lags behind 
the secondary p.d. V 2 by the angle On account of the presence 
of resistance and leakage reactance in the secondary, we have 
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to a<3,d the vectors and 0^212 to the vector V2 in order to obtain 
toe secondary e.m.f. Eg. This latter, as before, lags 90 ° btoind the 
flux Considering next the primary current, we see that toia 
must be made up of the following components : a component Ib equal 
and opposite to I2 which balances the secondary ampere-turns; a 
magnetizing component which maintains the flux through the 
^re ; and a component which contributes the power represented 
by the core losses. The components 1^ and lo may be combined into 
a single component Iq which may be termed the no-load component 
P^^ry, current: it represents the current that would be 
taken by the primary if the secondary were opened and the primary 
p.d. adjusted to give the same flux through the core as that originally 
present. 

Lastly, considering the primary p.d. Vj, this is made up of the 
foUowing : a component Ei equal and opposite to E2; the resistance 
tod leakage reactance drop components and ojilj respectively 
due to the current ; and the resistance and leakage reactance 
drop components r;^Io and XiIq respectively arisiag from the 
current Iq. 

We shall now consider the application of the vector diagram of 
Fig. 216 (6) to the special case of a potential tTansformer, and shall 

obtain expi*essions for the ratio and the angle a between Vi and 

V55 reversed. 

Eor the sake of clearness, the secondary voltage vectors of 
216 (6) have been shown reversed in 216 (c). The angle between 
Vi and V2 (which is the phase angle of the transformer) being 
veiy am^, Vi will be practically equal to its projection on V2; and 
this i^rojection may be obtained by taking the sum of the projections 
of the various sections of the broken line representing the different 
components of which is made np. We thus get 

Vi = Va -f- raTa cos ^ + AJala sin ^ -f- rilb cos ^ + Xilb sin 
cos y + iCiIo sin y 

where y is the angle between Ta reversed and lo. Putting for 
the sake of brevity + ra = r, and pji + = a?, we find, since 
numerically = I2, 

Yi = Va + ria cos ^ + ojla sin ^ cos y -|- ccJo sin y 

and hence 

Yj I 

= ^ = 1 + ^ {(r cos 0 -h a; sin 0)l2 

+ (7’i cos y -1- a?! sin y)Io} ... (1) 

Again, the sine of the phase angle a may be obtained by taking 
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the sum of the projections of the various components of Vi on a line 
normal to V 2 and dividing this sum by Vi. We thus get 

sin a = {(aj 003 ^ sin ^)Ia + (®i cos y — ri sin yjlo} • (2) 

The angle a being small, its value in radians is practically equal 
to its sine. Hence the right-hand side of (2) may be taken to give 
the phase angle in radians. To reduce to minutes, we have to multiply 
by 3438. 

We shall next take the case of the mrrmt transformer. The 
diagram of currents is shown in Fig. 216 (d), where la is Ii reversed. 
Denoting the angle between Ii and I 2 reversed by j3, we have 
approximately, projecting the various current vectors first on Ij and 
then on a line normal to it, 

Ii = la + I™ sin 0 + Ic cos <p 
and Ii sin (i = I#; cos ^ - I, sin ^ 

Hence 

Current ratio = ^ = 1 + t (I® ^ + In • • (3) 

la la 

and 

Phase angle = /3 = ^ (Im cos ^ — lo sin 0) . . . (4) 

the phase angle being expressed in radians. 

The above formulae are in the first instance applicable only to a 
transformer with a unity turn ratio. Taking now the general case of 

a transformer whose turn ratio is s (= gecondary^tmL)’ ^ demote 

the primary resistance and reactance by ir and ix respectively, and 
if we suppose that the primary turns are now (with the same 
total amount of copper) made equal to the secondary turns, then, 

?'! and »i denoting, as above, the primary resistance and reactance 
respectively of the equivalent unity ratio transformer, we must 
imt (§ 91)— 

1 1 I V. 

n = ^ X iT, and ®i = ^ X 

so that r = + ’•a, and « = pj 4- iC 2 

also we must put Ij, = sig, and lo = s,To, where jTo is the no-load 
current of the transformer with a turn ratio i 

Further, the value of the voltage ratio obtamed for a potential 
transformer must be TnvXtiplied by s, and the value of the current 
ratio obtained for a cuirent transformer divided by s. Making these 
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changes in the formnlae ( 1 ) to ( 4 ), we obtaiii, for the general case of 
a transformer having a turn ratio s, 

voltage ratio =s sj^l + ^ +»’ 2 ^ 1 a cos 0 + (^^ + 0 

+ ^’’°08 7 + i^8inrj^|j (5) 

a = ^1(7 + a%!)ra cos 0 - (7 +»'2)l2 ain ^ 

+ ^®°osr Jirsin^^j^l ^ 5 ) 

Current ratio = ~ (»!» 8^° 0 + >^0 cos 0)| ( 7 ) 

^ = 4-(JmCos ^ - jTcsin (8) 

sl-1 


In ( 7 ) and (8), , 1 ^ and Je stand for the magnetizing and core loss 
oncrenta respectively of the transformer with a turn ratio s. 

If the various quantities which occur on the right-hand sides of 
equations (6) to (8) were known, then we could predetermine the 
behaviour of the transformer — i.e. we could predict the values of the 
ratio and phase angle corresponding to any values of Vq. Is 
and (p (or cos ip). 

Thus, in the above equations, Va, I, and ^ are given; s must 

7 * 

also be given ; r = -^ + Vg and « = -p + »2 “‘C'y t>e determined by 

thei- short circuit test (§ 91 ) ; ir and rg may also be measured in the 
ordinary way ; i« and csg cannot be determined separately, but it is 

generally permissible to assume that — = — , so that i® = — a;, and, 

CG r r 

ix and X being known, we find 1B2 from the relation a: = ^ + a%i. 

Thus, jT, Tg, ix and xg being known, we can find the values of 

— + rfl and — i- xg which occur in ( 5 ) and (6 ) ; so far as these two 

equations are concerned, the only remaming unknown quantity is 
now y. This may be determined approximately by the open-circuit 
test (§ 91 ). The secondary being open-circuited, the normal p.d. is 
applied to the primary, and the primary p.d,, current and power 
are measured. This enables us to find the power-factor of the 
open-circuited transformer. If we refer to the vector diagram of 
Fig. 216 (c), it will be readily seen that when the secondary is open- 
circuited Vi, Va and Ei become practically coincident and normal to 
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^ ; and tyhe open-circuit power-factor is practically tlie cosine of the 
angle between Ei and Iq ; now this differs so little from the angle y 
between V 2 and lo in the loaded transformer that we may approxi- 
mately put cos y = power factor of transformer on open circuit (with 
normal p.d. across primary). The whole of the quantities on the 
right-hand sides of ( 6 ) and ( 6 ) thus become known. 

Considering next the case of a owr&nt transformer, we see that 
in order to be able to utilize ( 7 ) and ( 8 ) we have to determine the 
two components of Jo, viz. J^ and gTo It is to be noted that 
these are variable with the load, instead of being practically constant 
as in the case of a potential transformer. FurtW, the use of a watt- 
meter for determining J,» and ,Ie in the forms J^ = Jo sin 7 
and Jc = Jo COB 7 as in the case of a potential transformer is 
attended with serious dif- 


ficulties, owing to the 
low voltages across the 
windings. We first of all 
take a series of readings 
connecting the various 
values of I 2 with the 
secondary p.d.s by using 
a suitable low-reading 
voltmeter. The values 
of , 1 ^ and Jc may then 
1)0 very conveniently de- 
termined by a method 
due to r. G. Agnew,^ 
which involves the use of 
a phase-shifter (Appendix 
VI,). The arrangement 
of connections is shown 



Fig. 216. — Method of determining Magnetizing and 
Core Loss Oomponents of Transformer Onrrent. 


in Fig. 21 c. In series with the primary of the current trans- 
former is connected a known non-inductive resistance E. ^ By 
means of the two-way switch Si, the fine-wire circuit of a delicate 
oloctrodynamometer (wattmeter) ED may he connected either 
across the primary or across K. The current coil of the electro- 
dynamometer is joined in series with a known non-inductive 
resistance r and the ammeter A, and is supplied with current from 
the secondary of a phase-shifter. The p.d, across the primary 
of the current transformer is first adjusted until the desired 
secondary voltage is obtained (by taking the reading of the low- 
reading voltmeter V). By means of the switch So, the primary is 
then connuclcd across the fine-wire dynamometer circuit, and the 
phase-shifter is adjusted so as to reduce the dynamometer reading to 

* Bulletin of fJie Bureau of p 433(1911). 


364 


ALTERNATING CURRENTS 


zero. This means that the current through the dynamometer current 
coil is in q[iiadrature with the primary p.d. of the transformer. The 
switch Si is then thrown over so as to connect the dynamometer 
fine- wire circuit across E, and the dynamometer readingj which is 





proportional to is taken. The phase of the secondary phase- 
shifter current is then altered by 90° (by turning the secondary 
through 90 electrical degrees), and the new reading, which is pro- 
portional to glc is noted. Lastly, the absolute values of the dyna- 
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mometer readings are determined by throwing over the switch Sg to 
T and taking the corresponding reading. 

Direct Experimental Determination of Ratio and Phase Angle , — 
Although, as explained above, it is possible to calculate the ratio 
and phase angle of an instrument transformer from certain data, a 
direct eoiperimental determination of these quantities may be con- 
sidered more satisfactory. A great deal of ingenuity has been dis- 
played in devising various methods for this purpose. Those aiming 
at the highest degree of accuracy involve the use of special apparatus 
not ordinarily available. 

(a) Ratio Determination hy Voltmeters and Ammeters, — This is 
theoretically the simplest method for determining the ratio, and good 
results may be obtained by the use of suitable high-grade instruments. 
The method suffers from the disadvantage that unless simultaneous 
readings of the two voltmeters (in the case of a potential transformer) 
or ammeters (in the case of a current transformer) are taken, the 
accuracy will be affected by fluctuations in the voltage or current. 

(J) Ratio and Phase Angle Determination hy means of Electro-- 
dynamometer Wattmeters.* — The following comparatively simple 
method may be used for determining both the ratio and the phase 
angle. 

Taking first the case of a potential transformer, the connections 
are arranged as in Fig. 217 (a). Two electrodynamometers, Wj 
and W2, are used, with their current coils connected in series and to 
the secondary of a phase-shifter. The potential coil of Wi is across 
the primary, and that of W2 across the secondary, of the transformoi 
under test. The phase of the ph ase-shifter current is first adjusted 
to give maximum reading of Wi; this will also correspond, to all 
intents and purposes, to maximum reading of 'W'2. If I be 'the 
phase-shifter current and w-^ the readings of the dynamometers 
(in watts), then 

wi = Vil, and W2 = VgT cos a 


where d is the phase angle. Hence 



— cos a 
^2 


But since cos a is practically indistinguishable from unity, we 
may write 


ratio = 


Vi 

Va ” W2 


* Methods depending on the nee of eleotrodynamometers have been desoribed b^ 
L T. IlobinBon (^ProceechngB of the American Institute of Electrical Enmneers^ voL atxviii, 
p. 996 (1909)) and by 0 Et. Sharp and W. W. Crawford (Trans, Am. Inst, M. Engineers, 
vol. xxix, p. 1521 (1912)), 
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The phase-shifter curreiit is next altered in phase (without 
change of magnitude) until the reading of Wi becomes zero. If 
is the new reading of Wg, we have 

Vgl cos (a + 90°) 


and hence 


sin o = a 



It will be noticed that the determination of a involves the use of 
high-grade instruments for the measurement of V 2 and I. 

A similar method may be applied to current transformers. The 
connections for this case are shown in Fig. 217 (6). If, as before, 
the readings of Wi and W 2 when Wj is at its maximum be denoted 
by wx and we have 


ratio = 


11 ^ 

12 ^2 


and if when the reading of Wi is zero that of Wg is 
phase angle = j3 = 


ConstructionaZ Features of Instrument Transfmn&rs. — In the general 
arrangement of core and coils, instrument transformers do not differ 
greatly from ordinary power transformers. The commonest type of 
construction is that in which the core is of the type shown in Fig. 100, 
preferably without any joints in the magnetic circuit, and with the 
windings either arrang^ on one limb of the core or evenly distri- 
buted over both limbs. A special type of construction for mrrent 
transformers is that in which the primary is threaded through the 
central opening of the core, forming a single-turn winding ; this is a 
very convenient form for heavy currents, but is generally incapable 
of giving as high a degree of accuracy as the other type. 

Precaution to he observed in using Current Transformers . — 
When using current transformers, it must be carefully borne in mind 
that such transformers should on no account have their secondary 
open-circuited, even momentarily, while the primary remains in 
circuit. If it is desired to disconnect them, the secondary should 
first be short-circuited. For this purpose, every current transformer 
is provided with a special short-cii’cuiting switch. Should by a 
mishap the secondary be open-circuited while current is passing 
through the primary, the core induction will rise to a very high 
value, and when the transformer is disconnected the core may be 
left with a very strong magnetic “ set ” or residual induction, which 
the subsequent weak magnetizations when the transformer is once 
more put into use will be unable to wipe out, with the result that 
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both, the magnitude and phase of the no-load current will be altered, 
and both the ratio and phase angle will suffer change. The only 
method of restoring the transformer to its original condition is to 
demagnetize it carefully by the method of reversals. 


§ 195. Induction Type Measuring Instruments 

The principles underlying the action of induction motors are 
also usefully applied in the construction of a certain class of 
measuring instruments known as induction instruments. 

Imagine a tiny two-phase two-pole stator, and for the rotor of 
the ordinary induction motor let there be substituted a fixed 
cylindrical core and a light movable cylindrical shell of aluminium 
mounted on a shaft and provided with a controlling spring and 
pointer (the aluminium shell being placed in the annular air-gap 
between the stator and the central core). If two-phase currents be 
sent through the stator winding, the aluminium shell or drum (which 
represents the rotor winding) will experience a torque, and the 
pointer of the instrument will be deflect^. 

In order to produce a deflection of the pointer, it is not necessa^ 
to have currents through the two stator windings which are in 
exact quadrature : a torque will be obtamed so long as there is a 
phase difference between the two currents, even if this is considerably 
less than 90 ^ For, if the two currents be denoted by Ii and I3, and 
if then* phase difference is 0, we may resolve Ig into two components, 
I2 sin 0 and I2 cos 0, of which the first is in quadrature with Ii, and 
the second oo-phasal with Ii. Wo may then replace the given system 
by the following equivalent system:— (1) a true two-phase system, 
represented by currents, each of ma^tude la sin 0, in quadrature 
with each other ; (2) a system consisting of currents Ii - I2 sin 0 
through the first coil, and I2 cos 0 through the second, which are in 
phase with each other. The first system will produce a rotati^ 
field and torque on the aluminium drum, the second system will 
produce a simple alternating field and no torque. 

In order to construct an ammeter of this type, the total^ current 
to be measured must be split up into two currents differing in phase, 
and these currents sent through the stator windings of the instru- 
ment. Similarly, in order to construct a voltmeter, the currents 
through the parallel-connected paths containing the stator windings 
must be arranged to differ in phase. The requisite phase difference 
is in either case easily obtained by making one of the parallel 
paths have a larger ratio of reactance to resistance than the 
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other. The general arrangement of such an instrument is shown in 
Rg. 218. 

A somewhat different arrangement, involving the same principle, 
is to be found in the so-called shaded pole type of instrument. Let 
a C"Shaped alternating current electromagnet have a metal disc 
placed between its poles, the disc being controlled by a spring and 
provided with a pointer. Let the poles of the magnet be divided 
into two parts by slots, and let a band of copper be fitted into each 



Fio. 218. — ^Indaotion Type Instnunent. 

slot SO as to surround one half of the magnet pole, as shown in 
Eig. 219. When an alternating current is sent through the magnet 
coil, secondary currents (which are nearly in direct phase opposition 
to the primary) will be induced in the short-circuited copper bands. 
The flux through those portions of the poles which are surrounded 
by the bands or shaded, being due to the resultant of the primary 
and secondary ampere-turns, will be nearly in quadrature with the 
primary current ; while the flux through the unshaded portion will 
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If-ALUMINIUM 
DISC 


COPPER 

BANDS' 


be nearly in phase with the primary current* We thus get over two 
adjacent areas magnetic flaxes, which are in approximate time- 
quadrature with, each other, and the resultant is a shifting or travelling 
flux, which pulls the disc along and causes a deflection of the 
instrument. 

The main advantage of voltmeters and ammeters of the induction 
type is that they may be made to have a very long, open scale. On 
the other hand, their readings are affected by changes of frequency,* 
and their cost is relatively high. For these reasons, they have not 
been able to compete seriously with other types, and have only been 
used to a limited extent. 

It is otherwise, however, 
with induction type integrating 
wattmeters, or energy meters, 
as these ore used more than any 
other type on alternating cur- 
rent circuits. The conditions 
to be satisfied by an induction 
type energy meter are more 
difficult to realize than those 
in the case of an ammeter or 
voltmeter. In the latter instru- 
ments, the consideration of the 
power factor of the load does 
not enter into the problem. An 
energy meter, on the other hand, 
must exert a torque which is 
proportional to the true power 
in the circuit, irrespective of the 
power-factor of the load. 

The moving element of an 

integrating wattmeter of the in- ^ i u • 

duction type consists of a disc mounted on a spindle, which is 
geared to the counting mechanism, f Acting on this dmc are two 
torques : the driving torque provided by the alternating current ^ 
electromagnets, and the resisting torque due to a permanent ' 
magnet. Since this latter torque is proportional to the speed, and 
since the driving and resisting torques are equal when the speed 
has become steady, the driving torque is also proportional to the 

* Varions inffeniona compenflatmg devices have been employed to render the 
indications of such instruments practically independent of freqnenoj changes within 

types of indnotion meter the spindle oarriee two disoe = 
acted on by the altemating-ouxront electromagnets and providing the drtWTigf torque, 
while the other is acted on by a permanent magnet and furnishes the hrnking 

torque. 9 ^ 


LAMINATED 

CORE* 



If-WINDINU'+I 
Fig. 219 .“-Shaded Pole Instrument. 
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DISC 


speed. Thnfl tlie number of revolutions during any time will be 
proportional to the energy, provided the driving torque is proportional 
to the power. 

The alternating current electromagnets consist of a aeries and a 
shunt magnet. The former repfesents the ammeter, and the latter 
the voltmeter part of the instrument. The series magnet carries the 

load current, and the shunt 
magnet is connected across the 
mains. These magnets are dia- 
grammatically shown in Fig. 
220. Let and Oa denote the 
fluxes due to the shunt and 
aeries magnets respectively, and 
let a be their time phase-dif- 
erenoe. The flux induces a 
system of eddy-currents in the 
(Hso, which are proportional 
and these are acted on by the 



SHUNT JPOLEj^ 



^VEDOY CURRENT 
PATH 


Fis. 220.— To Uloatiate Frinolple of 
Indnction Bnergy Meter. 

to and in q^uadrature with it. 


field O 2 * The phase difference between the eddy-currents and 
Oa being ^ — a, the torque exerted on the disc is proportional to 


$ifl>a 00 s Now, if V stand for the p.d, of the mains, I for 

the load current, and cos 0 for the power-factor, then the power is 
given by VI 00 s A In order that the torque may be proportional to 

the power, we must have O 1 O 2 cos ~ since 


cc V, and <I>a oc I, it follows that we must have a = Z — 0. 

A 

Hence, when 0 = 0, i.e. when the power factor of the load is unity, 

a = ^, or the shunt and series fluxes must be in quadrature with 

each other. If this condition is satisfied, we get a resultant shifting 
or travelling flux similar to that which occurs in an ordinary 
induction motor. 

Now the flux 4>a is always iu phase with the load current I. 
Nonce when the load is non-inductive, Oi— which is required in 
this case to be in quadrature with d)a, and therefore with I — must 
be in quadrature with V (since V and I are in phase with each other). 
If the resistance of the shunt magnet coil be small in comparison 
with its reactance, this condition will be nearly Wt not quite fulfilled. 


1"* ipdnees a eystem of eddy-ourrentB in tho disc which are 

“ P«>dnced is added to that arising from the 
eady-currenta induced by and aot^ on by ® 
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the flux lagging behind V by an angle slightly less than In order 

to increase the lag to exactly numerous ingenious devices have 

been proposed and used. One of the best knovm of these consists in 
providing the shunt magnet with a secondary winding, which is 
closed through a suitably adjusted resistance. The way in which 
such a closed secondary alters the angle between and V will be 
best understood by a reference to the diagrams, Kgs. 221 (a) and 



(J), the first of which shows the conditions when there is no cl(^ed 
secondary, and the second when such a secondary is present. The 
flux Oi passing through the disc is the main oirresultant flux, which 
is due to the joint action of the primary and secondary ampere-tons. 
In addition to the flux (which is nearly hut not quite in phase 
with the resultant ampere-turns) the primary is linked with a certain 
leakage flux, which is in phase with the primary ampere-turns. As 
will be seen from the diagram, by suitably controllmg the leakage 
reactance drop we can cause Y to become coincident m direction 
with its induced e.m.f. component (due to ®i), and so bring it into 
exact quadrature with Oi. 
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§ 196. Power Factor Meters 

We have already (§ 41) given a desoription of a power factor 
indicator suitable for use on a balanced three-phase circuit. We 
now propose giving a brief account of an instrument suitable for 
a single-phase circuit. 

In such an instrument, the fixed system consists of a coil carry- 
ing the load current, wliile the movable system is represented by 
two coils at right angles to each other and conveying equal currents 
in quadrature with each other. This quadrature relationship of the 
two currents is obtained by connecting one of the coils in series 
with a high non-inductive resistance, and the other hr series with a 
reactance. The general arrangement of the coils and their con- 
nections are represented in Fig. 222 {a) and (6). The movable 
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222. — ^Power Factor Keter. 
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system is not subject to any fixed control, and will remain at rest 
in any position when the instrument is not in use. 

The action of the instrument is as follows ; The currents through 
the movable system give rise to a rotating field which rotates synchron- 
ously in a definite direction (clockwise or counter-clockwise). The 
alternating field due to the fixed coil may be resolved (§ 21) into 
two oppositely rotating fields ; one of these has a direction of rotation 
opposed^ to t^t of the movable system field, and is incapable of 
interacting with it, the mean value of the torque between the two 
fields being zero ; while the other rotates in the same direction as 
the movable system field, and hence is capable of interacting with it. 
As a result, the movable system takes up a position corresponding 
to coincidence of the fields having the same direction of rotation — 
in which position the torque vanishes. If now the phase of the load 
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current changes, the rotational component of the alternating field 
which has the same direction of rotation as the movable system field 
will become displaced relatively to the latter, and the resulting 
torque will cause the movable system to move into a new position of 
coincidence of the fields. Thus for each value of the phase angle of 
the load current there is a definite position of the movable system, 
and the instrument may be used as a power factor meter. 

In order that the instrument may be reliable under all conditions, 
it is^ important that the movable coils should be as nearly alike as 
possible. The condition is difficult to secure when, as is often done, 
the one coil is slipped inside the other. In the type of instrument 
manufactured by the Weston Electrical Instrument Oo., practical 
interpenetration of the coils at the crossing-points is secured by a 
special method of winding: the first layer of the first coil having 
been wound, the first layer of the second coil is wound next, then 
the second layer of the first coil, followed by the second layer of the 
second coil, and so on, the layers of the two coils alternating with 
each other at the crossing-points, and practical similarity of size and 
shape of the two coils being thereby obtained. 

From what has been said regarding the action of the instrument, 
it will be evident that m the case of the power-factor indicator for 
balanced polyphase circuits described in § 41, it is not really neces- 
sary to provide polyphase windings for both the fixed and movable 
coils; either winding may bo replaced by a single-phase winding 
connected to one phase only. 


§ 197. Frequency Meters 

Modern instruments for determining the frequency of a current 
are of two kinds; vibrational and indicating. In the former, the 
frequency is found by noticing which of a series of tuned vibrating 
steel strips has the greatest amplitude of vibration; in the latter, 
the frequency is indicated by a pointer moving over a scale. 

In Frabm’s frequency meter, illustrated in Fig. 223, an alter- 
nating current electromagnet having a laminated core (consisting of 
a bundle of iron wires in the type illustrated) and laminated pole- 
pieces acts on a series of tuned steel springs. These are accordmgly 
thrown into vibration, and that particular spring whose natural 
frequency of vibration most nearly synchronizes with the pull of the 
magnet exhibits the greatest amplitude of vibration. In order to 
render the relative amplitudes of vibration clearly visible, the ends 
of the springs are bent at right angles and painted white, so that the 
observer sees a series of white rectangular patches arranged around 
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the circumference of a circle and standing out clearly against the 
dark background of the interior of the instrument. The patch or 
patches corresponding to the spring or springs for which the con- 
dition of resonance is most nearly fuldUed appear more or less 
elongated in a radial direction as compared with the others. 
Opposite each patch is a scale mark giving the corresponding reso- 
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nance frequency. The springs are tuned by adjusting the mass of 
the blob of solder at the bend. 

Instead of arranging the springs around the circumference of 
a circle, they may be arranged in a straight line, the magnet being 
provided with a rectangular instead of a circular pole. 

As an example of the indicating type of frequency meter we shall 
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take the Weston instrument, the general arrangement of which is 
diagrammatically represented in Fig, 224 (a), the connections being 
shown in Fig. 224 (&). The working parts of the instrument consist 
of two flat coils arranged at right angles to each other and a soft iron 
needle which moves inside the coils and whose spindle carries the 
pointer. Each coil is wound in two sections to allow of the intro- 
duction of the needle into the interior of the coils, and one of the 
coils is slipped inside the other as shown in Fig. 224 (a), the outer 
coil being of greater depth. In order to understand the working 
of the instrument, we may consider two extreme cases, viz. those of 
zero frequency and of in- 
finite frequency. When 
the frequency is zero, prac- 
tically the entire current 
will flow through the left- 
hand coil, in Fig, 224(6), 
since the resistance of the 
inductive path is negligible 
in comparison with that of 
the shunting resistance. 

On the other hand, when 
the frequency is infinite, the 
entire current will pass 
through the right-hand coil, 
the non-inductive resist- 
ance path being of negli- 
gible impedance compared 
with that of the shunting 
reactance. Hence as the frequency changes from zero to infinity*, the 
soft-iron needle moves from a position along the magnetic axis of one 
of the coils to a position along the axis of the other, i.e. through a 
right angle. It will be seen from this that the useM range of the 
instrument corresponds to a relatively small angle. 

The additional reactance (one end of which is in connection with 
terminal T 2 ) is intended to suppress any higher harmonics which may 
be present in the p.d. wave. 


nrn 

[ i I I 
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§ 198, Unbalanced Systems and Unbalance 

Factor 

Problems relating to unbalanced three-phase systems not in- 
frequently arise in practice, and in connection with such problems 
a certain artifice, to be considered presently, is very useful. This 
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in substituting for the unbalanced system two 
jijrsfeeiBfl of opposite phase sequence.* One of these, which 
termed the positive or direct phase seqvsnce component, has 
same phase sequence as the original unbalanced system ; the 
other, which we may call the negafme or r&Derse phase sequcThce com- 
ponent, has a phase sequence opposed to that of the original un- 
balanced system. 

Let in ITig, 225 (a) A, B and 0 represent the conductors of a 
three'-phaae system, and let the positive directions around the mesh 
lie OQunter-clodrwise as shown, v±, v^ and v^ denoting the instantane- 
ous values of the line p.d.s. Let the triangle ABO in Fig. 225 (6) 
represent the line voltage vectors. Eetuming now to Fig. 226 (a) 
since = 0, we may put Vz = — 'Wi — ^ 2 ? ^^8* 



Fia. 226. — Transformations of Unbalanced System. 


(a) we may substitute the equivalent Fig. (c), Now Fig. (c) may be 
analyzed into the two component systems {d) and (e). 

Considering first the system Fig. 226 {d), the voltages across BC 
and AB are, in accordance with Fig. 226 (6), represented by the long 
vectors marked BO and AB respectively in Fig. 226 {a). Now for 
each of these vectors there may be substituted two components 
making angles of 30® with the long vectors, and so we obtain the 
equivalent system of four short vectors marked BO and AB. Again, 

♦ See L. G. Stokria, Comptes Bendw, voL olix. p. 46 (1914) ; P. Muller, Mektro- 
tedhnUdhe Z&iUdhrifb, vol. xxxix. p 343 (1918) ; R. E Gilman and 0. le G. Portesoue, 
Tramactiona of the Amenoan Institute of Electrical Engineers^ vol. xxxv p. 1329 (1916) ; 
0. li. FoptesoTie, ibid., vol. xxxvti p. 1027 (1918) ; 0. J. Pechbeimer, ibid., vol. xxxix. 
p. 1469 (1920). 
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referring to Fig. 226 (d), for the zero p.d. across CA there may be 
substituted two equal and opposite p.d.s, represented by the vectors 
marked OA in Fig. 226 (a), each of these being equal lin magnitude 
to each of the four vectors just mentioned. We thus get the six 
vectors Di , Ei', Di", Ei'", Di and Ei". Denoting the instantaneous 
projections of these vectors by corresponding small letters, we may 
for Fig. 225 (d) substitute Elg. 226 (5). Again, for this latter we 
may substitute the two balanced three-phase systems represented in 
Figs, 226 (c) and (ci), the first of which has the same phase sequence 
as the original unbalanced system, while the second has an opposed 
phase sequence. 

We may deal in a precisely similar manner with the system of 


BC 



Fi0, 226. — Ajialyais of TJnbalonoed into Two Balanoed^Systems. # 

Fig. 226 {e)j the corresponding set of diagrams being shown in Fig, 
227, Fig. 227 (c) and Fig, 227 (d) giving the direct and reverse phase 
balanced components respectively of the system Fig. 225 (e). 

Thus for Fig. 225 (a) we may substitute the four systems repre- 
sented by (c) and (d) in Figs. 226 and 227. 

Taking next the two systems (c) of Figs. 226 and 227, which 
have the same phase sequence, we may combine them into the 
single system represented by the three vectors marked AB, BC and 
CA in. Fig. 228 (a). Similarly, the systems corresponding to 
Figs. 226(d) and 227 (d), both of which have reverse phase sequence, 
may be combined into a single system represented by the vectors 
marked AB, BC and CA in Fig. 228 (6). 

We have thus shown that the unbalanced system represented by 
the three vectors of Fig. 225 (6) may be analyzed into the two 
balanced systems corresponding to Fig. 228 (a) and (5). Of these 
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Via. 227. — Analysis of Unbalanced into Two Balanced Systems. 


The procedure adopted above might also be used as a means of 
actually finding the magnitudes and phase relationships of the two 



CA 


Pio. 228. — ^Analysis of Unbalanoed into Two Balanced Systems. 

balanced components of an unbalanced system. Rut once the 
possibility of such a transformation has been established, the 
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two oomponents may be found more simply by the following 
method. 

Let the three vectors marked AB, BO and CA in Eig. 229 
represent the voltage vectors of the unbalanced system (they corre- 
spond to the three sides of the triangle of vectors shown in Fig. 
225 (6)). Each of these vectors is shown as the resultant of two 
components, such that one set of components forms a balanced 
system of direct phase sequence, 
and the other a balanced system 
of reverse phase sequence. The 
analysis into the two balanced 
systems is provisionally assumed 
to have been effected, so that 
-the two component systems are 
known. Thus, the vector AB of 
the original system is shown as 
consisting of two components, one 
of which is equal to the vector 
AB of Fig. 228 (a), and the other 
to the vector AB of Fig. 228 (J). 

Similarly, the vectors lettered BO 
and OA in Fig. 229 are built up of the similarly lettered vectors in 
Fig. 228 {a) and (6). 

Suppose now that in Fig. 229 the triangle containing the BO 
vector IS rotated through an angle of 120° in a counter-clockwise 
direction, so as to assume the position indicated by the chain-dotted 
lines, and that the triangle containing the G A vector is rotated through 



Fig. 229. — Unbalanoed System of Vectors 
and its Balanced Oomponents. 



C' 


C" 

Fig, 280.— Method of finding Direct Phase Sequence Oomponents. 

the same angle but in a clockwise direction. Then the three vectors 
which formed the direct phase sequence component system become 
coincident, and their resultant is equal to thrioe the vector which 
forms the direct phase sequence component of the undisplaced 
vector AB ; while the reverse phase sequence component of AB 
together with the displaced reverse phase sequence components ol 
BC and CA form a system of three equal vectors spaced 120° apart 


I 
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? whose resultant is zero. From this it is evident that the resultant 

‘ of AB and the displaced vectors BO and CA (shown dotted) is a 

vector which is equal to the direct phase sequence component of AB 
'1 magnified threefold 

'1 We thus arrive at the following very simple method of deter- 

mining the direct phase sequence system, illustrated in Eig. 230. 
,, Draw the triangle ABC of voltage vectors. In order to find the 

direct phase sequence component of any vector, say AB, keep this 
j vector fixed, and rotate the remaining two sides of the Wangle 

' ; through 120° outwards, so as to open the triangle. This gives us 

the three vectors O'A, AB and BC". Find their resultant C'O" ; 

one-third of this represents the direct phase 
sequence component of AB. The remaining 
two direct phase sequence components (those 
of BO and OA) immediately become known, 
since they make angles of 120° with the 
component already found. 

The direct phase sequence component of 
AB having been found, the reverse phase 
sequence component also becomes known, 
since it is represented by the vector dif- 
ference between AB and its direct phase 
s^uence component. But there is a very 
simple method of determining the reverse 
phase sequence component independently. 
This is illustrated in Fig. 231, and is as 
_ ^ ^ , follows. Keeping AB fixed as before, rotate 

^fieverse remaining two sides of the triangle in- 

qudboe Oomponents. wa/rds (i.e. towards AB) through 120°. Then 
by using a construction similar to that of 
Fig. 229 * it is easy to show that the resultant of OA, AB and BO" 
in Fig. 231 represents the reverse phase sequence component of AB 
magnified threefold. 

When dealing with unbalanced three-phase systems, it is useful 
to adopt some method of expressing the extent or degree of unbalance, 
and for this purpose a quantity known as the unbalance factor has 
been introduced. The imbalance factor is defined as the ratio of the 
magnitude of the negative or reversed phase sequence vectors to the 
magnitude of the positive or direct phase sequence vectors. 

All that has been said above with regard to unbalanced voltages is 
obviously also applicable to unbalanced awrrents. 

* But rotating tha BC triangle docImlBe and the OA triangle comter-doohaiise. 
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§ 199. Power Factor of Unbalanced System 


In a single-pliaBe cirouit in which the voltages and currents obey 
the simple sine law, the power is given (§ 7) by VI cos 0, where V, I 
and cos 0 stand for the p.d., the current and the phase difference 
between these respectively ; and cos 9 is defined to be the power 
factor of the cfirctiit. 

The product VI cos 0 may be regarded as the projection on 
the horizontal axis of a vector of length VI (the volt-amperes or 
apparent power) which makes an angle 9 with that axis. The pro- 
jection of the same vector on the vertical axis is VI sin 0, and is 
spoken of as the wattless power. Thus the true or wattful power and 
the wattless power may be regarded as the two components of a 
vector representing the apparent power or volt-amperes. 

It will be evident that in a single-phase cirouit the power factor 
has a perfectly definite meaning, and that it might be defined in a 
number of different ways : 

(1) As the cosine of t^a^ngle of phase difference between the 

p.d. and current. ^ 

(2) As the ratio of the true or wattful power to the apparent 
power or volt-amperes. 

(3) As the cosine of an angle whose tangent is eq^ual to the ratio 
of the wattless to the wattful power. 

All these definitions lead to the same result, and this remark also 


holds good for a halaimd polyphase circuit. 

In the case of an v/nbala7iced polyphase load, however, the term 
power factor ” ceases to have any physical meaning, and we find that 
it may be defined in several ways which lead to results inconsistent 
with each other. This accounts for the fact that there exists at the 
present moment no generally accepted definition of the term in its 
application to an unbalanced polyphase system. 

We shall illustrate the above remarks by considering the simple 
case of a two-phase system, but the same procedure is applicable to a 
three-phase system. 

Using the suffixes 1 and 2 to distinguish the two phases, we have 

true or wattful power in phase 1 — ViT^ cos 0i 
„ „ „ » 2 — V2I2COS02 


Similarly, the wattless powers are Vili sin 0i and V2I2 shi 02 
respectively. 

Now there are a number of possible ways of defining the power-- 

factor of the system : , i . 

(a) As the mean of the power-factors of the phases, i.e. 
i(coa 01-1- 003 02)- -A- knowledge of this would not convey 
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much useful information, and the value of cos 0 ^ and hence also 
i(cos 61 + cos 62) become indeterminate when only the first phase is 
loaded. 

(&) As the ratio of the total power to the arithmetic sum of the 
volt-amperes of the two phases. This gives for the value of the 
power factor 

Vili cos 01 + ^al-a cos 02 
Vili + Vala 

(0) As the cosine of the angle whose tangent is 
total wattless power 
total wattful power 

This leads to the value 

(ViTi cos 01 + V2I2 cos 02) 

{(Vili sm 01 + V2I2 sm 0 a)“ + (Vili cos 0 i + V2I2 cos 02)^}^ 

Now it is easy to see that the denominator of the above fraction 
is the resultant of two vectors, Vili and V2I2, making angles 
01 and 02 respectively with the horizonted axis. Hence our definition 
may be put into the following alternative form : The power factor of 
an unbalanced system is the ratio of the total power to the vector sum 
of the volt-amperes. 

The three definitions (a), (6) and (c), while yielding the same 
value for the power-factor in the case of a balanced system, lead to 
totally different results in the case of unbalance of the phases. A 
considerable amount of controversy has arisen in connection with the 
best way of defining the power-factor of an unbalanced system ; the 
weight of opinion being in favour of the adoption of definition (c). 

c* 

§ 200. Phase Converters 

When a polyphase system is seriously unbalanced, various 
difficulties arise. The supply is unsatisfactory for a lighting load, 
owing to the different values of the voltages across different phases ; 
the overload capacity and the efficiency of motors are reduced ; and 
the output of the generating plant is reduced in a similar way. The 
reduction in output is immediately obvious from the fact that the 
windings of the three phases will have different currents flowing 
through them, and that one phase may have reached the safe 
temperature limit while the others are still considerably below it. 
In order to deal with these difficulties, special correcting devices 
are sometimes used which are known as phase comertm. 

One type of phase converter which has been adopted in practice 
is the shvmt synchronom phase converter,^ In order to understand 
* General Electrie Review, 70 I. xx. p. 479 (1917). 
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the action of such a machine, we may suppose that across the 
termiiials of the generator supplying the unbalanced load there is 
connected an ideal synchronous motor whose windings are of 
negligible impedance. Since the e.m.f.s generated by the three 
phases of this motor are equal, and since there is no drop in the 
machine itself, its p,d.s will be equal to the e.m.f.s, and will therefore 
form a balanced system. Hence such a machine — if one could be 
obtained — would necessarily impress a lalcmced system of volbB^es 
on the mains. But if the terminal voltages across the generator 
become balanced, the mrrentB which the generator supplies to the 
network must also be balanced, How since the load currents are un- 
balanced, it follows that the currents in our ideal motor must form a 
balanced system of opposite phase sequence to that of the currents 
supplied by the generator. By 
impressing a balanced system 
of voltages on the mains, the 
ideal motor acts as a 'phas^ 
voltage lalancer. The generator 
phase sequence currents when 
added vectorially to the ideal 
motor currents of reversed phase 
sequence yield the unbalanced 
load currents, and in spite of an 
unbalanced load the generator 
voltages and currents remain 
constant, and the generator 
maintains its full overload 
capacity. 

How although a synchronous 
motor with negligible impedances of its windings is an impossibility, 
its equivalent may be obtained by using an ordinary synchronous 
machine and injecting into its windings e,m.f.s exactly sufficient to 
neutralize the drops. But since the drops are due to currents of 
opposite or reversed phase sequence (as compared with the generator 
currents), it follows that the injected e,m.f.s must also be of revemed 
phase sequence. Such e.m.f.s are provided in practice by an auxiliary 
generator which has been termed a voltage balancer, and whose 
windings are connected in series with the windings of the phase 
converter. The voltage balancer is driven by the converter, to 
which it is mechanically coupled. The em.ts generated by the 
voltage balancer must obviously be sufficient not only to compensate 
for the drops in the phase converter, but also for those in the 
voltage balancer itself. The general arrangement ^ of connections 
of such a phase converter set is shown in Fig. 232. 

The shunt type of phase converter just described is suitable for 
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securing balanced voltages and generator currents for an entire 
system of distribution. Where it is desired to prevent the un- 
balancing effect due to a large locaZisied single-phase load, another 
type of synchronous converter, termed the series phase converter ^ is 
more suitable. This type of converter consists of a two-phase 
synchronous machine one of whose windings is connected in series 
with the single-phase load, the two-phase currents required for the 
converter being obtained by the use of a X-connection in conjunction 
with an auto-transformer. The arrangement of connections will be 
understood by reference to Pig. 233 (a), the topographic and voltage 

vector diagram being shown in 
Fig. 233 (i). Phase OB of the 
converter contains 1-732 times 
the number of turns in phase 
OD, so that the voltage of 
phase OB is \/3 times that 
of phase OD. The p.d. across 
the load is equal to the line 
p.d. The positive directions 
of the p.d.s and currents 
being those indicated by the 
arrow-heads in Fig. 233 (a), 
the correct direction of the 
arrow-heads in the voltage 
vector diagram are those 
shown in Fig, 233 (6). Let 
is and ic stand for the 
three line currents, i for the 
000 n »■ 4 TT I T.- load current, and iao for 

Pis. 233, — Oonneotionfl aud Veolor Diagrama . , j. i • A x. 

of Series Phase Converter. ^he current flowing througu 

the half AO of the auto-trans- 
former winding, instantaneous values being understood. Then we 
must have the relations 



^ A + 4 -h ^ = 0 (1) 

^'Ao + — 0. • • . • . • • (2^ 

Further, if we neglect the magnetizing current of the auto-trans- 
former, we have approximately 

iAo = ic (3) 

Let us assume, for the sake of simplicity, that the load is a non- 
inductive one. Then i will be in plmse with the p.d across AD, 
and will therefore be represented by a vector I (see Fig. 233 (c) ) 
parallel to DA in Fig. 233(6). Now a reference to Fig. 233,(6) 

shows that a current in phase with DA will be in phase opposition 
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to 00 this means that i flows in a direction opposed to the p.d. 
across DO, and hence in the direction of the (the p.d. and e.m.f. 
balancing each other if the drop in the winding be neglected). But 
if i flows in the direction of the e.m.f. generated by the phase DO of 
the converter winding, this phase must act as a g&n&irator, supplying 
power to the load. Hence, neglecting losses, the phase BO, which 
must act as a motor ^ receives an amount of power eq[ual to that in 
CO ; but since the p.d. across BO is y'S times that across CO, it 

follows that the current in BO is times that in 00. Further, 

V3 

the phase BO being the motor phase and hence absorbing power, the 
current in it will be in phase with the p.d. (and not with the e.m.f. 
as in phase CO), and hence will be represented by a vector Ib 
(F ig. 233 (c) ), parallel to the vector OB in Fig. 233 (6) and equal to 

Next, using equations (2) and (3) above, we have 
^AO = ifl = ^(^ 4* ^b) 

which means that in the vector diagram = io is represented by 
a vector Io equal and opposite to the resultant of I and Ib. This is 
easily shown to be a vector equal in length to Ib and 120° ahead of 
it. Lastly, equation (1) shows that is represented by a vector 
Ia equal in length to Io and Ib and making angles of 120° with them. 

It is thus seen that the arrangement shown in Fig. 233 enables 
us to deal with a single-phase load without disturbing the balance of 
the three-phase system. 

The phase converters so far described are machines of the 
synch/ronou8 type. Instead of these, Mibction or synchropous 
machines might be used. An interesting form of induotion jphase 
converter, which is in actual use in practice, is the single-phase to 
three-phase converter. It is employed in connection with electric 
railways for obtaining a three-phase supply for the motors (which 
are three-phase induction motors) from a single-phase high-voltage 
line. The converter is primarily a single-phase to two-phase 
converter, but a three-phase supply is obtained by the use of the 
Scott T-conneotion(§ 66). The general arrangement of this type 
of converter is shown in Fig. 234(a), in which S 2 S 2 denotes the 
secondary winding of a single-phase step-down ti’anstbrmer (D being 
the middle point of the winding), and AB and CD are the two -phase 
stator windings of an induction machine provided with the ordinary 
type of short-circuited rotor. The topographic diagram of the system 
is shown in Fig. 234 (6). A converter of the type considered, which 
transforms single-phase into two-phase currents, is sometimes termed 
a quadrature phase converter. 

The action of the converter depends on the fact that a rotating 
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squirrel-cage transforms an alternating magnetic field into a rotating 
one. This action may be explained as follows. Consider first a 
squirrel-cage which is rotating very slowly in a steady magnetic 
field occupying a fixed position in space. Owing to the low frequency 
of the e.m.ts induced in the rotor conductors, the currents in these 
conductors will be practically in phase with their am.f.s, and hence 
the magnetic axis of the rotor currents will be in space quadrature 
with the field ; in other words, the rotor currents will give rise to 
a cross-field, but will exert no direct magnetizing or demagnetizing 
action on the impressed field. 

Consider now the other extreme — that in which the rotor is 
running at a very high speed in a steady field fixed in space. Owing 
to the high frequency of the e.m.f.B in the rotor conductors, the 
currents will now practically be in time quadrature with their 
6.m.f.s, and the magnetic axis of the rotor currents will be coincident 
in position wdth that of the impressed field and in direct opposition 
to it. We now have no appreciable cross-field, but only a direct 
demagnetizing effect. 



Fi«. 284.— Phase Converter for obtaining Three-Phase 
Onrrenta from Single-Phaae Supply. 


_ To sum up, then, we may say that slow rotation of a squirrel-caffe 
m a steady magnetic field produces no appreciable demagnetizinff, 
but only a distorting, effect on tbe field ; while rapid rotation results 
in practical wiping out of the impressed field. 

depend on the relative motion of the rotor and 
tne field, they will obviously continue to exist if, the relative 
vdooity reaming unaltered, a velocity of the same magnitude and 
(fireotion be impressed on both rotor and field, 

squiirel-oage rotor is made to rotate in a rotaUng 
f differing greatly from that of the field 

® cross-field; but the 

^ X?® be appreciably 

affected. On the other hand, if the rotor speed be made to differ 
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greatly from the field— corresponds^ tO a high relative spee4 

between the two^be original field will be Urgely wiped ant. 

We may now pass to the case of a squirrel-oi^e rotatibog iitiran 
alternating impressed field. As is well faiown, si^ a field may be 
replaced by two e<inal and oppositely rotating fields. If now the 
rotor is made to run ia the direction of one of the component fields 
at a speed not differing greatly &om that of this component^ the 
value of the component will remain practically unaltered ; while Sie 
other component, whose direction of rotalaon is opposed to that of 
the rotor and which consequently has a high speed of rotation 
relatively to it, ^^dll be practically wiped out. The final result, then, 
ia a conversion of the ori^nal impressed alternating field into a more 
or less pure rotating field which has the same direction of rotation in 
space as the rotor- 

From the above it will be evident that in the case of a single- 
phase induction motor the field when the motor fa running at its 
normal speed fa practically a rotating field, and if the stator fa 
provided with a second winding arranged in space quadrature to the 
fimt winding, an e.m.£ will be induced in the winding which fa in 
time quadrature with that in the first winding. By connecting a 
two-phase load across the two windings, a two-phase supply becomes 

available. ^ ^ n -o* no 

A reference to the topographic diagram of Fig. 234 (J) shows that 
if the triangle ABO fa to be an equilateral one, the e.m.f. induced in 
the winding AB must be to that in the wmding CD as 2 : \/S* 

Accordingly, the number of turns in CD is times that in AB. 
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Appendix i (see p, 47) 

Plttz Wavbs S>to to Vabious Types of Polyphase WiEHnsras 

To slia^ of FQlnUant travelling wave produced by a polyphase 
winding depends oi| the number of slote per pole per phase. In orcfer to 
explain the method to be used in deterrrvlpijig die nature of the resultant 
wave, we shall take the simple case of one slot per pole per phase. We 
shall suppose the currents traversing the windings to vary in time accmrdr 
ing to the simple harmonic law ; so that the instantaneous currents may 
be represented by the projections on a fixed straight line of three rotating 
vectors making angles of 120° with each other. We shall further assume 
that the air-gap of t^ machine is uniform along the entire circumference, 
and that the reluctance of the iron path is negligible ; so that induc- 
tion or flax density at any point of the air-gap circu^erenoe is propor- 
tional to the magnetic p.d, across the gap at that point. ^ Lastly, we snaU 
assume the slots in which the winding is arranged to be infinitely narrow. 

Oonsider first the conductors belonging to one phase. With one slot 

S er pole, we have an arrangement of (infinitely narrow) groups of con- 
uctors the direction of the current in which changes sign as we pass irom 
one group to another. Oorresponding to these space reversals of current 
we have space reversals of the flux ; and from &0 symmetry of ^ the 
arrangement it is not difficult to see that the points of flux reversal Ue on 
the middle jilanes of the (infinitely narrow) slots. Referring to Fig. A, 
let AA! represent the middle line of a slot belonging to a certain phase 
(the slots belonging to the other phases are not shown in the diagram). 
Then along AA' the tangential component* of the magnetic force is eveiy- 
where zero. Consider now any pomt P in the air-gap, and draw a radial 
line through P. This line represents the line of force passing through P. 
Connect the extremities of this line with A and A' by means of any lines 
(shown dotted in diagram) drawn arbitrarily inside the iron, and consider 
the m.m.f. around the closed path APA'A so formed. Since the drop of 
magnetic potential along AA^is zero (the tangential magnetic 
zero at every point of it), and since similarly the drop along the dotted 
portions of the path is zero (owing to the assumed infinite permeability of 
the iron), entire m.m.f. is represented by the magnetic potential 

* I e, the oomponent along AA'. 
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difference across the opposing iron surfaces at P. But the is 

equal to 47r x total o*g.s. current linked with the closed curve. Hence 

Magnetic p.d. between } - ^ ^ 

iron surfaces at P j = ^ t ampere conductors per slot 

= *628 X ampere-conductors per slot. 

Now it is obvious that this magnetic p.d. will, with the one slot per 

? ole per phase arrangement assumed, remain constant for aU positions of 
untU the next slot is reached. On passing this slot, we see that the 
magnetic p.d. changes sign (consider chain-dotted lines and closed curve 
AP A' A), and again remains constant until the next slot (belonging to the 
same phase) is reached ; and so on. 



Fig. a. — B howhig Bietribution of Magnetic P.D. due to One 
Pliaae of 'UniBlot Three-Phase Winding. 


THie magnetic p.d. may therefore be represented by the rectangular 
curve shown in the lower part of the diagram; and. since the magnetic 

force = magnetic inductioa = P’*^' the same curve will also, to 

length of gap » 

ft different Bcale, represent the distribution, of the magnetic force or induc- 
tion in the gap due to the current in one phase. 

_ We are now in a position to consider the resultant effect due to the 
joint action of all three phases. In Fig. B (a) are shown the positions of 
the infinitely narrow slots of all three phases, the diffei’ent phases beino- 
indicated by fall, interrupted, and dotted lines. The next diagram {&) 
shows the various component magnetic p.d-s and the resultant pTd. *" (or, 
to a different scale, resultant induction) due to the joint action of the 
thi-ee phases at the instant when the current in the full-line phase has 
reached its maximum positive value. The succeeding diagrams (c), (d), 
(fl), and (/) show the components and the resultant at successive instants’ 
separated by intervals of Ath of a period (corresponding to advances of 
the rotatmg vectors through 16°). 

• Indicated by a heavy line. 







Fia, B. — Progression of Wave due to XJnislot Three-Phase Winding. 
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It \ 7 ill be seen that daring the |th of a period corresponding to the 
diagrams the resnltant ware changes its shape considerably ; this change 
of shape is accompanied by a variation in the total flnz per pole amonnt- 

ing to abont 18 per cent. 

1^. 111 a t 1 1 


I I 


(a) 


I 


I 


After |th of a period the 
wave returnfl to its origi- 
nal shape, after having 
advanced through Jth of 
a wave-length. 

^ The principle under- 
lying the construction of 
the diagrams of Kg. B 
may be applied to more 
complicated cases — e.g. to 
that of two slots per pole 
per phase. In Fig. 0 (a) 
IS shown the arrangement 
of slots for this case, 
, „ . , while Fig. 0 (^>) gives the 

shape of the component due to the full-line phase alone. By drawing 
the components due to the other phases and finding the resultant, and 
repeating the^ construction for instants separated by eoual successive 
intervals^ of time as in Fig, B, it will be found that the resultant wave 
changes its shape much less, that it forms a much closer approximation to 

a sine wave, and that the flux per pole varies to a muoh smaller extent 

1 


( 5 ) 


Fio. 0, — Showing Distribation of Magnetic P.D. due 
to One Phase of a Three-Phase Winding haying 
Two Slots per Pole per Phase. 


than with one slot per ; 


phase. 


In general, it will be found that the more the winding is distributed, 
the closer is the approach to a sine wave, and the less the variation of 
wave-shape and flnx per pole. 


Q 


APPENDIX II (see p. 47 ) 

Topoq-riphio Method and Phase Sequence 

A method which is extremely helpful in problems relating to polyphase 
^steins is that known as the topographic method^ so called by its originator 
0. P. Steinmetz. ^ ’ 

The method is essentially a method of representing the vai'ying 
potential and potential difPerences of alternating current systems. 

Ooasider any point P of a circuit, and suppose that its potential varies 
acoordmg to the simple harmonic law between a certain maximum and a 
cerfcm minimum value. Then the simplest graphical method of repre- 
senting the variations of potential is as follows. Describe a circle having 
Its c^tre on the vertical axis at a distance above the origin equal to half 
the algebraic sum of the maximum and minimum values of the-potential, 


APPENDIX II 


393 


and of radius equal to half the algebraic diffe/r&nce of bh6se values. Let 
a point move round this circle at a constant speed corresponding to the 
frequency (one revolution per cycle) ; then the vertical distance from the 
horizontal axis of the point in the circle gives the instantaneous value 
of the potential of P. 

Take, the case represented in Pig. D (a). Here we suppose that 
AB is a winding in which an alternating e.m.f. is being generated, the end 
A of the winding being earthed^ so that the potential of A is always zero, 
and in the topogiiiphic diagram will be represented by the origin. The 
potential of B will fluctuate 
between a certain maximum 
positive vulnc and an equal 
negative value, and in the 
topographic diagram will be 
ropreseiited by the ordinate 
of the point B whicli dc- 
Hcribes a circle about the 
origin, of radius equal to 
the maxiuium numerical 
value of the potential of B. 

Similarly, blie potential of 
any otlier point such os P 
in the winding is repre- 
Beuted by a corresponding 
])oint P in the topographic 
diagram. 

If now wo suppose both 
A and 11 iiiRulaLed, but the 
inid-pf)int M of the wind- 
ing earthed, then the topo- 
gmpliic diagram assumes the 
form shown in Fig. D(&). 

fl’lie topographic diagram 
is osseutially a diagram of 
points : corresponding to 
each point in the circuit 
diagram (left-hand diagrams 

in Pig. D) there is a certain point in the topographic diagram. The 
aHScrnbluge of points which form any portion of a circuit corresponds 
to an assemblage of points in the topographic diagram which form a 
continuous curve. 

If wo suppose that the e.m.f .s induced in the various portions of the 
circuit AB iii l<hg. D (a) are in phase with each other, the potentials of the 
various points will reach tlieir maxima values simullaiisoitsly^ and hence in 
the topograpliic diagram the corresponding points must lie on the same 
Htruiglit line AB. The topographic diagram of the circuit is thus in this 
case a straight line. In general, the topographic diagram of a circuit is 
represented by.a curve. 



CIRCUIT D»AGR/U^9 TOPOGRAPHIC DIAGRAMS 

Fig. D.— To illastarate Principle of Topograpluo 
Ketliod. 
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The most valmlle feature of a topographic diagram is the fact that the 
r.m.8. p,d. ietwem any two points of a circuit is proportional {and^ to a suit- 
aUle scale, equal) to the length of &e line joining the corresponding points in 
the t^ographic diagram. 

Take, for example, the points P and B in the left-hand or circuit 
diagram of Fig. D (a). Corresponding to these we have the points P and 
B in the right-hand or topographic diagram. Since the insbantaneous 
potentials of P and B are given by the distooes of their vertical projections 
from the origin, the instantaneous p*d. between them is the difference of 
these distances, and this is equal to the projection on the vertical axis of 
the straight line joining P and B. Hence, to a suitable scale, the length 
of PB (which gives the maximrim value of the p.d.) may be made to 
represent the r.m.s, value of the p.d. 

^0 above property of the topographic diagram allows of its being 
readily transformed into an ordinary vector diagram of voltages. We 
have merely to affix an arrow-head to the straight line joining any two 
points of the diagram in order to obtain the ordinary voltage vector which 
repr^ents the p.d. between those two points (and whose projection on the 
vertical axis determines the instantaneous value of the voltage). In so 
transforming a topographic into a vector diagram, it is necessary, in order 
to avoid confusion, to correlate the vector diagram with the circuit diagram 
in a perfectly definite manner, as follows. 

We first draw the drcuit diagram. This is a diagram showing the 
connections of the circuit, and also, by means of arrows, {he directions 
which a/re assumed as positive. 

We next constmct the topographic diagram, and in transforming it 
into a vector diagram we have to choose the directions of the arrow-heads so 
as to make the vector diagram consistent with the circuit diagram. 

This general principle will be best understood by the consideration of 
a particular case, and we shall select as our example a star-connected three- 
phase circuit with earthed neutral. The diagrams relating to this case 
are shown in Fig. D (c). In the circuit diagram, we have assumed the 
directions of the star p.d.fl positive when acting outwards, and the 
directions of the line p.d.B positive when acting in a counter-clockwise 
direction. Considering next the topographic diagram of the four points 
0, A, B, 0 in the circuit diagram, it is obvious that, owing to the earthing of 
the neutral, the point 0 will be represented by the origin in the topographic 
diagram ; and owing to the symmetry of the three-plmse system, the points 
A, B and 0 of the circuit diagram will be represented by three points 
eq^uidifltant from the origin and situated at the corners of an equilateral 
triangle. The numerical values of the star and line p.d.8 will be re- 
presented by the six lines joimng the corresponding points in the topo- 
graphic diagram. In order to complete the conversion of the topographic 
into a vector diagram, the lines must he provided with arrow-heads. This 
is easily done as follows. Taking the particular position of the (rotating) 
topographic diagram shown in the figure, and considering the star p.d, across 
00, we notice that since 0 is above 0 in the topographic diagram, it is at 
a higher potential than 0, so that at the instant considered" the p.d. across 
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00 m the mcuit diagram acts in the direction 0 to 0, and is therefore 
negative. Hence the (rotating) vector in the vector diagramw hich 
represents the p.(i, across 00 must at the instant considered give a negative 
projec^on on the vertical axis, and hence in the topographic diagram the 
arr(^-head attached to 00 must point domnwards. Similar considerations 
enaule us to determine the correct directions of the arrow-heads for the 
other lines, which are as shown in the figure. 


Determination of Phase Sequence. 

W e shall illustrate the use of the topographic diagram by applying it to 
the solution of what is in many cases an important problem — that of 
determining the 'phase sequence of the phases of a three-phMe system. In 
such a system the potentials of the three line wires reach their maxima 
positive values in a definite order- Denoting the line wires by A, B and 0, 
this order may be either ABO or AOB. 



Fig. E. — Method of determining Phase Sequence. 


One method of determining the phase sequence is to use the arrange- 
ment shown in Fig. E (a).* Here A, B, 0 are the line wires, AD a non- 
inductive resistance, and DB a pure reactance ^ual to the resistance. T 
is a voltmeter oonneoted between the junction of the resistance and 
reactance and the remaining line wire. The voltmeter reading is compared 
with the line p.d., and from their relative magnitudes the phase sequence 
may be inferred, as will be shown presently. 

Assume first that the phase sequence is ABO. Then the corresponding 
points in the topographic diagram must reach their highest positions in the 
above order, and the topographic diagram of the mains is as shown in 
Fig. E (b). The positive directions being assumed to be those shown in 
Fig. E (a), the arrow-heads of the three line voltage vectors are those 
shown in diagram (b)- Assume, for the sake of simplicity, that the volt- 
meter V is an electrostatic one or that the current taken by it is negligible, 

* W. V. Lyon, Eloctrieal World, voL Ixix. p. 968 (1917). 
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SO that the current in AD is identical with that in DB. Then this current 
must (owing to the equality of resistance and reactance) lag behind the 
voltage BA by 45°, and may be represented by the vector I. Again, since 
the voltages across AD and DB in diagram (a) must be equal and in 
quadrature with each other, and since their resultant must equal BA in 
diagram (&), the point D in the topographic diagram must be equidistant 
from B and A, and must lie on a circle describe on BA as diameter. ITow 
there are two possible positions of D which satisl^ the above req^ements, 
one being above BA and the other below. To determine the correct 
position, we notice that the voltage vector representing the p.d. across 
AD must be parallel to I ; hence D must lie alove BA as shown, and the 
voltage OD read by V will be less than the line voltage, and equal to about 
37 per cent, of that voltage. 



Fiq. F. — ^Method of determining Phase Sequence. 


If the phase sequence is BAG, the topographic and vector diagrams are 
as shown m (c), the point D^being now helow AB, and the voltage OD 
greaiSr than the line voltage (being about 137 per cent, of that voltage). 

Another method of deteimining the phase sequence in a three-phase 
system is shown in Fig. F (a).* The only apparatus required are two 
incandescent lamps Lj and L 2 and a reactance connected as shown. The 
normal voltage of the lamps should be half the line voltage, so that when 
connected in series across AB, with the reactance disconnected, they would 
be equally and fully incandesced. The topographic diagram of the mains 
would be the usual three vertices of an equilateral triangle ABO, while the 
point corresponding to the junction D of the lamps would be represented 
by the mid-point of the straight line joining A and B. If we now trans- 
form the topographic into a vector diagram, then the p.d. across DO will 
be represented by a vector normal to AB (so long as the points 0 and D are 
not connected through a reactance). If next we suppose a reactance 
conneci^ across CD, and if in the first instance we neglect the shift of the 
pomt p in the topographic diagram which results from such connection, 
thmsmce the current in the reactance lags 90° behind the p.d., this current 
will be added to that in one lamp, and subtracted from that in the other. 

* T. W. Waley, Meotrical World, vol. Ixix. p. 466. 
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Ofie.Jamp more brightly than the other, and from the 

topogp^pbic^ft^aiiis (J) (c^ of Fig. P it will be seen that with a phafla:* 

seq^xse ABO the briM ooMected to B wiU be the brighter, whereas w^ 
a phase seqaes&oe BA0' that connected to A will be wie brighter. As a . 
consequence of the inoreaise in one lamp current and dec: 
the point D in the topographic di^am gets shifted to 
this alters the phase of Sie vector DO, the phase of the 
will also change^ eo that D will also suffer an upward 
occupy the position shown in the diagram. 

The two methods described are by no means the only ones which may 
be employed for determining phase sequence, but they have been selected 
on account of th^ extreme simplicity. 

By some writers the term phase rotation is employed to denote phase 
sequence. 


rease m the other, 
the right, jnd as 
reactance cKrent 
displacement, wd 


APPENDIX III (see p. 60) 

Two-Wattmbtee and Othbe Methods oe MBAsuEmo Powee m 
BajjA.woed Three-Phase Omoum 


The variations ip the readings of the two wattmeters used in the two- 
wattmeter method of power measurement as applied to a balanced load of 
vwiable power factor are shown in Fig. G. A reference to Fig. 43 will 
show that of the two currents, Ij and 13 , 
which flow through the current ooila-pf the 
wattmeters, I^ leads and I 3 lags. may 
therefore speak of the current coil correspond- 
ing to Ij as being in the Ua^Kkg phasOy and 
of that oorresponaing to la as beiM in the 
lagging phase, and the curves of Fig. G marked 
“ leading phase ” 4nd ** lagging phase ” refer 
to the wattmeter readings corresponding to 
Ii and la re^ctively. 

In Fig, H is shown an alternative method Fig. G.— Balanced Load Eead- 
of measuring the power in a balanced three- ings of Wattmeters in 

phase circuit. A single wattmeter is used, Two- Wattmeter Method of 

with its current coil in one of the line wires. Measurement. 



A reading is first obtained with the voltage coil connected as shown by 
the full lines in Fig. H and then the voltage circuit is transferred 
to the position shown dotted. The first reading is VI cos (30°— 0), and 
the second VI cos (80®+^), as will be evident from Fig. H {p). The sum 
of the two readings therefore gives the total power (§ 30). 

When — as is usually the case — potential and current transformers are 
used in connection with the wattmeter, then a single wattmeter is sufficient 
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for the measurement of the total power, provided the load is halanced. 
The method of connections used in this case has been termed the reversed^ 
Y method. 

There are two varieties of the reversed-Y method : in the one, two 



— Power iMeaBTuement in Case of Balanced Three-Phase Load. 


potential transformers and one current transformer are used ; and in the 
other, two current transformers and one potential transformer. 

Referring to Pig. H (6), consider the two sides AB and BO (which 
togeriier form a “ Y ”) of the triangle of vectors, and suppose that the 
vector BA is reversed. Then the resultant of OB and BA reversed is a 
vector parallel to OB and equal to VsY, where Y is the line voltage. If, 



(a) ( 2 ) 

Fig. I. — Single- Wattmeter (Beversed-V) Methods of Power MeoBiirenient in Balanced 

Three-Phase Oironit. 

then, the current coil of a wattmeter is traversed by the current I 2 (Fig. H), 
and if its potential circuit is acted on by a p.d. which is the resultant of 
Yi_ and Ys reversed, then the reading of the wattmeter will be equal to 

y 8Y I cos 5, which gives the total power (I denoting the value of the 
line current). 


TO LOAD 
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TMfe rGSultant of OB and BA reversed fa easily obtained by the nse of 
^tential transformers, the primaries of whidi are connected across AB ^ 
«Sid BO, while the secondaries are connected so as to g'ive the required ^ 
resultant, ^e arrangement of connections is shown in Fig. I (a). 

Oonsldering next the second variety of the reversed-V method, suppose 
that wo send a current through the wattmeter current coil which fa -the 
resultant of I 2 and I8^ever8ed. Then it is easy to show that the mag^Stude 
of this current fa V8I, and that it fags behind CB by the angle 6 (see 
Fig. H). If, then, the potential coil fa subjected to the action of Vi', and 
if the current coil fa traversed by a current which is the resultant of Is and 
Ig reversed, the wattmeter reading will be VSVI cos 0 , whig^agaw,. 
represents the total power. The arrangement of connections*' for thfa-caso 
fa shown in Fig. I (S). ^ ^ 




APPENDIX IV (see p. 126) ' * 

The Maonbtio Peopbrtibs op Lohts ajstd STALLdt''^ 

Stalloyhas not only a much lower hysteresis and eddy-current loss than 
Lohys, but — for the range of inductions employed in transformer work — 
a higher permeability. The following table contains corresponding values 
of S and H for Lohys and Stsdloy 


H = 0-6 J -0 1*6 2*0 2*6 


3*5 M*0 4*5 6 0 5*5 


Lohys 900 4,000 6,200 7,460 l;360 9,000 9,600 10,000 10,600 10,960 11,840 


StaUoy 2,600 6,000 6,600 7,900 9,000 9,860 10,260 10,600 10,860 11,100 11,460 


The following table shows the loss, in watts per lb. of material, for 
various thicknesses of sheets, at an induction of 10,000 and a frequency 
of 60. 


Loss in wattB/Ib.< 


0*014 

0*016 

0 018 

0*020 

0*022 

0*024 

0 026 

1*36 

1*44 

1*66 

167 

1*81 

1*96 

2*13 

0*72 

0 766 

0 788 1 

0 82 

0*852 

0*886 

0*92 
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The relation connecting the loss per lb. 'with B, for stalloy sheets 0*018 
inch thick, at a frequency of 25, is as follows ; — 


B 

3,000 

4,000 

6,000 

6,000 

7,000 

8,000 

9,000 

10,000 

11,000 

12,000 

13,000 

Loss in watts/lb 

0-047 

0 070 

0-100 

0-140 

0*180 

0-230 

0-290 

0 860 

0-41 

0 49 

0-67 
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Methods Cooling- Tbajstsformbrs and Pbhyention of Sludging 

Methods of cooling which involve the use of running machinery are 
unsuitable where large transformers are required to work without frequent 
supervision — as in the case of outdoor substations. This has led to a 
development of the self-cooling method which has made it applicable to 
transformers of very large output (up to about 8000 k.v.a.). The difaoulty 
of applying the simple self-cooling method to large transformers arises 

from the fact that the cooliner 

p f ... . 

^flange welded to tank 
-"CONNECTOR 



/ 


TOP HEADER 


“) 


surface of the containing tank, 
even when provided with ribs, is 
insufiScient for the purpose. It 
accordingly becomes necessary to 
increase it, and this is done by 
attaching to the tank a number 
of radiators (from 8 to 24, ac- 
cording to the size of the trans- 
former^ This arrangement is 
shorn in Fig. J, Each radiator 
consists of a number of steel tubes 
of elliptic cross-section welded to 
, , -j j headers. Both the tank and 

the h^ders are provided with standard pipe flanges, and the radiators 
mu .5® the tank through cast-iron connectors as shown in Fig. J, 
The hot_ oil wmch rises to the top of the tank passes through the con- 
necfcors mto the top headeis of the radiators, thence down Qie radiator 
tubes, where it is rapi^y cooled, and finally, through the bottom headers 
and connectors, back mto the tank. lioauem 

One of the most serious troubles connected with the use of oil as a 
raolmg and iMulating medium in transformers is that known as « slndeins ” 
This consists m the formation of a deposit or sludge on the core, windings. 


STEEL TUBES 
I WELDED TO HEADER^ 

CROSS-SECTION OF TUBE-*^ 

Fig. j. — General Arrangement of Radiator 
Transformer Tank. 
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and containiD^ tank, which prevents the free passage of heat from the 
core and windmgs to the oil, and by blocking the oil oircnlation channels 
impedes the free circulation !of oil — both effects resulting in a greatly 
increased temperature rise of the windings and core, ^he nature of the 
deposit or sludge varies neatly: sometimes it is a soft light-coloured 
mud, at other times a hard dark-Coloured substance. Experimenti^ seems 
to indicate * that the formation of sludge is due to the oxidizing action of 
the air with which the oU is in contact, and that this action is accelerated 
if the oil is in direct contact with bare copper conductors. 

In order to prevent sludgLog as far as possible, a device known as 
an oil conservator has been fitted to some large modem transformers.! 


OIL 




rr 


SUMP- 


TRANSrpRMER TANK 
COMPLETELY FILLED WITH OIL 





1<-gauge 

GLASS 


1 

MOJr DRAIN COCK ' 


•CALCIUM CHLORIDE 
BREATHER 


Fio. K.— Oil Oonservator, 


The object of the “conservator’* is to reduce greatly the actual area of 
contact between oil and air. The arrangement will be understood by 
reference to Fig. K An ordina^^ transformer tank cannot obviously 
be filled completely, as allowance^mm be made for the changes of volnme 
due to temperature changes. In the “oil conservator” metnod the tank 
is complete^ filled, and the small free surface of the oil is in the cylindrical 
vessel which forms the oil conservator. As the volume of the oil expands 
or contracts, air is expelled from or sucked into the upper part of the 
oonservator. In order to prev^t moisture from passing in with the air, a 
vessel filled with calcium chloride is provided, and the “ breathing ” of the 
transformer takes place through the calcium chloride. 

* A. Q. Miohie,' Journal )of tlie Institution of Mecirioal En^neers^ vol. 11. p. 213 
(1913). 

t General MeetHe BevieWf vol. xxi. p. 556 (1918). 
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APPENDIX VI. (see p. 134) 

PHASE-SHIFTIIfa TEAESEOaMEES 

In certain important classes of measurements, it is necessary to have 
some means of cnanging the phase relations of one polyphase (or single- 
phase) system relatively to another in a continuous manner. For this 
pui^pose, phase-shifting transforme/r or pha8e-sh%fteT is used. The general 
principle of such a transformer is easily understood. The transformer has 
two laminated cylindrical cores, one inside the other, as shown diagram- 
matically in Fig. 81 on p. 41 (the arrangement resembles the stator and 
rotor cores of an ordinary polyphase induction motor — see Chapter Till.). 
The ** stator” carries a polyphase primary winding, and the “rotor” a 
polyphase secondary (of which only one phase may be used if desired). 
The “rotor” is not allowed to rotate when the transformer ia in use, but 
may be placed in various positions relatively to the “ stator ” (by means 
of suitable worm gearing actuating the “rotor”). The stator currents 
give rise to a rotating field which sweeps across the secondary and 
induces e.m.f .s in it. At a certain instant, the e.m.L iu a certain phase 
of the secondary will reach its maximum value. If now we rotate the 
secondary in the direction of field rotation into a new position, it is 
evident that the maximum e.m.f. in the secondary phase under considera- 
tion wiH occur lai&fy Le. the e.m.f. of that phase has been retarded. 
Similarly, the e.m.f.s of the remaining phases of the secondary have also 
been retarded. By rotating the secondary against the direction of field 
rotation, phase acceleration of the secondary e.m.f.s is obtained. 

In order to avoid the complications which would arise from the 
presence of higher harmonics, the primary winding of each phase is 
distributed in the core slots in such a manner as to give rise to a practi- 
cally pure sine wave distribution of the magnetic flux in the air gap. 


APPENDIX VII (see p. 174) 

Weston Synoheosoope 

One of the most recent forms of synchronizer is the Weston Synchro- 
scope, This consists of a wattmeter movement, the fixed element of 
which is connected in series with a non-inductive resistance and across 
the bus bars (generally through a potential transformer), while the 
movable element is connected in series with a non-inductive resistance 
and condenser, and across the terminals of the incoming machine (through 
a potential transformer). The ariangemeut of connections h shown in 
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Fig. L (a), where FO denotes the fixed coil or element, and MO the 
movable coil. This latter is, as in a wattmeter, controlled by a spring 
and carries a pointer. 

Imagine the FO and MO circnits connected in parallel to the BaynA 
source of e.m.f.— say^ across the bus bars. In Fig, L (b) is shown the 
volb^e vector V which acts on both circuits. The current in FO lags 
(owing to the self-inductance of FC) behind V by a small angle, and is 
represented by the vector F ; while the current in MO falls short of exact 
q^(^tnre relation with V by the same angle — a result which may be 
obtained by suitable adjustment of the resistance in the MO circuit. 


I TO BUS BARS I 

'] 

|to incominq machuicI 

(a) 



I TO 1 
5YMCHR0NIZ1NG LAMP 


(0 



SYNCHRONIZING n LAMP 


window'^ y ^-''''POINTER 


FRANSLUCCNT SCREEN 



Fig. L. — eston Bynohrosoope. 


Hence F and M will be in exact phase quadrature, and the pointer will 
stand at zero, there being no deflecting torque. 

If now we imagine the MO circuit transferred to the incoming 
machine, the pointer will still remain at zero if the incoming machine is 
in proper phase relation and has the coiTect frequency. But if the 
frequency differs slightly from that of the bus bars, the vector M in the 
vector diagram will revolve slowly relatively to the vector F, and as it 
does BO the pointer will slowly oscillate to and fro. The greater the 
frecmency difference, the more rapid will he the oscillations of the pointer. 

The mstrument in this form would be practically useless, as it would 
not be capable of indicating the correct mstant of closing the main 
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switch of the incoming machine. It is fcnie that— as we have seen — when 
the incoming machine is in correct phase relation, the pointer will be^ at 
zero ; but unfortunately it will also be at zero when the incoming 
machine is in direct opposition to its correct phase. 

This difficulty is overcome in a most ingenious manner by an arrange- 
ment which renders the pointer inviaible during the half-osoillation (from 
one extreme position to the other) in the course of which the pointer 
passes throngh its zero position when the machine is directly opposed to 
its correct phase, and only allows the pointer to be seen during tne half- 
oscillation when the pointer passes throngh zero with the incoming 
machine in its correct pnase. 

The suppression of the visibility of alternate half oscillations is effected 
in a very simple manner, by the use of a small synchronizing transformer 
of the type shown in Fig. L (c)- The connections of this transformer are 
arranged so that af'tlie instant of correct phase relation the magnetic 
fluxes due to the primaries both pass through the middle core on which 
the secondary is wound, and the lamp connected across the secondary is 
fully incandesced. On the other hand, when there is direct opposition to 
correct phase relation, there is no flux through the middle core, and the 
lamp is dark. This lamp is fixed inside the spcbroscope, behiad a trans- 
Inoent glass screen whicii takes the place of the usual scale. The pointer 
is arranged to move heihind the screen, and between the lamp and the 
screen, so that when the lamp is bright the shadow of the pointer is 
thrown on the screen. To mark the zero position of the pointer, the 
translucent screen is provided with a small opening or window, shown in 
Fi^. L (^i), and when there is no deflecting couple acting on the movable 
coil the pointer stands in the middle of the window. The correct instant 
for closing the switch is when the pointer, strongly illuminated by the 
synchronizing 3lamp, is seen in the middle of the window. But the 
instrument does more than merely indicate the instant of correct phase 
relation ; it shows whether the incoming machine is fasb or slow. Owing 
to the suppression of the visibility of alternate swings, the swings will all 
have the same direction (from left to right or right to left, as the case 
may be), and the illusion will be produced that the pointer is rotating one 
way or the other. It is not difficult to see, by a consideration of the 
relative motion of the vectors F and M in Mg. L (&), that when M is 
gaidng on F the pointer will appear to rotate one way, whereas if M is 
falling behind F, the pointer will appear to rotate the other way. Two 
arrows, marked fast ” and “ slow ” respectively, indicate the direction in 
which the speed of the incoming machine must be altered in order to 
secm’e exact synchronism. 
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APPENDIX VJII (see p. 191) 

PlMTOBTERMrer^iaK - or AlTHBKATOB EBOUIiATIOK AOCOBDINO TO THE 

Staotaedizatioit ISyXwm op tkh Ambbioait Institute op Blbo- 

TBIOAIi EnOINEEBS 



For the pnrpoae of carrying out the method recommended by the 
America Institute of Electrical Engineers, two experimental ourves are 
required, viz. (1) the open-circuit curve, connecting terminal voltage on 
open circuit with exciting current; and (2) the full-load zero power- 
factor connecting exciting 

current with terminal p.d. when 
the armature current is maintained 
constant at its fulHoadValue and 
lags 90° behind the p.d. 

^ From the above two curves, a 
third curve, which is the load curve 
(exciting current— p.d.) for the 
given value of the power factor, 
may be derived as follows. Draw 
a horizontal line OA (Fi^ M), and 
below it lay off a line 0 o making 
an ai^le ^ with it, where cos is 
the given value of the power factor. 

Next, lay off a horizontal distance 
OR equal to the armature resist- 
ance drop, and at R erect a perpen- 
dicular R8. Assuming any value 
of the exciting current, and, refer- 
ring to the two ^rves previously 
determined (exciting current— p.d. 

(1) on open circuit and (2) with 
full-load current at zero power 
factor), we take the difference of 
the two ordinates, and, using this 
as radius, we strike an arc with 0 as centre. Using the intersection 
X of this arc with the perpendicular RS as centre, we strike an arc with 
a radius equal to the open-circuit p.d. corresponding to the assumed 
value of the exciting current. The mtersection V of this arc with OB 
determines OV, which is the terminal p.d. corresponding to the assumed 
excitation. By taking various values of the excitation we determine a 
number of points wMch enable us to draw the load curve for full-load 
current and power factor cos This load cu^e, together with the open- 
circuit curve, immediately enables us to find the regulation of the machine. 



Fia. M — Oonatniotion for determining 
Begulation of Alternator. 


4o6 


alternating currents 


appendix IX (see p. 203) 

HBA-TIHG TBSTS of ALTBEBATOES AJID TEAKraFOEMBES 
mu- foUowine modification of Goldsobmidt’s method is nsed by the 

/TT Cl A N in Ao-rwinor nnh f.ViA ViPAfiTifir f.Aefa lo-i^a 


Westinghonse Oo. ^ 
three-phase generators. 


,, in carrying onfc the heating tests of large 
the generator armature windings are connected 


tnree-pnase generauoio- g, ~o~ — 

A-fashion The generator is run at its normal speed, and is supplied 
with the normal full-load exciting current, so as to produce the normal 
field Conner losses and the normal iron losses. One corner of the A 
ha^ ito opened, an alternating e.m.f: is impressed on the local oironit 
of the A of sufficient magnitude to produce the full-load current in the 
armature windings. This e.m.f. may bo conveniently obtained from « 
small transformer, end so the necessity of providing a contmnons current 
machine or secondary battery (which are required in Goldschmidt’s method) 

“ ^T^e*wSnw'*of e.m.f.s in the A may also be disturbed by another 
method, originally described by A. P. GuBtrln.t This consists in leaving 
’ out a saibable numDer of turna 

or coils in one phase of the A, 
as shown in Fig. N. Q-ustrin’s 
method was originallj intended 
to he used in connection with 
the heating tests of three- 
phase transformers (or of three 
single-phase transformers con- 
nected to three-phase mains). 

As regards the heating 
tests of single-phase trans- 
formers, the most convenient 
method, when two similar 
transformers are available, is 
to employ the arrangement of 
connections shown in Fig. 
138 (p. 196). This method 
of coupling transformers is originally due to Dr. Sampner. 

K only one single-phase transformer is available for the purpos^ of 
the test, a method similar to that used by Hobart and Punga (S 
may be employed. The transformer core and copper losses having been 
determined (S 108), the transformer is run on open and on shortroircuit 
alternately for equal Buccessiv® periods, the p.d.s in the two cases heiug 
so adjust^ that the iron loss in the first case and the copper loss m the 
second are equal to the sum of the norma! core and copper loMes._ One 
inconvcuienco of this method is the necessity of constantly ^ving to 
switch over from the one arrangement of connections to the other ; 

• Elektrotaolmitehe ZtilMhrifl, vol. xxviii p. OH (1907). _ 

t Ibid., vol. xxviii. p. 574 (1907); or The JiUmtrieian, vol. Ixiv. p. 1029 (1919). 
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another is the necessity of running the trahsf ormer during the open-circuit 
periods at a p.d. which may be as much as 60 per cent, in excess of the 
normal p.d. 

For mesh-connected three-phase transformers, Q-ustria’s test is most 
convenient. If the transformer windings are star-connected, and if two 
similar transformers are available, the following modification of Gold- 
schmidt’s method, due to G. Moln&,r,* may be used. The connections are 
shown in Pig. 0. The primaries of the transformers are connected in 


MAINS 



Fig, O.— Molndr’s Method of loading Star-oonneoted Three-Phase Transformers. 

parallel across the mains. The secondaries are connected so as to oppose 
each other. An auxiliary source of (single-phase) alternating e.m.f. is 
then connected across the neutral points of the transformer secondaries, 
and the currents in the windings are adjusted to their normal full-load 
values by suitably altering the single-phase e.m.f. Equivalent full-lo|wl 
currents, of course, appear in the primaries. ^ 


APPENDIX X (see p. 230) 

DsTHEMiNiLTioiir OF Feiotionaij Loss op Induotiok' Motor 

An example of the method explained in § 124 is given in Fig. P, 
which refers to a 186-volt, three-phase, 70 b.h.p. induction motor having 
a synchronous speed of 750 r.p.m. at 25 By producing the curve 
backwards, the frictional loss is found to amonot to about 600 watts. 
This value was confirmed by the method explamed towards the end of 
§ 128. The motor when running Light at a p.d. of 24*5 volts was found 
to take 661 watts. On suddenly open-circmting the rotor, the power 

* Elektroteohniscihe Zeitechrift, yol. xxx. p. 450 (1909). 
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dropped to 58 watts, t]i 0 %ictioTial loss being thus’ 661-68 = 603 watts. 

It may be mentioned that^hen using this second method of determining 
the frictional loss, it is oesirable to run the motor at a voltage consider- 
ably below the normal, as the second reading of the wattmeter will in 
that case be very small — as in the example cited — and greater accuracy 
will be obtained in the determination of the loss. 

When determining the frictional loss of a motor, it is important to 
bear in mind that this loss does not assume a constant value until after 
the motor has been kept running for a sufficiently long time. If the 
loss be determined immediately after starting up the motor, a totally 
wrong value will be obtained. TMa is well illuBtrated by the curve of 
Pig. Q, which shows the variation of the frictional loss with time in the 
case of the 70 b.h.p. motor already referred to. It will be seen that at 
starting the frictional loss has the very high value of 1840 watts, and 
tl^t this steadily decreases, owing to the heating up of the lubricating 
oil and a reduction in its viscosity, until after a run of about hours 
the loss assumes the constant value of about 600 watts. 


APPENDIX XI (see p. 241) 

Mbasubbmbot op Slip 

The following method, due to J. Poupelet-Laganterie,* is characterized 
by great simplicity. Owing to magnetic irregularities in the rotor, wheu^ 
there is relative motion of the rotor and the rotating field, the insu- 
larities travel rdatively to the field at a speed corresponding to the slip, 
and the few magnetic lines which cross and re-cross the shaft of the 
motor, while the rotating field travels relatively to the rotor, induce in 
the shaft alternating e.m.f.s of slip frequency. Hence all that is neces- 
sary in order to determine the shp is to hold the wires connected to a 
suitable low-reading instrument (miUiammeter or shunted galvanometer) 
against the ends of the shaft, and to count the number of complete 
vibrations of the pointer ; this (in the case of polarised^ instruments) 
gives the slip frequency (if the instrument is non-polarized, half the 
number of complete vibrations gives the slip frequency^ 


♦ Association dss Ingcniews iHeotridens, Bulletin^ vol. xiv. p. 167 (1014), 
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APPEiroiX XII (see p. 289) 

STAHTma OB' Eotabt Oohtbihtbus. SBLF-sTfTOHBOiriznfra 

CONVBBTBB 


Some details of the last method mentioned in § 156 are shown in Figs. 
E and S. Fig. E gives the connections of the two triple-pole double-throw 
switches nsed for varying the voltage across the slip-rinp. The per- 
manent connections of these switches ore shown in Fig. R (a), where the 
switch blades are omitted. The contact set Oi, O 2 , Og is connected to 
Oi', O 2 , 0^, and to nothing else. The contact set Ri, Rj, Rg is m 
connection with three of the converter slip-rings, the diametrically opposite 
(in an electrical sense) set of slip-rings being permanently connected to 
one set of the transformer secondary termmals (such as Rj'). The 
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Fifl. B. — Starting Switch Coimeotioiis for Eotary Oonvertor. 


remaining set of transformer terminals is conneoted to Tj, Tg, Tg, while 
the contacts marked T/, Tg', Tg'-and Tj", Tg", Tg" are in connection with 
transformer tappings giving one-third and two-thirds of the full voltage 
respectively. For the sake of clearness, only one of the transformer 
secondaries is shown in Fig. R (a). Figs. R (&), (<j), and QQ show the 
three positions of the switch blades corresponding to one-third, two-thirds, 
and fall voltage respectively across the slip-rings. 

Fig. S shows the connections of the field break-up and reversing 
switch. This also is a double- throw switch, and the number of poles is 
greater by unity than the number of sections into which the fi^ld winding 
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is broten up. The awitcb Bhown in F^. S is a five-pole one, correspond- 
ing to four sections of the field. The connections are so arrangea that 
in the upper or nonnal position of the switch (fall lines) the field 
rheostat is induded in the circuit, while in the reverse position (dotted 


FIELD WINOINO 



Fig, S.-— Oonneotlonfl of Field Break-up and Reverflbg Switch. 


liaes) it is out out, as this position is only a temporary one, and as it is 
then desirable to get as large a current as possible through the field. 

The actual procedure adopted in Btai-ting np a converter -by this 
method is as follows. A polarized voltmeter being connected acmss the 
brushes, and the field break-up switch being in the “ off ” position, the 
starting switches are thrown into the positions shown in Fig. (&), one* 
third of the normal voltage being thereby applied to the slip-rings, ‘The 
hysteresis and eddy-current torque is sufficient to start the machme, 
although a heavy current is drawn from the mains. The polarized 
voltmeter connected across the brushes is thrown into vibration, the 
frequency of which, steadily decreases as the speed of the machine 
increases. This is due to the fact that the speed of the rotating field 
in space steadily decreases with increasing speed of armature rotation, so 
that the frequency of the alternating p.a. between the brushes decreases. 
Finally, when the machine becomes locked into synchronism, the rotating 
field becomes stationary in space, and the brush voltage^ longer an 
alternating but a continuous one. If the voltmeter indicates 
polarity, the field switch is thrown into its norm^^ pos^on, and tUe 
starting switches are successively thrown into the positions B- (c) and it 
when the starting process is completed. If, however, when 
speed is reached the voltmeter indicates a reverse polarity, the field 
is thrown into the lower or reverse position. The result is that the 
p.d. now tends to wipe out the existing field, and as the field 
the torque acting on the armature decreases, and momentary retardation 
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takes placse. During this momentary retardation, the rotating field slowly 
travels in spa>ce in a direction opposed to that of the armature rotation. 
At a certain instant, the rotating field will have come into a position snoh 
that it simply tends to produce a cross-flux in the converter field-magnet, 
but no main flux either one way or the other. At this instant, the brush 
p.d. becomes zero, as indicated by the voltmeter, and it is necessary that 
the field switch should now be thrown into the normal position, as further 
retardation of the armature causes the rotating field to act inductively on 
the converter field in the right direction (so as to impart to it its normal 
polarity) ; and if the field switch were allowed to remain in the reverse 
position, it would prevent the field from building up. When the field 
switch has been restored to its normal position, a field of the correct 
polarity begins to appear, the driving torque increases, and the armature 
regains synchronous speed. The starting process is then completed as 
already explained, by raising the p.d. across the slip-rings to two-thirds of 
and finally to full normal voltage. 

A dis^vantage of the above method of starting rotary converters is 
the uncertainty of the polarity acquired by the machine when it has 

become synchronized : if the polarity 
is wrong, it must he reversed as 
described, by the operation of “ slip- 
ping a pole,” and tms involves loss of 
time. This dfeadvantage is,Dvercome 
in a methcrd devised by Dr. !B. Rosen- 
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berg,* in which an auxiliary'' star^ 
-Hig motor of the induction type is 
used. Instead, howeverj'^f ^connect- 
ing the starting motor^ across the 
supply mainsy it is connected in series 
with the converter. The^ aiTange- 
ment of connections for a diametrally 
connected six-jhase converter is 
shown in Fig. T, where, for the sake 
of simplicity, the connections of only 
one of the transformer secondaries are 
indicated. The auxiliary motor is 
generally provided with a squirrel- 
cage rotor, and is designed so that 
when the starting switch is closed the 
starting current does not exceed 
about 80 per cent, of the converter full-load current, the p.d. across the 
slip-rings being only about 6 per cent, of the normal. Owing to this 
low current, the rotating field of the converter armature is unable to 
reverse the residual field of the converter, and the machine always 
comes up with the right polarity and automatically drops into syn- 
chronism when the speed has nearly reached its synchronous value. 
The field of the converter may remain connected across the brushes 

* Journal of the Institution of JElecirieal Engineersy vol. ii. p. 
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during the entire period of starting, or it may be closed after the 
machine has run up to nearly synchronous speei The polarized volt- 
meter across the brushes of the converter will mdicate fiuotuations before 
synchronism is reached, but its reading will become steady as soon 
as the machine has dropped into synclnonism. The voltage is then 
adjusted to it& normal value, and the running switch is closed, the starting 
motor being thereby short-circuited. The starting motor may have either 
the same number of poles as the converter or a smaller number. 

The main advantages of Eoaenberg’s arrangement are ; (1) smallness 
of starting current ; (2) quickness and ease of starting up ; (3) absence of 
destructive sparking at the brushes daring the starting period. This last 
advantage, which results from the low value of the starting current, is 
particularly striking when compared with the violent sparkiag which 
occurs when using ihe method previously described — in which one-third of 
the normal voltage is applied directly to the slip-rings, no auxiliary motor 
being used. In this latter case, the sparking trouble is very serious in 
converters provided with interpoles, and such converters are generally 
fitted with brush-lifting gear, 6oJ!that during the startii^ period all the 
brushes maybe lifted off the commutator except two, which are coijjiLected 
to a polarized voltmeter f of the purpose of indicating the polarity of the 
machine. Where no brush-lifting gear is available, a short-circuiting 
switch for the interpole windings should be used, so t^t the currents 
induced iifthese- windings may damp the field under the interpoles. 
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Admittance, 20 

Ageing of transformer core, 125, 201 
Air-blast transformers, 128 
Air-gap in mduction motors, 161 
Air-g^p mduction, values of, m alternators, 
114 I in commutator motors, 333 ; m m- 
ducfcion motors, 152 

Al^andcrson, M, test of induction motor, 
244 

Alternating current, nature of, 1; three- 
point wattmeter method of measiumg , 

Alternating vector, 4 
Altematmg wave of magnetic flux, 41 
Alternators, 88, 92, 97 ; antomatic voltage 
regulation of, 853 ; efficiency tests of, 
202; heating of, 203, 204; parallel run- 
ning of, 177 : sudden short-circuit of, 
209; synchronisation of, 167; testing 
connections of newly installed, 177 
Ammeters, hot-wire, 70 ; idle-current, 82 
Amortiaseur, 165 

Ampere-conductors per cm. length of air- 
gap periphery m alternators, 114; in 
induction motors, 162; in smgle-phase 
senes motors, 333 

Ampere-turn method of predetermining 
regulation of alternators, 184 
Amplitude, 5, 6 ; — factor, 2, 7 
Analysis of altematmg into rotating wavM, 
and vice twsrf, 43 
Angle of phase difference, 5 
Apparent power, 16 

Arithmetic mean value of current, 2, 6, 7 
Armature, construction of alternator, 92; 
laminations, thickness of, 94 ; heatmg of 
converter, 276, reaction m alternators, 
111, 186, 188, 190; relative outputs of 
continuous current — , when generating 
contmuons, smgle-, two-, and three-phase 
current, 275 ; wmdjngs of alternators, 102 
Astatic wattmeter, 77 
Asymmetry of hemi- tropic windmg with 
odd number of^iple-paus, 150 


Asynchronous generator, 264 
AiMmon, repi&ion motors, 845 
Automatic voltage regulation of alternators, 
853 

Auto-transformer, 132, 146, 333 
Ayrton^ electrostatic voltmeters, 72, 74 


! Balanced polyphase system, 84, 89 , balanced 
three-phase load, 69 

Bar wmdmg for rotors of induction motors, 
140 

Bedell^ F , prmciple underlying theoiy of 
mduction motor, 217 

B^n^Eschenburg, dispersion coefficient, 
218 ; regulation of alternators, 180 
Behrend, leakage coefficients, 213 
Berry, transformer, 119 ; transformer im- 
pedance, 196 

Bethenod, theory of mduction motor, 217 
Blajic, F, friction loss m mduction motors. ^ 
241 ^ 

Blondel, armature reactance, 188 ; leaiage 
coefficients, 218 , oscillograph, 83 
Bragstad, 0, 8., motor converter, 290 
Brown, Bov^i & Oo,, speed control of m- 
duction motors, 268 
Brosh-liftmg devices, 146 
Bniokmann, A , measurement of slip, 248 
Bushings for liigh-volfcage transformers, 
122 


Capacity, current duo to, 11; effect of, 
m fine wire cu-euit of wattmeter, 61 
Oardew, voltmeter, 68 
Oarhart, separation of core losses, 199 
Cascade converter, 290; cascade method 
of speed control for mduction motors, 
258, 307 

Choking coils, 136 

Circle diagram, Heyland’s, 225; of in- 
duction motor, 219, 229 ; of indnction 
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generator, 262; of polyphase series 
motor, 299 ; of eingle-phase senes motor, 
828 

Clock-face diagram, 4 
Coil ends, memoda of supportmg, 106 
Coil windings for rotors of mduction motors, 
140 

Commutation, in repulsion motor, 848 ; in 
series motor, 829 
Commutator motors, 298, 819 
Oompanson of polypliase systems, 40 
Compensated mduction motor, 298; com- 
pensated repulsion motor, 845; com- 
pensated series motor, 827 ^ 

Compensation for loss m wattmeter, 65 ^ 
Compensator, 182 ; i^chronous motor as — , 
101 

Condenser, current taken by, 11 ; — action 
of over-excited synchronous motor, 161 
Connections of pol^hase systems, 86; of 
three-phase transformers, 130 
Constant potential transformer, 117 
Converter, mercury vapour, 269; phase, 
882 ; ^ rotary, ^1 ; heatmg of, 276 ; 
hunting of, 287 ; output of, 284 ; start- 
ing of, 288 ; Toltage ratio m — , 272 ; 
voltage regulation of, 286; — ^with van- 
ahle voltage ratio, 287 
Co<dingofalxematorB, 100; of transformers, 
127 ^ 

Ghojpsr SewiUf mercury vapour converter, 
269 

Copper losses m tran8former4l27 
Core, ageing of transformer, 201; best 
dimensions of transformer, 127 ; losses m 
transformer, 124, 127, and their separation, 
^ 199 ; plates, thickness of, in alternators, 
94, and transformers, 122 . 

Core-type transformer, 120 
Correcting factor of wattmeter, 50 
Crest factor, 2 

Current, ratio in converter, 275 ; rushes in 
transformers, 206 ; three-pomt wattmeter 
method of measuring — ,62; — trans- 
formers, 185, 857 

Cylindrical rotor for tuibo-altornator, 98 


Differential action, 91 

Dimensions of altematoFS, 115 ; of induction 
motors, 152; of transformers, 1B6^ 
Dispersion coefficient of mduction motor, 
«21S, 225 

Double cuirent generator, 88 
Double delta and double Y-methods of con- 
nection for six-phase converter, 263 
Drop of voltage m alternators and trans- 
formers, 179 

DrysdaUj 0. F., shp of mduction motor, 
237 ; tjjujpsformer regulation, 196 ; watt- 
meter correotmg facSir, 60 
JDudddlt oscillograph, 86 ^ 


Eccentricity, effect of rotor, in induction 
mot^ 151 
Economy coils, 183 

Ed^^gorrent loss, 80, 125; effect of, on 
•%9^eter readmg, 58 
E^b-i^p wmdmg, 96 
^l^iency, W. alte^tor, 202 ; of induction 
^motor, 161, 228, 241, 260 ; of single-phase 
^ySenes motor, 888; of transformer, 127, 

EW)ergy compensated repulsion motor, 820, 

I 

Bledrio Oonttruotion Oo , mduction motors, 
147, 148 

Electnc valve, 269 
Electrolytic rectifier, 269 
Electromagnets, alternating current, 31 
Electrostatic instruments, 71 
hUiaon, G., starting resistances for induc- 
tion motors, 145, 147 

E.m.f., calculation of — , in alternator 
armature, 107, 109; in transformer, 124; 
impressed and induced, 7 
End-bell of turbo-alternator rotor, 100 
End turns of transformer, stress on, at 
switching on, 123 
Energy, measurement of, 65 
Mpsteirit magnetic testing apparatus, 125 
Equivalence of star and delta loads, 89 


Equivalent impedance of transformer, 195 
Ssaon, ou^ut formula for alternators, 115 
Uoereit, Sdgou^e (t Oo., power factor 
indicator, 82 ; rotary synchroniser, 169 
Excitation voltage, 97, 114 


Damping coils, 99,164 
Ue Lignites, starting of mduction motors, 
246 

Delta coupling of three-phase systems, 88 ; 
. of transformors, 130 
Delta loads, equivalence of star and — , 89 
JD^ri, induction motors with large stortmg 
torquo, 247 

Diametral method of connection for six- 
phase converter, 284 
Dielectric strendih. 194 


faradag, electromagnetic induction, 7 
Fire risk m case of oU-msulated trans- 
fonncrs, 180 

Fieoher-Minnen, armature reactance, 188, 
189 " - 
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JPUming, amplitnde factor and form factor, 
2 : cairent rushes in transformers, 206 
Form factor, 2, 7 

Frequency, 2 ; — transformer, 257 
Frequency meters, 873 
Frictionfd loss in induction motors, 230, 
241,407 

a 

QuriM & Oo., high resistance connectors in 
series motor, 831 
Gap induction — tee Induction 
(Te^oZ JSleotrio Oo., iron-cored instruments, 
78 

Generators — see Alternators 
Goldschmidt^ heatm^ test of aLtemator, 208 
Odrges, commutator induction motor, S^8 
OrStMy arrangement of electrolytic rectifiers, 
269 

Ouilberty 0. F., measurement of ^p, 240 
Otuttririf heating test of transform^ 
406 


Induced 6.BLi., 7, 8 
Inductance, 8, 9 ; mutual, 24 
Induction, air-gap, m alternators, 114; in 
induction motors, 152; m instrument 
transformers, 185 ; in transfimers, 124 ; 
in single-phase senes motors, 383 
Induction generator, 249, 254 
Indnction mstroments, 867 
Induction motor, 188; compensated, 293* 
efficiency of, 151, 228, 241, 244 ; frictian 
losses in, 280, 241, 407; load test 
of, 241; single-phase, 269; sbp of, 286, 
409; speed control of, 255; starting 
resistances for, 148; theory of, 210; us^ 
as generator, 249; with large startmg 
torque, 246 

Induction regulator, 285 
Instrument transformers, 185, 857 
Insulatiou resistance, 194 
Integrating wattmeters of the induction 

Iron-cored measuil^ instruments, 78 


H 


K 


Hartmann and Brann^ hot-wire instru- 
ments, 68 " 

Hawhinsy 0. C., e.nLf. of alternator, 111 
Hayy A , current roshes'm trcmsfoimers, 206^ 
Heatmg, of alternators, 100, 203^ ^>6; 
of converters, 276 ; of traiisfoim6rs/127, 
200 / 
Hemi-tropic winding, 108, 150 / 

Heniy, 9 

Seyiandy circle diagram, 225 ; com^nsated 
induction motor, 293 ; lealcage coefficients, 
218 


High-voltage transformer bushings, 122 
Edbartf dispersion coefficient, 218 ; heating 
test of alternator, 204 
Mophinsony efficiency test, 202; leakage 
coefficients, 218 
Hot-wire instruments, 68 
Hunting, of rotary converters, 284; of 
synchronous motors, 162 ; prevention of, 


Hypothetical flux method, 25 
Hysteresis losses, method of dealing with, 
SO 


I 

Idle component of current, 16; idle-cur- 
rent ammeter, 82 

Impedance, 12, 13; of alternators and 
transformers, 180 ; impedance coils, 186 ; 
parallel arrangement of impedances, 19 ; 
series arrang^ent of impedances, 17 


KaMenbergy startmgresistance for i 
motor, 14A 

Kappy analysis of armature react 
crest factor, 2 ; e.m.f. of elten 
phase advancer, 816 ; regulation 
former, 180, 182 

Kelvin, a^tic wattmeter, 77 , electrostatic 
voltmeter, 71 ; volt balance, 74 
JSfnZner,^5itmeter, 74 
Kloss, regulation of alternator, 191 


L 

La OonTy J. L.y motor converter, 290 
Lag, 5, 12 

Laminations, thickness of, m eltemators, 
94 ; in transformer^ 122 
LatovTy compensated indnction motor, 298 ; 
compenaaated repulsion motor, 845 ; com- 
pound winding for mter-pole of senes 
motor, 881 
Lead, 5 

Leading current taken by condenser, 11 ; 

by over-excited synohronoua motor, 161 
Leakage, coefficients of mduchon motor, 
212, — fields, 26, 116, 212; — self- 
inductance, 26 
Lddano, amortisseur, 165 
Lana’s law, 7, 188 
LewiSy F.y indnction motor, 147 
Lme current and phase current, 87; line 
p.d« and phase p.d., 88; line p.d. and 
line current, 57 
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Livika^ iron loss in induction motor, 280 ^ 
Liquid starting msiBtances for i^^uotion 

njotorsjl^d ^ ^ 

JjUfUr^G'. A,y three-point wattmeter meiiioa 
of measuring power factors and currents, 
62 

Xioad ampere-turns in tranaformer, 117 ; 
load characteristic, 187 ; load tests of 
induotioa motors, 241, 248 
“ Lc^ys ” kon^ 126, 899 
Loss^ in induction motor, 280 ; in trans- 
former, 124 

M 

Magnetic ageing, 201 ; magnetic flux 
waves, 41 

Monetising ampere-tums m transformer, 
117 

Mjdn field, 26 * 

* JforoAonf, high-reading electrostatic volt- 
^ metres, 74 

3faf7^, T,f electrostatic voltmeter, 72 
Maximum value of current, 2 
Measnrmg instroments, 67 ; prices of, 87 
Mechaniem rectifier, 267 
Miercary vapour converter, 269 
Miedi coupling of three-phase circuits, 38 ; 
of tranuonners, 180 

Metmier, efficiency test of induction motor, 
241 

Mtles WdOcer, phase advancer, S16 
Mixed-action cmnmntator motors, 851 
fifolrufr, (?, heating test of transformer, 
406 

Hwdeyt W, fif., V-curves of synchronous 
mofor, 160 

Jform, D. X, three-point wattmeter 
method of measnrmg power factors and 
cnirents, 62 

Motor, commutator, 298, 819; mdnetion, 
138 ; synchronous, 154 
Motor-converter, 290 
Motori-generator, 2^, 289 
Mutual inductance, 24 ; effect of, on watt- 
meter reading, 58; mechanical forces 
due to, 3S6 ; — of three-phase windings, 
47 

N 

Neutral point, 37 

Nodes of alternating flnx wave, 43 

Non-mductive circmt, 9 

Numencal value of alternating current, 2 

0 

Oerliken Co., induction motors with Urge 


97; meed control of indnetion motors, 
256 

Oil conservator, 401 
Oil insulation for transformers, 128 
Open ciremt test, ISOt, 184 
C^en-deltaconn^on for transformers, ISl 
Optimistic method of predetermining refa- 
ction of alternators, 186 
Oscillograph, 88 
Output co^cieni, 115 
OuipitB, relative, of continuora-ouirmit 
armature when generating oontumons, 
smgle-, two-, and three-phase corrents, 
275 ; — of converter as dependent on 
number of phases, 282 
Overload capacity of synchronous motor, 
159 

P 

Parallel arrangement of impedances, 19 
Parallel running of alternators, 177 
Parallehng of altematorB, 167 
ParaoM & Oo., turbo-alternators, 92 
PaHridge, agemg of transformer core, 202 
Period, 1 ; penodicity, 2 
Peripheral speed of alternators, 92 
Pessimistic method of predeterminmg regu- 
lation of alternators, 184 
Peukartf voltmeters, 74 
Phase advancers, 318 

Phase angle, 18; phase oonverteis, 882; 
phase £ff erence, 5 ; phase current and 
Ime current, 87; phase p.d. and lino 
p.d., 88 

Phase-swinging, 162 ; prevention of, 164 
Phase trandormers, 138 
Polar arc in single-phase alternators, 91 
Pole-pitch, 91 

Polyphase circuits, connections of, S6; 

power measurement in, 55 
PoVphaso commutator motors, 298 
Polyphase currents, 82 
Polyphase systems, comparison of, 40 
Potential transfonuers, 185 
PoUer, armature reoctmee, 187 ; regulation 
of altemator, 190 

PotmeUl’Laganierie) J., measurement of 
slip, 409 

Power, 15 ; — component of current, 16 . 
m balanced three-phase circuit, 66, 
measurement of, 48, 56, 61 
Power factor, 16, 59; measurement of, 62, 
82 ; of induction motor, 161 ; of repnUion 
motor, 841 ; of senes motor, 824, 388 ; 
of synchronous motor, 161 ; of unUilanoed 
system, 881 ; of Winter- l^chherg motor, 
347 

Power factor meters, 82, 372 
Pressure transformer, 186 * *• 
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Prices of altematoEg, 115; of mdnetion 
motors, 158: of measonng inslxiiments, 
87 ; of transfonnen, 186 
Pwtga, beMmg ^ t^tenwtor, 864; 
power factor mdicsator, 88 

Q 

Qnadratnre, 10,81 ; qnadratore transformer, 
80 

B 

Bacmg of mvarted votaries, 

Batio of currents in converter, 875 ; of vol- 
tages, 272 ; ratio of traaiBformatica, 117 
BeaSonoe, 11, 18; reaetanoe 186; 

equivalent reaetanee of transfbrKer, 195 
Be<^6r, 267 

Begolation of alternators, 179, 858; of 
transformers, 179, 191, 197 
BepuMon, electromagnetic, 837 
Bepulsion motor, 387, 888 
Besistance, effect of, m rotor of induction 
motor, 227, and InstatcHr, 226 ; equivalent 
resistance of transfonner, IM; starting 
resistances for mdnction motors, 143, 227 
Besonance, 14 
Besnltant flax method, 25 
Biehter, high^resistanee eonneeton in axma- 
tnre of senes motor, 831 ; compound wind- 
ing hx mter-p<^ of series motor, 881 
B.m.s. value, 2, € 

Boaenberg^ K, srif-syn^onising converter, 
412 

Botary converter, 90, 271; beating of^ 
276; bnnting of, 284; output of, 282; 
ratio of currents in, 275 ; six-phase, 283 ; 
split-pole, 288; startmg of, 288; ^- 
cmonons booster, 288 ; v, motmr generator, 
289 ; vanatde vdtage, 287 ; voltage ratio 
in, 272 

Botair synchroniser, 169 
Botatmg field produced by polyphase cur- 
rents, 84, 45; rotating nnx wave, 44; 
rotating vector, 4 

Bothert, regulation of alternators, 184 
liters of mduotion motors, 139 ; of turbo- 
alternators, 98 


S 

Salient pole rotor for torbo-altemator, 98 
Samqjloffj slip of induction motor, 287 
Saturation fakor of alternator, 191 
i8oAd/br, B. B., mercury vapour converter, 
270 

SbherhiuSf speed control of induction motors^ 
258; phaa^ Advancer, 818 


SttM, 4S. teattfcMbation, 184 

Self^mdnctwce^ 8, 9 ; effect of, in fine Vdre 
oircttffc df watiw ito, 49; leakage eeU- 
atdariiazL6e,'26 

Self-startmg synchronous polyiriiase motor, 
166 

Srif-synchronismg oonvcrier, 4lti 
Beriea axrangem^ ifeEmedisiic^, 17 
Senes singlorphase conmnAatormetos^ 680 
techmeri Ma vekAngto, 638 
Senes polyphase oemmsAater mdtefea, 896 
SkaM-pote instmiMnlB, 868 
SSume, transformer impedance, 197 ; trains- 
fonner regulation, 198 
Shdl-t 3 ^ transformer, 120 
Sbort-circuit, sudden, of generator, 209 
Short-oiremt teri^ S66, IM, 288 
Shorindreuited rotors for hadnotion motors, 
140 

Short-dieuith^ gear for womad rotom, 145 
SSsmemAnd J&Zske, synobronisen, 174 
Sibeoa, effect <01 trumformer core loss, 
125 

Simple haimomc wave, 8 
Sine wave, 8 

Smgle-ph^e commutator motors, 819 
Smgle-phase indaetioa motors 859; eost, 
emci^y and poirer factor of, 866 ; etarl- 
mg of, 265 
Smgle-phaser, 90 
Six-phase converter, 863 
Skewed p(de-shoes, 07 
Skin effect, 29 

Sbp of induction motor, 188, 214, 882; 

measurement of, 286, 409 
Sludging of traDstormer oils, 400 
Sparking in repulsion motor, 348 , m -sarim 
motor, 829 • 

Speed control of induction motors, 255; 

of polyphase commutator motors, 806 
Speed, peripheral, of alternators, 92 
Split-pole converter, 288 
Squirrel-cage winding, 189 
Stobility of synchronous motor, 165 
Stalloy, 125, 136, 899 
Star coaplmg of three-phase circuits, 87 
Star-delta method of startmg indnotion 
motors, 146 

Star loads, equivalence of A and, 89 
Starting current of mduction motor, 148 
Startmg resistances for induction motom, 
143 

Starting of rotary converts, 288, 410 ; 
of smgle-phase mduction motor, 265; 
of series motor, 888; of synchxonoua 
motor, 165 

Stator, 41 ; — core loss, 229 
Step-down and step-up transformers, 118 
Stroboscopic methods of measonng slip, 
286, 248 

BlinrfaAirirTiit nf 0'Ariflrfl.tnr. 209 
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Stmee, J K, effect of rotor eccentnoily, 
162 

Swapnar, iioa-cored mstnunentsi 78; effi- 
aencj of indnctiozi motor, 241 ; of trans- 
formor, 198 
Synchronism, 154 
Synchronisation, 16^ 167 
Synchroniser, 168; rotary, 169, Siemens 
andHalske,174 

Synchronous booster converter, 288 
Synchronous motor, 164; effect of over- 
exciting, 161 ; hontmg of, 162 ; stability 
of, 155 
Syntony, 14 

T 

T-connection of transformers, 182 
Tans^t formula for power factor of 
bdanoed three-phase load, 60 
Technical data of idtemators, 114; of in- 
duction motors, 151; of single-phase 
series motors, 382 ; of transformers, 186 
Temperature nse in transformers, 128, 
201 

Terminals for high-voltage transformers, 
122 

Three-phase currents, 82 
Three-phase v, single-phase transformers, 
182 

Three-pliaser, 90 

Three-point wattmeter method of measur- 
ing power factors and currents, 62 
Three-wattmeter method of power measure- 
ment, 61 

Thickness of core sheets in alternators, 94 , 
m transformers, 122 

2^9maon, JS., electromagnetic repulsion 
effects, 886 ; repulsion motor, 888 
TirriU, voltage regulator, 868 
Transfonnation of alternating into con- 
tinuous current, 267 

Transformer ejn.f. m short-circmted coils 
of single-phase commutator motmr, 828 
Transformers, 116; agemg of core, 201; 
current rushes in, 206 ; dimensions, 
weights and pnces of, 186; eqmvalent 
impedance, resistance and reactance of, 
195 ; efficiency of, 199 , heating test of, 
200, 406; no-load arrest of, 117; 
regnlation of, 179, 191, 197 
Triangle coupling of three-phase circuits, 88 
Turbo^temators, 97 
Two-phaser, 90 
Two-phase currents, 82 
Two- wattmeter method of power measure- 
ment, 56 


U 

Unbalance factor, 880 

Unbalanced polyphase system, 875 ; 

power factor of, 881 
Umt of inductance, 9 


V 

V-conneotion of transformers, 181 

V-ourves of synchronous motor, 160 

Vector diagram, 4 

Ventilating space-blocks, 95 

Volt-amperes, 15 

Voltage ratio m converters, 272 

Voltage regulation of alternators, 179, 858 ; 

of rotary converters. 285 
Voltage of rotor windings, 148 
Voltmeters, electrostatic, 71 ; hot-wire, 68 


W 

Wagnert commutator motor, 348 
Wattful component of current, lU 
Wattmeters, 48, 76 
Wave-length, 42 
Wave-sh^e, 2, 8 

Weehesj B, W., efficioncy tost of induction 
nlotor, 241 

Weights of alternators, 115; of induction 
motors, 168 ; of tronsfonners, 186 
Wesiinghotue Oo„ aarangoment for pre- 
vontmg racing of inverted rotaries, 289 ; 
high-reaistance connectors in armatnro of 
’ senes motor, 881 ; voltmeter, 75 
WiUon, commutator mduction motor, 298 
Windings, alternator armature, 102; in- 
duction motor, 140 

Winter^ compensated repulsion motor, 820, 
845 

WorraUy high-readmg electrostatic volt- 
meter, 74 

Wound rotors for induction motors, 140 
WiLti (S: Oo., variable speed induction motors, 


Y 

Y-coupling of three-phase circuits, 87 ; of 
transformers, 180 ; double- Y connections, 
for six-phase rotary convector, 283; Y- 
load, equivalence of delta and, 40 
Yoke-ring, 92 
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